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CHAPTER I. 


CO-ORDINATES. 


1. IF ina plane two fixed straight lines XOX’, YOY’ 
be taken, and through any point P in the plane the two 
straight lines PM, PL be drawn parallel to XOX’, YOY’ 
respectively; the position of the point P can be found 


when the lengths of the lines PM, PL are given. For we 
have only to take OL, OM equal respectively to the 
known lines MP, ZP and complete the parallelogram 
_ LOMP. 

The lengths MP and LP, or OL and OM, which thus 
define the position of the point P with reference to the 
lines OX, OY are called the co-ordinates of the point P 
with reference to the axes OX, OY. The point of inter- 
section of the axes is called the origin. When the angle 


8. C. 8. 1 
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between the axes is a right angle the axes are said to be 
rectangular ; when the angle between the axes is not a 
right angle the axes are said to be oblique. 

OL is generally called the abscissa, and LP the 
ordinate of the point P. 

The co-ordinate which is measured along the axis OX 
is denoted by the letter w, and that measured along the 
axis OY by the letter y. If, in the figure, OL be a units 
of length and OM be b; then at the point P, «=a, and 
y = 6, and the point is for shortness often called the point 


(a, 6). 


2. Let OM’ be taken equal in length to OM, and OL’ 
equal to OL, and through MW’, L’ draw lines parallel to the 
axes, as in the figure to Art. 1. Then the co-ordinates of 
the three points Q, R, S will be equal in magnitude to 
those of P. Hence it is not sufficient to know the lengths 
of the lines OL, EP, we must also know the directions in 
which they are measured. 

If lines measured in one direction be taken as positive, 
lines measured in the opposite direction must be taken as 
negative. We shall consider lines measured in the di- 
rections OX or OY to be positive, those therefore in the 
directions OX’ or OY’ must be considered negative. 

We are now able to distinguish between the co-ordi- 
nates of the points P, Q, R, S. The co-ordinates of R are 
OL’, L’R, and these are both measured in the negative 
direction; so that, if the co-ordinates of P be a, b, those of 
R will be —a,—b. The co-ordinates of S will be a, —b; 
and those of Q will be — a, b. 


Thus P, Q, R, S are respectively the points (a, b), (—a, b), (—a, —b) 
and (a, —b); also L, M, L’, M’ are the points (a, 0), (0, b), (— a, 0), 
(0, —b). 

When the co-ordinates of a point are supposed to be known they are 
generally represented, as in Algebra, by the earlier letters of the Alphabet— 
for example, (a, b), (c, d), (h, k), &c.—but when there is more than one 
known point the notation (z’, y’), (”, y”), &e. or (x1, yi), (2, Yo), &e. 
is generally used. 


+ ta 
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3. It must be carefully noticed that whether a line is 
Lemess or negative depends on the direction in which it is 
. described, and does not depend on the position of the 
origin; for example, in the figure to Art. 1, the line ZO is 
negative because the direction from L to O is the reverse 
of that from O to X. 

If any two points K, LZ be taken and the distances 
OK, OL, measured from a point O in the line KL, be a 
and 6 respectively, then the distance AZ must be KO+ OL, 
or —OK + OL, that is —a+b, and this will be the case 
wherever the point O, from which distances are Pa SS 
may be. 

If 0A=-—3, and OB=4; then 

AB=A0+ O0B=-—0A+O0B= —(-3)+4=7. 

If OA=3, and OB= —4; then AB= -3+(-4)=-7. 

The reader should illustrate this by means of a figure. 

Ex. 1. If 4, B, C, D be any four points in a straight line, then 

AB.CD+BC,.AD=AC.BD. 

Take the straight line on which the points lie as the axis of « and 
any point O on it for origin. Then, if OA=a2}, OB=22, OC=a3 and 
OD =%4, 


AB =AO+OB= —OA+OB=~—2, +20, 
CD=C0+0D= — 0C+0D= - 234%. 


Also BC= —%24+23, AD=—21+%1, 
AC=—-2,+43 and BD=—22+44, 
Hence we have to prove that ' 
(— 21+) (— 23+44) + (— 2+) (— 4%, +24) =(— 21 +23) (— 22+ 24) 
is true for all values of 21, %2, 73, £4; and this is easily seen. 
Ex. 2. A,B, C are any three points on a straight line and P any 
other point. Prove that 
PA2,BC+PB?2. CA+PC?.AB+BC.CA.AB=0. 
1—2 
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4, To express the distance between two points im terms 
of their co-ordinates. 


Let P be the point (a’, 7), and Q the point (x”, y”), 


and let the axes be inclined at an angle . 


Draw PM, QL parallel to OY, and QR parallel to OX, 
as in the figure. 

Then OL=2", LQ=y", OM=2', MP=y’. 

By trigonometry 

PQ@= QR? + RP?-2QR. RP cos QRP. 
‘But QR=LM=0M — OL=z2@' -- x", 
RP=MP-—-MR=MP-IQ=y7'-y’, 
and angle QRP = angle OMP = 7 —angle XOY=7 —a, 
2 PY=(a'—2"P + (y'—y" P+ 2(e' —2") (y’ —y”) cos @, 
or PQ=4V (2 —2’'P +(y'— yf +2 (a — 2 \(y’— y”) cos o}. 
If the axes be at right angles to one another we have 
PQ= 4 Vie —2"P + YY}. 

The distance of P from the origin can be obtained 
independently, or by putting a”’=0 and y’=0 in the 
above formula. The result is 

OP =+/{a? + y+ 22’y' cos o}, 
or, if the axes be rectangular, 
OP=4 {a+ y. 
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Except in the case of straight lines parallel to one 
of the axes, no convention is made with regard to the 
direction which is to be considered positive. We may 
therefore suppose either PQ or QP to be positive. If 
however we have three or more points P, Q, R... in the 
same straight line, we must consider the same direction 
as positive throughout, so that in all cases we must have 


PQ+ QR=PR. 
In the following examples the axes are rectangular. 


Ex.1. Mark in a figure the position of the point s=1, y=2, and 
of the point <= -3, y=-1; and shew that the distance between them 
is 5. 

Ex. 2. Find the lengths of the lines joining the following pairs 
of points: (i) (1, -1) and (—1,1); (ii) (a, —a@) and (—8, b) ; (iii) (8, 4) 
and (-1, 1). 

Ex. 3. Shew that the three points (1, 1), (—1, —1) and (-,/3, ,/3), 
are the angular points of an equilateral triangle. 

Ex. 4. Shew that the four points (0, —1), (-2, 3), (6, 7) and (8, 3) 
are the angular points of a rectangle. 

Ex. 5.. Mark in a figure the positions of the points (0,,—1), (2, 1), 
(0, 3) and (—2, 1), and shew that they are at the corners of a square. 

Shew the same of the points (2, 1), (4, 3), (2, 5) and (0, 3). 

Ex. 6. Shew that the four points (2, 1), (5, 4), (4, 7) and (1, 4) are 
the angular points of a parallelogram, 

Ex. 7. If the point (x, y) be equidistant from the two points (3, 4) 
and (1, —2), then will ¢+3y=5. 


[We have 
(2—3)2+(y 4)? (v- 12+ (y+2)25 
whence result.] 
Ex. 8. Shew that the point (7, 10) is equidistant from the three 
points (-10, -—9), (32, 5) and (18, 33). 
Ex. 9. Find the point which is equidistant from (0, 0), (32,10) and 
(42, 0). Ans. (21, —11). 
Ex. 10. Find the lengths of the sides of the triangle whose angular 
points are (10, 8), (13, 4) and (°4, °8). 
Shew that (6°7, 2-4) is at a distance 6-5 from each angular point. 
Ans. ‘The sides are 13, 12, 5. 
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5. To find the co-ordinates of a point which divides in 
a given ratio the straight line joining two gwen pornts. 


Let the co-ordinates of P be a, y,, and the co-ordi- 
nates of Q be a, y2, and let R(#, y) be the point 
which divides PQ in the ratio k,: ky. 


Draw PL, RN, QM parallel to the axis of y, and PST 


parallel to the axis of a, as in the figure. 
Then ZN: NM=PS:ST=PR: RQ=k,: ky; 
k,. LN —k,. NM=0, 


or k, (a — 2) —k, (x, —x) = 0; 
pa et hie 
bby 
Sets koh + krYe 
Similarl =, 
ety, y I + keg 


The most useful case is when the line PQ is bisected : 
the co-ordinates of the point of bisection are 


$ (a +a), (y+ Yo). 


If the line were cut externally in the ratio k, : —k, we 
should have 


IN : NM ::k,:—k, 
kya, — kya, ky Ye = kay, 


fi = S 
and therefore x Seaage y Lhe 


CO-ORDINATES a 


The above results are true whatever the angle between 
the co-ordinate axes may be. But in most cases formulae 
become more complicated when the axes are not at 
right angles to one another. 


We shall in future consider the axes to be at right 
angles in all cases except when the contrary is expressly 
stated. 

Ex, 1. Find the middle point of the line joining (3, 1) and (—5, 7). 
=${3+(-5)}=-1, y=h(1+7)=4. 
Ex. 2. Find the point which divides the join of (2, 3) and (5, —3) in 
the ratio 1:2. 
IEE CEE Dee 


3x2+(—3)x1_ 
SN rc eae agen a A ge at 


Ex, 3. The points 4, B, C are respectively (21, y1), (29, Yo) and 
(x3, ¥3). D, E, F are the middle points of BC, CA, AB respectively. 
Find the co-ordinates of the point G which divides DA so that 2DG=GA. 

[The co-ordinates of D are 

L=4(2+%3), y=h(y2+Ys)- 
Hence, for G, we have 
pn (t2t 23) x2+2a,x1 
142 
y= Nat) APNE a nt yat ys) 

The symmeiry of this result proves that the point G is also on the 
lines HB and FC, and also that 2EG=GB and 2FG=GC., 

The intersection of the medians of a triangle is called the centroid of 
the triangle, and we see from the above that, if (x1, y1), (2, y2), (x3, ys) 
are the angular points of a triangle, the co-ordinates of its centroid are 

3 (a +%2+2%3) and $(yi+y2+ys)-] 

Ex. 4. Find the centroid of the triangle whose angular points are 
(—4, 6), (2, -2) and (2, 5) respectively. Ans. (0, 3). 

Ex. 5. Find the centroid of the triangle whose angular points are 
(3, —5), (—7, 4) and (10, — 2) respectively. Ans, (2, -1). 

Ex. 6. Find the point which divides the join of (5, —3) and (8, — 5) 
“n the ratio 3:5. Ans, (4¢, —42). 

Ex. 7. Find the point which divides the join of (2, 1) and (3, 5) 
zaternally in the ratio 2 : — 3. Ans. (0, —7). 


1 


=4(271+22+23), 
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6. To express the area of a triangle in terms of the 
co-ordinates of its angular pownts. 


Let the co-ordinates of the angular points A, B, C be 
Dy, Yr Loy Yo: and wz, Ys respectively. 


Draw the lines AK, BL, CM parallel to the axis of y, 
as in the figure. 


A ABC =MCAK— KABL—LBOCM. 
Now MCAK=AMCA+AAKM 
=} KM.MC+4KM.KA 
= § (#3 — %) (Ys + 1). 
Similarly KABL =$(a,— 2) (Yr + Ya), 
and LBCM = 4 (a3 — Xp) (Yo + Ys) ; 
“, AABC=$ {((ys+ yr) (ts — 41) + (Yi + Yo) (1 — He) 
ig (Yo ats Ys) (a@— Xz) 3 
or, omitting the terms which cancel, 
A ABC= 4 {a Yo = %QY1 + LoYs3.— L3Yo + L3Yi — L,Ys} 
M, Yy, 1 
=| m, y, 1 
Kg, ifs, 1 


The above expression for the area of a triangle will be found to be ~ 
positive if the order of the angular points be such that in going round the 
triangle the area is always on the left hand, or if the order of description 
of the circuit ABCA is counterclockwise. Whenever on substitution a 
negative result for the area is obtained, a reverse order of proceeding 
round the triangle has been adopted. 
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__ 1. To express the area of a quadrilateral in terms of 
: the co-ordinates of its angular points in a given order. 
Let the angular points A, B, 0, D, taken in order, be 
(Li, 4)» (a, Yo), (#3, Ys) and (a, Ys)» ; 


Draw AK, BL, CM, DN parallel to the axis of y, as in 
the figure. 
Then the area ABCD 
=KABL+LIBCM— MCDN— NDAK. 
And, as in the preceding Article, 
KABL =}(y,+ 42) (@1— 2), 
LBCM =} (Yy2+ Ys) (2 — 2s); 
MCDN =4(ys+y,) (4-2), 
NDAK= 4 (Yt Y:) (&, — %). 
Hence ABCD=$ {(y, + yo) (&,— 2) + (Y2+ Ys) (4 — 5) 
_ + (Ys + Ys) (®3 — @4) + (Yat tn) (Ma B1)}; 
or, omitting the terms which cancel, 
ABCD=% {anYo — LY, + LoYg— L3Yo + LyY4— Lert Ls, — L,Y}. 
The area of any polygon may be found in a similar 
manner. 
[Another method is given in Art. 12.] 


The above formula, beginning with x,y,—a2y; and changing to 
22Y3— X32, &c. in cyclical order, is positive if the points are taken 
round the boundary of the figure in counterclockwise order, and is 
negative for the opposite direction. 


10 CO-ORDINATES 


It should however be noticed that four points can be joined in more 
than one way, and that in the figure below the formula would give the 
difference of the actual areas of the triangles marked + and — respectively. 


Cc 


D 


Ex. 1. Find the area of the triangle whose angular points are (2, 1), 
(4, 8) and (2, 5). 

Also find the area of the triangle whose angular points are (4, —5), 
(5, —6) and (3, 1). Ans. 4,%. 


Ex. 2. Find the area of the triangle whose angular points 4, B, C 
are respectively (2, 3), (4, 5) and (6, 2). Ans. —5. 

[The negative sign shews that ABCA is in the clockwise order of 
rotation, as will be seen if the points are plotted. In most cases only the 
absolute area is required.] 


Hix. 3. A, B, C are the points (—1, 5), (3, 1) and (5, 7) respectively. 
D, E, F are the middle points of BC, CA, AB respectively. Prove 
AABC=4A DEF, 


Ex. 4. Find the area of the quadrilateral whose angular points taken 
in order are (1, 2), (6, 2), (5, 3) and (3, 4). 
Also of the quadrilateral whose angular tate are (2, 2), (-2, 3), 
(+8, =8) and (1,°=2), Ans. 4, 20. - 
Ex. 5. Find the area of the quadrilateral whose angular points 
A, B, C, D taken in order are (—4, 2), (3, —5), (1, 7) and (6, — 2). 
Ans. 0. 
Plot the points and draw ABCDA to illustrate the result. 
Find the area when the points are taken in the order A, B, D, C. 
Ans. 56. 
Ex. 6. The points 4, B, C, D are respectively (2, 4), (3, 2), (8, 4) 
and (7,6). Find the area of ABCD. Also by taking the points in the 


order A, C, B, D and in the order A, B, D, C prove that AB is parallel 
to CD and BC to DA. Ans. 12, 
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8. Ifa curve be defined geometrically by a property 
common to all points of it, there will be some algebraical 
relation which is satisfied by the co-ordinates of all points 
of the curve, and by the co-ordinates of no other points. 
This algebraical relation is called the equation of the 
curve. 

Conversely all points whose co-ordinates satisfy a given 
algebraical equation lie on a curve which is called the 
locus of that equation. 


For example, if a straight line be drawn parallel to the axis OY and at 
a distance a from it, the abscissae of points on this line are all equal to 
the constant quantity a, and the abscissa of no other point is equal to a. 

Hence x=a is the equation of the line. 

Conversely the line drawn parallel to the axis of y and at a distance a 
from it is the locus of the equation x=a. 

Again, if x, y be the co-ordinates of any point P on a circle whose 
centre is the origin O and whose radius is equal to c, the square of the 
distance OP will be equal to 1?+y? [Art. 4]. But OP is equal to the 
radius of the circle. Therefore the co-ordinates x, y of any point on the 
circle satisfy the relation 2+y?=c?. That is, 22+y2=c? is the equation 
of the circle. : 

Conversely the locus of the equation x? + y?=c? is a circle whose centre 
is the origin and whose radius is equal to c. 

A rough sketch of the curve represented by an algebraical equation 
can be drawn by giving a series of values to x or to y and calculating the 
corresponding values of y or x and plotting on squared paper the series of 
points whose co-ordinates have been thus determined; sufficient time 
has, however, probably been already given in Algebra to this uninteresting 
and not very useful exercise. 


In Analytical Geometry we have to find the equation 
which is satisfied by the co-ordinates of all the points on a 
curve which has been defined by some geometrical pro- 
perty; and we have also to find the position and deduce 
the geometrical properties of a curve from the equation 
which is satisfied by the co-ordinates of all the points on it. 

An equation is said to be of the nm degree when, 
after it has been so reduced that the indices of the vari- 
ables are the smallest possible integers, the term or terms 
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of highest dimensions is of n dimensions. For example, 
the equations azy+be+c=0, a +ayV/a+b=0, and 
Va + /y=1 (which when rationalised is 2 + y? — 2ay — 2” 
—2y+1=0) are all of the second degree. 


Ex.1. A point moves so that its distances from the two points (3, 4), 
and (5, —2) are equal to one another ; find the equation of its locus. 

Ans. x-—3y=1. 

Ex. 2. A point moves so that the sum of the squares of its distances 

from the two fixed points (a, 0) and (—a, 0) is constant (2c?) ; find the 

equation of its locus. Ans. 22+y2=c?-a?, 


Ex. 3. A point moves so that the difference of the squares of its 
distances from the two fixed points (a, 0) and (—a, 0) is constant (c?) ; 
find the equation of its locus, Ans. 4ar= +c. 


Ex. 4. A point moves so that its distance from (3, 0) is twice its 
distance from (—3, 0). Find the equation of its locus. 
Ans, 22+y?+102+9=0. 
Ex. 5. A point moves so that its distance from the axis of x is half 
its distance from the origin; find the equation of its locus. 
Ans. 3y?-—2?=0. 
Ex. 6. A point moves so that its distance from the axis of z is equal 
to its distance from the point (1, 1); find the equation of its locus. 
Ans. x2-2¢-—2y+2=0. 
Ex. 7. A point moves so that the sum of its distances from the axes 
is 4 units of length. Find the equation of its locus. Ans. x+y=4. 


Ex. 8. A point moves so that twice its distance from the axis of x 
exceeds its distance from the axis of y by 2. Find the equation of its 
locus, Ans. 2y—-x=2, 


Ex. 9. Find the equation of the locus of a point which is at a 
distance 5 from the point (3, 4). Ans, x?+y?--62-8y=0. 


Ex. 10. Find the points which are at a distance 5 from (3, 4) and at 
a distance 13 from (5, 12). 


[The points satisfy both the equations 
(a —3)2+(y —4)?=5? and (#—5)?+ (y—12)2=132,] 
Ans. (0,0) and (¢¢, ~ 3). 
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9. The co-ordinates used in Articles 1 and 2 are called 
Cartesian Co-ordinates because they were first used by 
Descartes. 

The position of a point on a plane can be defined by 
other methods. A useful method is the following. 


POLAR CO-ORDINATES. 


If an origin O be taken, and a fixed line OX be drawn 
through it; the position of any point P will be known, if 
the angle XOP and the distance OP be given. 


P 


, 


Pane: 


These are called the polar co-ordinates of the point P. 

The length OP is called the radius vector, and is 
usually denoted by 7, and the angle XOP is called the 
vectorial angle, and is denoted by @. 

The angle is considered to be positive if measured 
from OX contrary to the direction in which the hands of 
a watch revolve. 

The radius vector is considered positive if measured 
from O along the line bounding the vectorial angle, and 
negative if measured in the opposite direction. 

If PO be produced to P’, so that OP’ is equal to OP 
in magnitude, and if the co-ordinates of P be r, 0, those 
of P’ will be either — 1, 0, or r, 0+ 7. 


10. To find the distance between two points whose polar 
co-ordinates are given. 
Let the co-ordinates of the two points P,Q be 1, 6,; 
and 7r,, ,. 
Then, by Trigonometry, 
PQ? = OP? + OQ — 20P». OQ cos POY. 
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But OP=r,, OQ=r,and Z POQ=2Z XOQ— 2 XOP=0,-4,; 
o. PQ =r2t+r2—2r,r, cos (A2— 4,). 
The polar equation of a circle whose centre is at the point (a, a) and 


whose radius is c, is c2=a2+7r?-2ar cos (9— a); where r, @ are the polar 
co-ordinates of any point on it. 


11. To change from rectangular to polar co-ordinates. 


Yi 


re) nh eb 


If through O a line be drawn perpendicular to OX, and 
OX, OY be taken for axes of rectangular co-ordinates, we 
have at once 

a2=ON=OPcosX0P=rcos8, 
and y=NP=OPsin XOP=rsin 0. 
Ex. 1. What are the rectangular co-ordinates of the points whose 
polar co-ordinates are (2, 4) 5 (2 5) and (-4 -7) respectively ? 
‘ Ans. (0,1), (1, ./3) and (—2,/2, 2,/2). 
Ex. 2. What are the polar co-ordinates of the points whose rect- 
angular co-ordinates are (—1, —1), (—1, ,/3) and (3, — 4) respectively ? 


Ans. (v2, 7) (2 7) : (6 ~tan-1 ;). 

Ex. 3. Find the distance between the points whose polar co-ordinates 
are (2, 40°) and (4, 100°) respectively. Ans, . ,/12. 
Ex, 4. Find the distance between the points whose polar coordinates 
are (2, 10°) and (2, 40°). Ans. ,/6-,/2. 
Ex. 5. Find the locus of a point at a distance 3 from the point 


Tv 
5, oa Ans. 17?—10rsin@+16=0. 


Ex. 6. Find the locus of a point whose distance from (3 4 is 2. 


Tv 


* Ans. 12—6rcos C =i 


)+5=0, 
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12. To find the area of a triangle having given the 
__ polar co-ordinates of its angular points. 


i R 


Oo x 


Let P be (r,, @,), Q be (rz, 9), and R be (15, 63). 
Then area of triangle PQR= A OPQ+ AOQR-—AOPR, 


and AOPQ=3 OP. OQsin POQ 
=47r, sin (6 — 4), 
so A OQR=4 77; sin (6; — 0,), 
and A OPR =73r, sin (43 — 9,), 


=—4ryr,sin (0, — 4); 


“ APQR=${nr, sin (6,— A) +r; sin (0;— 62) 
+737, sin (6, — 05)}. 


If the area of the triangle OPQ is considered to be positive when the 
circuit OPQO is described in the counterclockwise direction and negative 
for a clockwise circuit, and so for the other triangles, it will be seen that 
in all cases 

APQR= AOPQ+ AOQR+ AORP. 
| Also, for the quadrilateral PQRS, we have in all cases 
area PORS= A OPQ + AOQR+ AORS+ AOSP 
=$7"o sin (2 = 6;) =} $7rorg sin (03 — @2) 
+4rgrqsin (04 — 03) +4747, sin (0; — 04). 
Now 17y72s8in (02 — 4) 
=} (sin 62 cos 6; — sin 6} GOs 45) 
=21Yq—X2y1, from Art. 11. 
Hence, asin Art. 7, 


area PQRS=3 {(21y2—- 241) 
+ (xoy3—@3Y2) +(€3Y4—2ays) + (a1 — 11Y4)f- 


CHAPTER I. 


THE STRAIGHT LINE. 
13. To find the equation of a straight line parallel to 
one of the co-ordinate axes. 


Let LP be a straight line parallel to the axis of x 
and meeting the axis of y at Z, and let OL =b. 


Let x, y be the co-ordinates of any point P on the line. 

Then the ordinate VP is equal to OL. 

Hence y =b is the equation of the line. 

Similarly «=a is the equation of a straight line 
parallel to the axis of y and at a distance a from it. 


14, To find the equation of a straight line which passes 
through the origin. 


Let OP be a straight line through the origin, and let 
the tangent of the angle XOP=™m. 

Let «, y be the co-ordinates of any point P on the 
line. 
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Then NP=tan NOP.ON. 
Hence ¥y = mz is the required equation. 
¥ 
P 
) we x 


15. To find the equation of any straight line. 


Let LMP be the straight line meeting the axes in the 
points L, M. 

Let OM =c, and let tan OLM =m. 

Let 2, y be the co-ordinates of any point P on the line 

Draw PN parallel to the axis of y, and OQ parallel to 
the line ZMP, as in the figure. 


Then NP=NQ+QP 
= ON tan NOQ + OM. 
But 
NP=y, ON=x, OM=ce, and tan NOQ=tan OLM=m. 
SR TRIE AC Aenea weep ecnest mo sptee (i) 


which is the required equation. 

So long as we consider any particular straight line the 
quantities m and c remain the same, and are therefore 
called constants. Of these, m is the tangent of the angle 


8. C. 5. 2 
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between the positive direction of the axis of # and the 
part of the line above the axis of , and c is the intercept 
on the axis of y. 

By giving suitable values to the constants m and c the 
equation y= ma +c may be made to represent any straight 
line whatever. For example, the straight line which cuts 
the axis of y at unit distance from the origin, and makes 

Jan angle of 45° with the axis of «, has for equation 
y= a+. ; 

We see from (i) that the equation of any straight line 
is of the first degree. 


16. To shew that every equation of the first degree 
represents a straight line. 


The most general form of the equation of the first 
degree is : 
Aw + By +C =0.08)....csasdeteee (i). 
To prove that this equation represents a straight line, 
it is sufficient to shew that, if any three points on the 
locus be joined, the area of the triangle so formed will be 
zero. 
Let (a’, y’), (@”, y”), and (#””, y’”) be any three points 
P, Q, R on the locus, then the co-ordinates of these 
points will satisfy the equation (i). 
Hence Az’ + By’ +C=0, 
Ax” + By” +C=0, 
Axl” fu By!” + C=0 
Eliminating A, B, C we obtain 


, , 
wigig bk l=0, 
a ut 
aes, L 

tt “ws 

Sie ae ok 


the area of the triangle is therefore zero [Art. 6], and 
any three pomts on the locus must therefore be on a 
straight line. 

The equation Az + By+C=0 is therefore the equa- 
tion of a straight line. 
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Or thus: From the above equations by subtraction 
A (2’— 2") +B (y’-y”)=0, 


- and A (2! —2'”) +B (y’-y’")=0. 
y . , tt , mnt 
Whence aS: Boe 
Fy me 


that is, from the figure 
PG PH 


GQ HR’ 
Hence the triangles PGQ, PHR are similar, whence it follows that 
PQR is a straight line. 


The equation Az+By+C=0 appears to involve 
three constants, whereas the equation found in Art. 15 
only involves two. But if the co-ordinates 2, y of any 
point satisfy the equation Av+By+C=0, they will also 
satisfy the equation when we multiply or divide through- 
out by any constant. If we divide by B, we can write 


the équation fy =—“0 + &, and we have only the two 


B 
constants — = and — which correspond to m and ¢ in the 


equation y= mz + ¢. 


Ex. 1. Write down the equation of the line which makes an angle of 
135° with the axis of x and which cuts the axis of y at a distance — 3 from 
the origin. Ans. y= — 2-3. 

Ex. 2. Write the equation of the straight line 3x+2y—7=0 in the 
form y=mz +¢.. Ans. y= — }e+5. 

Ex. 3. Prove that the straight line which makes an angle tan-!5 
with the axis of x, and which cuts the axis of y in the point (0, —5), 
passes through the point (1, 0). 

2—2 


Ae 
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17. To find the equation of a straight line in terms of 
the intercepts which it makes on the axes. 


Let A, B be the points where the straight-line cuts 
the axes, and let OA =a, and OB=b. 

Let the co-ordinates of any point P on the line be 
L, Y. 


Draw PJ parallel to the axis of y, and join OP. 


Then A OAP +A OPB=A OAB; 
ay + bx =ab, 

or = + =1. 
This equation may be written in the form 

le +my=1, 
where J and m are the reciprocals of the intercepts on the 
axes. 

PROJECTION, 


18. If from the extremities P, Q of any straight line 
the perpendiculars PL, QM be drawn on any other straight 
ae HK, then LM is said to be the projection of PQ on 

Let R beany other point and WV its projection on HK; 
then, since in all cases [M+ MN=LAN, it follows that 
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the sum of the projections of PQ and QR on any line ist ‘ 
equal to the projection of PR on that line. 


“ R 


P 


H LS N M K 
Similarly, the sum of the projections of AB, BC, CD,..., PQ on any 
straight line is equal to the projection of AQ. Also the sum of the 
projections of the sides of a closed polygon on any line is zero. 
Tf one of the sides of a regular polygon of m sides makes an angle 6 
with a given straight line, the other sides in order will make angles 


and we have 
2 4 
cos 8+ cos (0+) +cos (0+) +... ton terms =0, 


for all values of @. 


Let the line on which PQ lies cut HK in O, and let a 
be the angle KOS between OK and OS the positive 
directions of the two lines. 


Then, by the definition of the cosine of an angle, 
OL =OP cosa and OM=0Q cos a; 
and », LM=PQ cosa. 


Thus the projection of PQ on any straight line HK ws 
PQ cosa, where a ts the angle between the positive direction 
of HK and the positive direction of the line on which PQ 


lize. 
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19. Lo find the equation of a straight line in terms of 
the length of the perpendicular upon it from the origin and 
the angle which that perpendicular makes with an axis. 


Let OL be the perpendicular upon the straight line 
AB, and let OL = p, and let the angle XOL= a. 


Let the co-ordinates of any point P on the line be 
iH, Y 


Draw PN parallel to the axis of y, NM perpen- 
dicular to OL. 


¥, 


Then IVP is parallel to OY, and in all cases 
ZYOL= 2YOX+ ZXOL 


mame XO £X0L=—F +a. 


The sum of the projections of ON and NP on OL is 
equal to OL. [Art. 18.] 


The projection of ON = ON cosa. 
The projection of VP = NP cos (-5 + «) : 


Thus p=ON cosa+ NP cos (-§ +2) 


=xcosa+ysin a, 
which is the required equation. 
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20. In Articles 15, 17 and 19 we have found, by 
independent methods, the equation of a straight line 
involving different constants. Any one form of the — 
equation may however be deduced from any other. 

For example, if we know the equation in terms of the 
intercepts on the axes, we can find the equation in terms 
of p and a from the relations acosa=p and bsina=p, 
which we obtain at once from the figure to Art.19. Hence 
substituting these values of a and 6 in the equation 
—+3=1, we get «cosa+ysina=p. 


b 
If the equation of a straight line be 
Axvx+By+C=0; f 
then, by dividing throughout by ./(A? + B?), we have 


ees B+ eee + Pete. br 0 
WAP +B) (AP + BI (Att BY) 
Now Teg and EES are the cosine and sine 


respectively of some angle, since the sum of their squares 
is equal to unity. If we call this angle a, we have 


zcosa+ysina—p=0, 


where p is put for — —4,.— 


(A? + BY)’ 


Ex. 1. If 32-—4y—5=0, then dividing by /32442 we have 
$4 —4y—1=0, This is of the form zcosa+ysina—p=0, where cosa=3, 
sin a= —4, and p=1. 


Ex. 2. The equation x+y +5=0, is equivalent to 
Sar ; ot. Me 
woos +y sin | eg 


Ex. 3. Write the equation 7x + 24y+25=0 in the form 
zecosat+ysina—-p=0. 
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- 21. To find the position of a straight line whose 

equation is given, it is only necessary to find the co- 

ordinates of any two points on it. To do this we may give 

_ to # any two values whatever, and find from the given 

- equation the two corresponding values of y. The points 
where the line cuts the axes are easiest to find. 


Ex. 1. If the equation of a line be 2x+5y=10. Where this cuts the 
axis of x, y=0, and then «=5. Where it cuts the axis of y, r=0, and 
Y=2s 

Ex. 2, The intercepts made on the axes by the line 4x -y+2=0 are 
—4, and 2 respectively. 

Ex. 3. #«-2y=0. Here the origin (0, 0) is on the line, and when 
w=4, y=2. 

The lines are marked in the figure. 


22. If we wish to find the equation of a straight line 
which satisfies any two conditions, we may take for its 
equation any one of the general forms :— 


GQ) y=mat+e, (ii) a/at+y/b=1, (ili) le+ my=1, 
(iv) wcosa+ysina—p=0, or (v) Aw+ By+C=0. 


We have then to determine the values of the two 
constants m and ¢, or a and b, or J and m, or a and p, 


ditions which the line has to spbiely 
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A B eS 2 
OG and ral for the line in question from the two co 


point (2, 3) and makes equal intercepts on the axes. 
[Let z/a+y/b=1 be the equation of the line. 
Then, since the intercepts are equal to one another, a=b. 
Also, since the point (2, 3) is on the line, 2/a + 3/a=1; 


-.a@=5=6b and the equation required is ee va ue 


the point (,/3, 2) and which makes an angle of 60° with the axis of x, . 
[Let y=ma +c be the equation of the straight line. ; 
Then, since the line makes an angle of 60° with the axis of , 

m=tan 60°=,/3. 

Also, if the point (,/3, 2) be on the line, 2=m.,/3+c, therefore c= —1, 


oe and the required equation is y=,/3x —-1.] 


Ex. 3. When the equation 52+12y-—26=0 is written in the form 


zcosa+y sin a—p=0, find the value of p. . Ans. 2. 
Ex. 4, Find the perpendicular distance from the origin of the line 
ore 
Tv +2= =1. Ans. 6°72. 


Ex. 5. Shew that the line whose intercepts on the axes of x, y 
respectively are 5 and - 4 passes through the point (15, 8). 

Ex. 6. Prove that the line through the points (5, 0), (0, —2) passes 
also through the points (15, 4) and (—5, —4). 

Ex. 7. Find the equation of the line through (4, 12) which makes an 
angle tan—! 3 with the axis of a. Ans. y=32. 

Ex. 8. Prove that the middle point of the join of (3, 4) and (5, 1) is 
on the line «-2y+1=0. i 

Ex. 9. Prove that the line y—2x+2=0 cuts the line joining (3, —1) 
and (8, 9) in the ratio 2 : 3. 

Ex. 10. Prove that the line 2y—32—7=0 cuts the join of (1,—1) 
and (3, 4) externally in the ratio 3: —2. 
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23, To find the equation of a straight line drawn 
hrough a given point in a given direction. 


Let a’, y' be the co-ordinates of the given point, and 
: let the line als with the axis of # an angle tan m. 


Its equation will then be 

3 yY=ME+C, 
and, since (2’, y’) is on the line, 
ian y =mx'+ ¢, 
ercicre, by subtraction, 


‘The line given by (i) passes through the point (2’, 7’) 
whatever the value of m may be; and by giving a suitable 
value to m the equation will represent any straight line 
through the point (x, y’). 
If then we know that a straight line passes through a 
particular point (#’, y’) we at once write down 


y-y=m(e-2) 
for its equation, and find the value of m from the other 
condition that the line has to satisfy. 


24. To find the equation of a straight line which 
passes through two given points. 


Let the given points P, Q be (a, y:), (#2, ye) respectively, 
PO. let (a, 7) be any other point R on the straight line - 


Y 


i) 


N 
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Then, since PQR is a straight line, the triangles P 10, 
PHR are similar, and therefore ¥ 


PH_HR 

PG GQ’ 
Gh _ Yh 
By — Ly Yo— Yy’ 


i.e, 
which is the equation required. 


Or thus: Let the equation of the straight line be 
Az+By+ 050205...) Sa 

Then, since the points (x,, y;) and (x2, y2) are on the line, 
Hey, Poe eS See (i) aa 

and Pe ene) | 1 | RA relics pe (iii). 


Eliminate A, B, C from the equations (ji), (ii), (iii), and we have the b: 
required equation in the form 


Ex. 1. The equation of the line joining the points (2, 3) and (3, 1) is 
yn3 = — eae or y+20- We 


Ex. 2. Find the equations of the lines (i) joining (1, 3) and 5, 7, and 
(ii) joining (-7, 10) and (13, 0). 
Ans. (i) c-y+2=0, (ti) +2y—13=0. 
Ex. 3. Prove that the line joining (3, 5) and (—2, 7) bisects the line 
joining (7, 2) and (9, 4). 
Ex. 4, Prove that the line joining (— 3, 6) and (6, —9) cuts the axis 
of y at unit distance from the origin. 


Ex. 5. Prove that the line through the two points (9, 3) and (15, —3) 
cuts off equal intercepts from the axes. 


Ex. 6, Find the lines through (4, —3) which cut the axes so that the 
intercepts are equal in magnitude. Ans. x+y —1=0 and e-y-7=0. 


THE STRAIGHT LINE 


E95, Let the straight line AP make an angle @ with 
the axis of 2 Let the co-ordinates of A be a’, 7’, and 
those of P be a, y, and let the distance AP be r. 


Draw AN, PM parallel to the axis of y, and AK 
parallel to the axis of a. 

‘Then AK = AP cos 6, and KP = AP sin 8, 
or 2—a =rcos 6, and y—y =rsin 8. 
The equation of the line AP may be written in the 
form a 
a—-x yy 


——_ =4%, =f. 
cos@ sin@ 


26. Let the equation of any straight line be 
Ag + By 40 =0 42%. (i). 

Let the co-ordinates of any point Q be 2’, 7’, and let 
the line through Q parallel to the axis of y cut the given 
straight line in the point P whose co-ordinates are a’, y”. 

Then it is clear from a figure that, so long as Q 
remains on the same side of the straight line, QP is drawn 
in the same direction; and that QP is drawn in the oppo- ~ 
site direction if @ is any point whatever on the other side 
of the straight line. 

That is to say, QP is positive for all points on one side 
of the straight line, and negative for all points on the other 
side of the straight line. 


Now OP Be Yl" ea ie a aye cng (ii), 
and Aa’ + By’ +C= Aa + By' +0 —(Aa' + By’ + 0), 
[for (2’, y’”) is on the line, and therefore Ax’ + By” + C= 0] 
1, Aa! + By + C=— By" —Y)...c00-. (iii). 
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ra 


From (ii) and (iii) we see that Aa’ + By’ + is positive — 


for all points on one side of the straight line, and negative 


for all points on the other side of the line. 

If the equation of a straight line be Ax + By + C=0, 
and the co-ordinates «’, y/ of any point be substituted 
in the expression Aw+By+O; then if Az’ + By’ +0 be 
positive, the point (a’, y’) is said to be on the positive side 
of the line, and if Aa’ + By’+C be negative, (a’, y') is 
said to be on the negative side of the line. 

If the equation of the line be written 


— Ax—By—C=0, e 


it is clear that the side which we previously called the 
positive side we should now call the negative side. ‘ 


Ex. 1. The point (3, 2) is on the negative side of 2a ~3y —1=0, and 
on the positive side of 3a —2y —1=0. . 

Ex. 2. The points (2, —1) and (1,1) are on opposite sides of the line 
Ba +4y —6=0. 


Ex. 3. Shew that the four points (0, 0), (—1, 1),(-—7, —4) and (9, 6) 
are in the four different compartments made by the two straight lines 
2x2 —3y+1=0, and 3x -5y+2=0. 


27. To find the co-ordinates of the point of intersection 
of two given straight lines. 
Let the equations of the lines be 


an by HC =O oo .ccccccsescevees (i), 

and | ELACY +O =O) ...ccseaseacesrbee (11). 

Then the co-ordinates of the point which is common to 
both straight lines will satisfy both equations (1) and (11). 
We have therefore only to find the values of # andy 
which satisfy both (i) and (ii). 

These are given by 

a 2 
be’ —ce ca’ —ca ab’—ab 


= 
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28. To find the condition that three straight lines may 
meet in a point. 
Let the equations of the three straight lines be 
ax +by+c=0...1), watby+e¢=0...(2), 
a’ + b’y +c" =0...(3). 
The three straight lines will meet in a point if the 
point of intersection of two of the lines is on the third. 
The co-ordinates of the point of intersection of (1) and 
(2) are given by 
x es y a 1 
be’—'e ca’ —ca ab’ — ab 
The condition that this point may be on (3)is 
nbc We | 1,60 Ca yp 
' oad aaa re eee 
or, a” (be — b'c) +b” (ca’ — c'a) +c” (ab’ — ab) = 0. 


Uy 
f) 


EXAMPLES. 


1. Draw the straight lines whose equations are 
(i) #+y=2, (ii) 3a -—4y=12, 
(iii) 4a -—3y+1=0, and = (iv) 2a+5y+7=0. 
2. Find the equations of the straight lines joining the following pairs 
of points—(i) (2, 3) and (—4, 1), (ii) (a, b) and (8, a). 
Ans. (i) x-3y+7=0, (ii) e+y=a+b. 
3. Write down the equations of the straight lines which pass through 


the point (1, - 1), and make angles of 150° and 30° respectively with the 
eps Ans. yt+1= +35 (2-1). 
4. Write the following equations in the form x cosa+y sina —p=0:— 

(i) 83a+4y—-15=0, (ii) 12%-5y+10=0. 
Ans. (i) 3u+4y-—3=0, (li) -$20+y—-39=0. 
5. Find the equation of the straight line through (4, 5) parallel to 
2” -3y-—5=0. Ans, 2a -3y+7=6. 
6. Find the equation of the line through (2, 1) parallel to the line 
joining (2, 3) and (3, —1). Ans. 4x+y=9. 
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7. Find the equation of the line through the point (5, 6) which makes 
equal intercepts on the axes. Ans. x+y=11, 


8. Find the points of intersection of the following pairs of straight 
lines (i) 5a + Ty =99 and 32+ 2y + 77=0, (ii) 2a —5y + 1=Oandz+y+4=0, 


ee ea ee gs 
(iii) aw and ge 


Ans. (i) (—67, 62), (ii) (—3, —1), (iii) (> rele 


9. Shew that the three lines 5x+3y—7=0, 3x—4y-—10=0, and 
x+2y=0 meet in a point. 


10. Shew that the three points (0, 11), (2, 3) and (3, —1) are on a 
straight line, 
Also the three points (3a, 0), (0, 3b) and (a, 2b). 


11. Find the equations of the sides of the triangle the co-ordinates 
of whose angular points are (1, 2), (2, 3) and (—3, —5). 
Ans. 8x-—5y-1=0, Te-4y+1=0, x-y+1=0. 


12. Find the equations of the straight lines each of which passes 
through one of the angular points and the middle point of the opposite 
side of the triangle in Ex. 11. 

Ans. 2x—y=0, 3x-2y=0, d54-3y=0. 

13. Find the equations of the diagonals of the parallelogram the 
equations of whose sides are r—-a=0, «-b=0, y—c=0 and y—d=0. 

Ans. (d—c)x+(a—b)y+be—ad=0 and (d-c) + (b-a) y+ac—bd=0. 

14, What must be the value of a in order that the three lines 

3u+y—2=0, ax+2y—3=0, and 2e—y-—3=0 may meet in a point? 
Ans. a=5. 

15. In what ratio is the line joining the points (1, 2) and (4, 3) divided 
by the line joining (2, 3) and (4, 1)? Ans. The line is bisected. 

16. Are the points (2, 3) and (3, 2) on the same or on opposite sides 
of the straight line 5y -6%+4=0? 

17. Shew that the points (0, 0) and (3, 4) are on opposite sides of 
the line y —2a+1=0. 

18. Shew that the origin is within the triangle the equations of whose 
sides are a —7y + 25=0, 52+3y+11=0, and 82 -2y—1=0. 

[The corresponding vertices are (—1, ~ 2), (3, 4) and (—4, 3).] 
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29. To find the angle between two straight lines 
whose equations are given. 


(i) Ifthe equations of the given lines be 
xcosa+ysina—p=0, and wcosa +ysina —p'=0, 


the required angle will be a—a’ or r—a—a’, 

For a and @ are the angles which the perpendiculars 
from the origin on the two lines respectively make with 
the axis of z, and the angle between any two lines is equal 
or supplementary to the angle between two lines perpen- 
dicular to them. 


(11) Ifthe equations of the lines be 
y=me+e, and y=m'a+c; 
then, if 6, 6’ be the angles the lines make with the 


/ 


axis of z, tand=m and tan’ =m’; 


“. tan (@—0’)= pee 


1+mm’’ 


.. the required angle is tan— ( 3 
: ren +mm 


The lines are perpendicular to one another when 
1+mm’=0, 
and are parallel when m =m’. 
(ii) Ifthe equations of the lines be 
az + by+c=0, and a’z+b'y+c' =0, 
these equations may be written in the forms 
c CnC 


a 
Hi eaBiroine and Yorn 7 ermine 
Therefore, by (ii), the required angle is 


/ / 
tan7 —, or jen 
aa aa’ + bb 
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The lines aw+by+c=0 and av+dy+c'=0 will 
be perpendicular, if aa’ + bb’ =0, 


and will be parallel to one another 
if ba’ —b’a =0, or if a/a’=b/0’. 


30. The condition of perpendicularity is clearly satis- 
fied by the two lines whose equations are 


az + by+c=0 and br—ay+c' =0. 
The condition is also satisfied by the two lines 


ax+by+c=0 and = ete 0. 

Hence if, in the equation of a given straight line, we 
interchange (or invert) the coefficients of « and y, and alter 
the sign of one of them, we shall obtain the equation of 
a perpendicular straight line; and if this line has to satisfy 
- some other condition we must give a suitable value to the 
constant term. 


Ex. 1. The line through the origin perpendicular to 4y+2¢=7 is 
2y —42=0. 

Ex. 2. The line through the point (4, 5) perpendicular to 3x —2y +5=0 
is 2 («—4)+3(y—5)=0, for it is perpendicular to the given line, and it, 
passes through the point (4, 5). 

Ex. 3. The acute angle between the lines 

22+ 3y+1=0, and «—y=0 is tan 16, 

Ex. 4. Prove that the line joining (3, —1) and (2, 3) is perpendicular 
to the line joining (5, 2) and (9, 3). 

Ex. 5. Find the acute angle between the lines 34+y-—7=0 and 
a+2y+9=0. Ans. 45°. 

Ex. 6. Find the acute angle between the lines 3x-2y+7=0 and 


2e+y—-11=0. Ans. tan 4, 

Ex. 7. Find the lines through (2, 3) which make acute angles of 

45° with the line 8z-y+5=0. Ans. «-2y+4=0 and 2x+y—-—7=0. 
3 


8s. C. 8. 
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31. To find the perpendicular distance of a given point 
from a given straight line. 


Let the equation of the straight line be 
LCOSA+YSINA—P=O..cceeeseeeeeee (1), 


and let a,, y, be the co-ordinates of the given point P. 
Let OL, PK be the perpendiculars upon the given 
straight line from the origin and from the point (2, 4). 
Draw PN perpendicular to OX and PM to OL. 
Then OM is equal to the sum of the projections of 
ON and NP on OL. 
Now WP is parallel to OY, and in all cases 


ZYOL=2ZYOX+2ZX0L 
eee £X0L=-F+a 
The projection on OL of ON is ON cosa, and of NP is 
NP cos (-5+ a) ; 
Hence © OM =m cosaty, sina; 
EP SIM Om OL 
=m, COSa+Y, SiN a—>p. 
Hence the length of the perpendicular from any point 


on the line xcosat+ysina—p=0 is obtained by substi- 
tuting the co-ordinates of the point in the expression 


“Cos a+ y sin a—p. 
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If the equation of the line be az +by+c=0, it may 
[Art. 20] be written 


a b c * 
(a? 5 b?) a a Ve TS B®) 7] + Va + b) — 0 eereee (i) 
which is of the same form as (i); therefore the length of 
the perpendicular from (z,, y,) on the line is 
a b- c 
MER) ery t a+ By’ 
ax, + by, +c ei 
a aaah Cece bec eececccncce (111). 


Or thus: The equation of the line through P (x, y;) perpendicular 
to ax+by+c=0 is 


or 


b (w—2)-a(y—y;)=0. 
If this perpendicular meet the given line in the point K whose co- 
ordinates are 2, yg; then, since K is in both lines, we have 


b (x2— 2x1) — a (yg—y1)=0 ce eeereeccccssccsesenes (i), 
and ax_+by2g+c=0, which may be written 
a (xg — a) +6 (Y2-Y1)= - (ax + by,+c) Sayauens settee (ii). 


From (i) and (ii) by squaring and adding, we have 
(42+ 6) { (aq 21)? + (yo—Y1)?} = (aa + by +e. 
Hence KP=,/{ (2-2)? + (y2—y1)?} 
__ 421+ by, +e 
~ Al (a? + b%) ° 

Hence, when the equation of a straight line 1s gwen in 
the form ax+by+c=0, the perpendicular distance of a 
given point from it is obtained by substituting the co-ordi- 
nates of the point in the expression az + by +c, and dividing 
by the square root of the sum of the squares of the coeffi- 
cients of « and y. 

If ./(a2?+6°) be always supposed to be positive, the 
length of the perpendicular from any point on the positive 
side of the line will be positive, and the length of the 
perpendicular from any point on the negative side of the 
line will be negative. [See Art. 26.] 


3—2 
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32. To find the equations of the lines which bisect the 
angles between two given straight lines. 

The perpendiculars on two straight lines, drawn from 
any point on either of the lines bisecting the angles 
between them, will clearly be equal to one another in 
magnitude. 


Hence, if the equations of the lines be 


an -+iby Ae a0. ...h nesta ane ence (i), 
and Ce EOG LC BAO coc ici i512 csseees (ii), 
and (a’, 7’) be any point on either of the bisectors, 
aa’ + by’ +c ee aa + by +c 
V (a? + b*) V(a* + 6”) 


must be equal in magnitude. 


Hence the point (#’, y’) is on one or other of the 
straight lines 
ax+ by +c va+by+c Gas 
(a2 Ee b?) (a Te b) ee ccccccccce e 


The two lines given by (ili) are therefore the required 
bisectors. 


=t 


We can distinguish between the two bisectors; for, if 
we take the denominators to be both positive, and if the 
upper sign be taken in (iil), aw + by+c¢ and a’a@+by+c' 
must both be positive or both be negative. 


ax+by+e  ,a@a#+¥a+e ( 
Wat-+ 4) = CE NG iets (iv), 


every point is on the positive side of both the lines (i) and 
(11), or on the negative side of both. 


If the equations are so written that the constant terms 
are both positive, the origin is on the positive side of both 
lines ; hence (iv) is the bisector of that angle in which the 
origin lies, 


Hence in 


“aii 


. 
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Ex. 1. The bisectors of the angles between the lines 42x —3y+1=0, 
and 122+5y+13=0 are given by aE ae See Rtas and the 


upper sign gives the bisector of the angle in which the origin lies. 


The following is an important example: 

Ex, 2. To find the centre of the circle inscribed in the triangle whose 
angular points 4, B, C are respectively the points (1, 2), (25, 8) and 
(9, 21). 

The equations of the sides BC, CA, AB will be found to be 

13c+16y—453=0, 19”%-8y-3=0 and x—4y+7=0. 

If the co-ordinates of 4, B, C be substituted in the left-hand members 
of these equations, the results will be -, +, — respectively. 

Now change the signs of all the terms in the equations of the lines, 
if necessary, so that each vertex will be on the positive side of the opposite 
line; the equations will then be 


—13r%-16y+453=0, 19x%-8y-3=0 and —7+4y-—7=0. 


~13¢-16y +453  192-8y-3 
teen (18? +162) + /(9?-+8%) 


must be the internal bisector of the angle ACB, for both members of the 
equation must be positive or both must be negative, so that any point on 
the bisector must be on the positive side of both CA and CB, or on 
the negative side of both. 

We — Sy —3 2+ 4y —7 


So also (192+ 83) = + Wee 
is the internal bisector of the angle BAC. 


Hence the centre of the inscribed circle is given by 
—13e—16y+453_ 19%-8y-3 _ -a+4y-7 
5/17 SALT Ai tS 
and the point will be found to be (11-5, 11). 


33. To find the equation of a straight line through. the 
point of intersection of two given straight lines. 


The most obvious method of obtaining the required 
equation is to find the co-ordinates #’, y’ of the point 
of intersection of the given lines, and then to use the form 
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y—y =m («—4) for the equation of any straight line 
through the point (2’, y’). The following method is how- 
ever sometimes preferable. 


Let the equations of the two given straight lines be 


oe + by 4.6.2 Ooo. diiago sth ae ealare (i), 
ot-E bye = Oo TGR. ce ecket 3 (ii). 

Consider the equation 
ax +bytc+rA(va+by+c)=0......... (ili). 


It is the equation of a straight line, since it is of the 
first degree; and if (a’, y’) be the point which is common 
to the two given lines, we shall have 

ax’ + by’ +¢ =0 
and a‘a’ + by’ +c’ =0, 
and therefore (ax’ +by'+c)+2r (aa + by’ +c’) =0. 

This last equation shews that the point (2’, y’) is also 

on the line (iii). 


Hence (iii) is the equation of a straight line passing 
through the point of intersection of the given lines. Also 
by giving a suitable value to X the equation may be made 
to satisfy any other condition, it may for example be made 
to pass through any other given point. The equation 
(iii) therefore represents, for different values of 2, all 
straight lines through the point of intersection of (i) 
and (ii). 

Ex. Find the equation of the line joining the origin to the point of 
intersection of 2x-+5y-—4=0 and 3a%-2y+2=0. 
Any line through the intersection is given by 
20+ 5y—44+A (3a —2y+2)=0. 
This will pass through (0, 0) if -4+2\=0, or if \=2; 
“. 2a+5y —442 (3a —-2y+2)=0, 
or 8a+y=0, is the required equation. 
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34, Ifthe equations of three straight lines be 
ax +by+c=0, wx+by+c'=0, and a’x+b’y+c"=0 


respectively; and if we can find three constants 2, yu, v such 
that the relation 


(aa + by +c)+u (wat Wy+c')+v(a"e+b’y+0e")=0...(i) 


is identically true, that is to say is true for all values of 
x and y, then the three straight lines will meet in a point. 
For if the co-ordinates of any point satisfy any two of the 
equations of the lines, the relation (i) shews that it will 
also satisfy the third equation. 


This principle is of frequent use. 


Ex. The three straight lines joining the angular points of a triangle 
to the middle points of the opposite sides meet in a point. 


Let the angular points A, B, C be (x’, y’), (%”, y”), (a’”, y’”), respectively. 
Then, D, E, F, the middle points of BC, CA, AB respectively, will be 


vl’ +a!” yl ty” vw +a’ y" +y’ ae a +x" y’+y” 
2 Fy? 2 A A 2 Qe Preah .2 ; 


The equation of AD will therefore be 


75 @w-X 
a ee eee (i) 
TEE IES 
2 2 


or y («” +a" — Qa’) — 2 (y” ty” — 2y)) Fa! (yy) —y! (2 +0") =0. 
So the equations of BE and CF will be respectively 
y (0! +2! — 2a") — 2 (y"” $y! ~ By") +2" (y" +y") -y" (a"" +2") =0 
and y (x'+2"—2a!”)— 2 (y' +y"—2y")40" y+y")~y" (a +2") =0. 
And, since the three equations when added together vanish identically, 
the three lines represented by them must meet in a point. 
[It is easily seen by substitution in (i) that the point G whose 


co-ordinates are $(a’+2”+2'"),4(y'+y"+y’”) is on AD, and the sym- 
metry of this result shews that G is also on BH and CF’.] 
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EXAMPLES. 


1. Find the angles between the following pairs of straight lines— 
(i) y=2r+5 and 32+y=7, 
(ii) #2+2y—4=0 and 2e-y+1=0, 
(iii) Av+By+C=0 and (A+B) «-(A-B)y=0. 
Ans. (i) 45°, (ii) 90°, (iii) 45°. 
2. Find the equation of the straight line which is perpendicular to 
2a-+7y —5=0 and which passes through the point (3, 1). 
Ans, Tx—2y=19. 
3. Write down the equations of the lines through the origin perpen- 
dicular to the lines3x+2y —5=0and 4a +3y —7=0. Find the co-ordinates 
of the points where these perpendiculars meet the lines, and shew that 
the equation of the line joining these points is 232 +1ly —35=0, 
4, Find the perpendicular distances of the point (2, 3) from the lines 
4a +3y—7=0, 52+12y —-20=0, and 3x+4y—-8=0. Ans. 2. 
5. Write down the equations of the lines through (1, 1) and (— 2, —1) 
parallel to 3x+4y+7=0; and find the distance between these lines. 
Ans. 42, 
6. Find the equations of the two straight lines through the point 
(2, 3) which make an angle of 45° with x+2y=0. 
. Ans. x—3y+7=0, 3a+y=9. 
7. Find the equations of the two straight lines which are parallel to 
x+7y+2=0 and at unit distance from the point (1, —1). 
Ans. £+7Ty+6+5,/2=0. 
8. Find the equation of the line joining the origin to the point of 
intersection of the lines x-4y—7=0 and y+ 2%—-1=0. 
Ans, 13x+11ly=0. 
9. Find the equation of the straight line joining (1, 1) to the point of 
intersection of the lines 37+ 4y -—2=0 and x-2y+5=0. 
Ans. Tx+26y —-33=0. 
10. Find the equation of the line drawn through the point of inter- 
section of y—4%-1=0 and 24+ 5y-—6=0, perpendicular to 3y+4a=0. 
4 Ans. 88y—66x-—101=0. 
11. Find the lengths of the perpendiculars drawn from the origin on 
the sides of the triangle the co-ordinates of whose angular points are (2, 1), 
(3, 2) and (—1, -1). Ans. 455/18, EN 
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12. Find the equations of the straight lines bisecting the angles 
between the straight lines 4y +32—12=0 and 3y+4x-—24=0; and draw 
a figure representing the four straight lines. 

Ans. y—x+12=0, Ty+7x-36=0. 

13, Find the equations of the diagonals of the rectangle formed by 
the lines #+3y—10=0, ++3y —-20=0, 8r—y+5=0, and 8r-y-—5=0; 
and shew that they intersect in the point (3, 2). 


14. Find the area of the triangle formed by the lines y-«=0, 
y+2z=0, x-—c=0. Ans. c?, 

‘15. The area of the triangle formed by the straight lines whose 
equations are y —2x=0, y-3xz=0, and y=5x+4 is 4. 

16. Find the areaof the triangle formed by the lines y=2x+4, 
2y+3a=5, and y+r+1=0. Ans. 338. 

17. Shew that the area of the triangle formed by the lines whose 
equations are y=mjx+c1, y=mer+cCo, and z=0 is 

Mg — My - 

18. Shew that the area of the triangle formed by the straight lines 

whose equations are y=mr7+¢1, y=Mot + Co, and y=mg3r +¢z3 is 


—¢,)2 —¢,)? — C9)? 
5 (cz —¢3) ai (C3 — ¢1) Fy (¢1 — ¢2) : [Use Ex. 17.] 
Mg — Mz mg — My My — Mg 


19. Shew that the locus of a point which moves so that the sum of 
the perpendiculars let fall from it upon two given straight lines is constant 
is a straight line. 


35. A homogeneous equation of the nth degree will 
represent n straight lines through the origin. 
‘Let the equation be 
Aa By a Oy a7 5, + Ka = 0...... (1). 
Divide by «” and we get 
n fay\ 2-1 N-2 : 
A (4) +B (4) ay a (2) es Ki = (0.02). 


Let m,, 2m, Mg, «-+++., My be the roots of this equation. 
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Then it is the same as 


A i: — ma) (2 — ms) (¥ _ ms) ae (2 - ni) = ci 


and therefore is satisfied when 


S) “A 


Z—m,=0, when £—m,=0, &c.,° 
x £L 


and in no other cases. 


Therefore all the points on the locus represented by (i) 
are on one or other of the n straight lines 


-36. To find the angle between the two straight lines 
represented by the equation Aa? + 2Bay + Cy? =0. 


If the lines be y—mae=0 and y—mwv=0, then 
(y— mx) (y — mv) =0 is the same as the given equation 
ew. ee 
Yt ryt ae ax, ()s 


'.m+m=— = HBG (i) and mym, = : oe (ii). 


If @ be the angle between the lines, 
m—m, 2/(B?-— AC) 


tan 0= Teaere ne por ee from (i) and (ii). 


If B?— AC is positive the lines are real, being coin- 
cident if B?}—- AC=0. 


If B?— AC is negative the lines are imaginary, but 
pass through the real point (0, 0). 


_ The lines given by the equation Aa?+ 2Bay + Cy?=0, 
will be at right angles to one another 


if A+C=0; 
that is, if the sum of the coefficients of x and y? is zero. 
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37. To find the condition that the general equation of 
_ the second degree may represent two straight lines. 


The most general form of the equation of the second 


degree is 


ax? + 2hay + by? + 2gx + 2fy+e=0...... (i). 
If this is identically equivalent to 
(la+ my +n)(Va+m'y + n’)=O0.....008 (ii), 


we have, by equating coefficients in (i) and (ii), 
l’=a, mm’ =b, nn'=c, 
mn +m'n=2f, nl’+nl=29, Im’+Im=2h, 
By continued multiplication of the last three, we have 
8fgh = 21l’mm'nn’ + Il’ (m?n? + m?n’”) 
+ mam’ (nl? + nl?) + nn’ (lm? + Pm? 
_ = 2abe + a (4f? — 2bc) 
+ b (49? — 2ca) + ¢ (4h? — 2ab), 

Hence abe — af? — bg? — ch? + 2foh=0......... (iii) 
is the required condition. 

Unless the coefficients of z* and y? are both zero, we 
can obtain the above result more simply by solving the 


equation as a quadratic in z or in y. 
Suppose a is not zero; then if we solve the quadratic 


in x, we have : 
ax+hy+g=+t V/{(—ab)y + 2¢hg— af) y + 9° — ac}. 

Now in order that this may be capable of being reduced 
to the form ax+ By + C=0, it is necessary and sufficient 
that the quantity under the radical should be a perfect 
square. ‘The condition for this is 

(2 — ab) (g? — ac) = (hg — af ¥ 

which after dividing by a is equivalent to (iii). 


38. To find the equation of the lines joining the origin 
to the common points of 
ax? + 2hey + by? + 29a + 2fy +c=0......... (1), 
and eee 0 (let ae ee ee (ii). 


- 
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Make equation (i) homogeneous and of the second 
degree by means of (ii), and we get 
ax* + Qhay + by? + 2(ga+fy) (la + my) + ¢(la+ nt 

.. (111), 
which is the equation required. ’ 

For equation (ili) beimg homogeneous represents 
straight lines through the origin [Art.35]. To find where 
the lines (iii) are cut by the line (11), we must put 
le +my=1 in (iii), and we then have the relation (i) 
satisfied ; which shews that the lines (iii) pass through the 
points common to (i) and (ii). 

Ex. Find the lines joining the origin to the points of intersection of 
2x2+3xry —4a+1=0 and 37+y-—1=0, 
the equation of the lines is 
2x2 + 3ary —4e (8x+y)+ (3x+y)?=0, 
which reduces to 
x? — y?— 5x2y=0, 
so that the two lines are at right angles [Art. 36]. 


*39. To find the equation of the straight lines bisecting 
the angles between the two straight lines 
aa? + 2haey + by? = 0. 

-If the given lines make angles @, and 6, with the axis 
of x, then (y— «tan 0,)(y—atan 6,)=0 is the same as 
the given equation: and we obtain 

tan 6, + tan 6,= eee (i), 


and tan 6, tan 6, = ; sid hsb vod o dhcp (ii). 
If @ be the angle that one of the bisectors makes with 
the axis of x, then will 
0, + @, 
= te 
and in either case 
tan 20 = tan (6, + @,), 
2tan@ tan @,+tan 6, 
1—tan?@ 1 —tan 8, tan 0," 


A+, 7 


, or O= 5 33 


or 
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If (a, y) be any point on a bisector, v= tan 0; 


- 


_ 


h x tan 6, + tan 0, 
hence — = a * 
y? 1-—tan 6, tan 6, 


ee 


therefore, making use of (i) and (ii), we have for the re- 
quired equation 


et ig Oi 
. ey a—b’ 
x—-—y 2 . 
or 2 = = . [See also Art. 88 (5). 
EXAMPLES. 


1. Shew that the two straight lines y2—2zry sec0+2?=0 make an 
angle @ with one another. 

2. Shew that the equation x?+ay —6y?+7x+31y —18=0 represents 
two straight lines, and find the angle between them. Ans, 45°, 

3. Shew that each of the following equations represents a pair of 
straight lines, and find the angle between each pair: 


(i) (x-4) (y—a)=0, (ii) 2%—4y?=0, 
(i) zy=0, (iv) zy —24-—3y+6=0, 
(v) 2? —dxy +4y?=0, (vi) 2? -5axy+4y2+32-4=0, 


(vii) 22+ 2ay cot 2a—y?=0. 
4, For what value of d does the equation 
122? -10ry + 2y?-+1l¢—5y+rA=0 
represent two straight lines? Shew that if the equation represents 
straight lines, the angle between them is tan}, Ans. }=2. 
5. For what value of \ does the equation 
122? + Avy + 2y?+ 112 —5y+2=0 
represent two straight lines? Ans. —10, or — 38. 
6. For what value of ) does the equation 
1222+ 36ay + y2+6ar+ by +3=0 


represent two straight lines? Are the lines real or imaginary? Ans. 28. - 


7. For what value of X does the equation \Axy+5a+3y+2=0 
represent two straight lines? Ans. X=). 
8. Shew that the lines joining the origin to the points common to 

Ba2 + Say — By? + 2a+3y=0 and 3a —-2y=1 are at right angles. 
The lines are 3u* + 5xy — 3y? + (2a + 3y) (3x — 2y)=0. 
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OBLIQUE AXES. 


40. To find the equation of: a straight line referred to 
axes inclined at an angle w. 


» 


Let LMP be any straight line meeting the axes in the 
points L, M. 

Let a, y be the co-ordinates of any point P on the 
line. 

Draw PN parallel to the axis of y and OQ parallel to 
the line LMP, as in the figure. 


Then NP aN OAC OT., oviaxnes.as eer (i). 
NQ sin VOQ 

ON = gin (» — NOQ) = constant = m suppose, 
and QP = OM =c suppose; 


therefore (i): becomes y= ma +c, which is the required 
equation. 

If @ be the angle which the line makes with the axis 
of «a, then 


But 


oo sin 6 
~ sin (w— 0)’ 
Mm SIN wo 


Shiny ==, 
1+m™cos@ 


THE STRAIGHT LINE 47 


Al, Many of the investigations in the preceding 
_ Articles apply equally whether the axes are rectangular 
_or oblique. These may be easily recognised. 


*42. To find the angle between two straight lines whose 
equations, referred to axes inclined at an angle w, are 
gwen, — 

If the equations of the lines be 

y=met+ec, and y=m'e+c, 
and if 0, 0’ be the angles they make respectively with the 
axis of x, then [Art. 40] 


Mm SiN @ m’ sin w 
tan @ = ———_—_ , and tan @ =_______; 
14+ ™ e0s@ 1 +m‘ cos @ 


, j (m— m’) sin : 
therefore tan (0 —@ ) = 1+(m+m)cos @ + mm’ *. = 


or the angle between the lines is 
(m — m’)sin @ 
1+ (m+ m’) cos @ + mm’ 
The lines will be at right angles to one another, if 
1+ (m+m’)cos o + mm! = 0...........-(ii). 
If the equations of the two straight lines be 
ax + by+e¢=0, and va+b'y+c' =0, 


belts 


and @ be the angle between them, then m= — 5 , and 


/ 
m =— a and substituting these values in (1) we have, 


(a’b — ab’) sin 
aw + bb’ —(ab’ +.a’b) cos a 
The lines will be at right angles to one another, if 
ad + bb’ — (ab! +a’b) cos © = 0........005- (iii). 
Thus any line perpendicular to ax +by+c=0 is 
(b—acos w) « —(a—b cos w) y = constant, 


and in particular the lines #+y cos o =0 andy +cos@=0 
are perpendicular to the axes y= 0, «= 0 respectively. 


tan 0= 
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*43. To find the perpendicular distance of any point 
(2, y:) from the line Ar+ By+C=0. 


Let the line cut the axes of # and yin the points K, L 
respectively, and let P be the point whose co-ordinates are 
#,,4,,and let PN be the perpendicular from it on the line 
Lk. Then 


A PLIK= A PLO+ APOK=ALOK...... (i), 
«PN.IK=0L.2,sno+O0K.y,sino—-OK.OLsino... 
(ii). 


The relation expressed in (i) requires to be modified 
for different positions of the point and of the line, unless 
we make some convention with respect to the sign of the 
area of a triangle, but the equation (ii) is universally true. 
The student should convince himself of the truth of this 
by drawing different figures. 


C C 
Now OF = OL=— 5; 
also LK? =0K?+ 07 —20K. OL cos w 
= sag (A? + BY 24B 00s @); 
Aa, + By,+C 


.. from (ii) PN = 


sin @. 


/{A?+ Be — 24 B cos o} 


Or thus: The equation of the line through P (2, y;) perpendicular 
to Ax+ By + C=0 is 
(B-—A cos w) (w— 2x) —(A - Bos w) (y — y1)=0. 
Let the co-ordinates of N the foot of the perpendicular be x2, y23; then 
_N is on both lines and 
«. (B—A cos w) («g- 2) — (A — B cos w) (y2—y1)=0..........4. (i). 
And Ax2.+By:+C=0, which may be written 
Asin w (s2— 2%) +B sin w (yg— yi) = — sin w (Ax, + By; +4 C)...(ii). 
From (i) and (ii) by squaring and adding, we have 
(4?+.B?—24B cos w) { (x2 - 014)? + (y2-y1)? 
+2 (%2—m) (y2—y1) cos w} =sin? w (Aa + By; + C)2, 
Ax,+By,+C 
Me tg Saas (4?4 B2- oe COS w) 


sin w. 
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*44. To find the angle between the lines 
3 ax? + 2hay + by?=0, 

~ the axes being inclined at an angle . 

If the lines be y=m'x and y=m"2, 


9 
then will m +m" = — as ; 
and mm” = ; ; 

2 
whence m —m’ = pane ; 


But the angle between y= me and y=m’sz is 

(m’ — m’) sin 
1+(m' +m’) cos@ + m'm” bes elle 
therefore the angle required is 
2 /{h? — ab} sin » 
b—2hcosw+a 
The lines aa*+ 2hxy+by?=0 are at right angles to 
one another, if 


tan 


tan 


a+b—2hcosw =0. 


POLAR CO-ORDINATES. 
45, To find the polar equation of a straight line. 


Let OW be the perpendicular on the given line from 
the origin, and let OV = p, and XON =«. , 

Let P be any point on the line, and let the co-ordinates 
of P be 7, @ 


P 


50 THE STRAIGHT LINE 


Then, in the figure, 2 NOP is (@ — a), and 
OP cos NOP = ON. 
Therefore the required equation is 
r cos (0 —a)=p. 
This equation may also be obtained by writing r cos @ 
for 2,and rsin @ for y in the equation «cosa+ysina=p. 


46. To find the polar equation of the line through two 
given points. 
Let P, Q be the given points and let their co-ordinates 
be 7’, 0’ and r”, 6” respectively. 
Let R be any other point on the line, and let the 
co-ordinates of R be (r, 0). 
Then, since 
APO0Q+ AQOR-— APOR=0, 
we have 
rr” sin (0 — 6’) + rr sin (0 — 6”) ~ rr’ sin (0 — 6’) = 0. 
The required equation is therefore 
rr’ sin (6" — 0) + rr sin (6 — 6”) + rr’ sin (& — 6) =0. 


EXAMPLES. 
1. Shew that the lines given by the equation y2—22=0 are at right 
angles to one another whatever the angle between the axes may be. 
2. Find the equation of the straight line passing through the point 
(1, 2) and cutting the line 7+2y=0 at right angles, the axes being 


inclined at an angle of 60°. Ans.a=1, 
3, Find the angle the straight line y=52+6 makes with the axis of 
«, the axes being inclined at an angle whose cosine is 2. Ans. 45°. 


4. Ify=ma+cand y=m’x+c’ make equal angles with the axis of «, 
then will m+’ +2mm’ cos w=0, 

5. If the lines Ax?+2Bay+Cy2=0 make equal angles with the axis 
of x, then will B=4 cos w. 

6. Shew that the lines given by the equation 

x? + 2xy cos w+y? cos 2w=0 

are at right angles to one another, the axes being inclined at an angle w. 

7. Find the polar co-ordinates of the foot of the perpendicular from 
the pole on the line joining the two points (rj, 1); (r2, 6). 
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47. The following examples illustrate points of im- 
portance, 


(1) On the sides of a triangle as diagonals, parallelograms are described, 
having their sides parallel to two given straight lines; shew that the other 
diagonals of these parallelograms will meet in a point. 

Take any two lines parallel to the sides of the parallelograms for the 


axes. Let A, B, C, the angular points of the triangle, be (2’, y’), (x”’, y”) 
and (x’”’, y’”) respectively. 


ae ID 
ty 


Then the extremities of the other diagonal of the parallelogram of 
which AB is one diagonal will be seen to be (’, y’’) and (x”, y’). 

Therefore the equation of the diagonal FK will be 

y -y" _«@ -2 
yt ay * ea” — 
or aly’ —y")+y (2-2) + x"y” — x'y’=0. 
Similarly the equation of HH will be 
(yy) ty (ce? — 2") 4a'"y'" — vy" =0, 
and the equation of GD will be 
ay” —y') ty (a — 2!) -a’y’ — ay’ =0. 

The sum of these three equations vanishes identically, therefore the 
three straight lines meet in a point. [Art. 34.] 

(2). Any straight line is drawn through a fixed point A cutting two 
given straight lines OX, OY in the points P, Q respectively, and the paral- 
lelogram OPRQ is completed: find the equation of the locus of R. 

Take the two given lines for the axes, and let the co-ordinates of the 
point A be f, g 


4—2 
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Let the equation of the line PQ in any one of its possible positions be 


But, since the line PQ passes through the point (f, g), the values 
«=f, y=g satisfy the equation (i). Therefore 


Hence the co-ordinates a and 8 of the point R always satisfy the 
relation (ii). Calling the co-ordinates of the point R, « and y instead 
of a and , we have for the equation of its locus 

é aa G_ i 
et 

(3) Through a fixed point O any straight line is drawn meeting two 
given parallel straight lines in P and Q; through P and Q straight lines 


are drawn in fixed directions, meeting in R: prove that the locus of Risa 
straight line. 


Take the fixed point O for origin, and the axis of y parallel to the two 
parallel straight lines; and let the equations of these parallel lines be 
2=a, 2=05. 

Then, if the equation of OPQ be y=ma, the abscissa of P is a, and 
therefore its ordinate ma; also the abscissa of Q is b, and therefore its 
ordinate mb. 

Let PR be always parallel to y=m’x and QR always parallel to y =m’a, 
then the equation of PR will be 

y—ma=mn' (x - a) 
and the equation of QR will be 


LA Dit (16 (A) ec AGRA RAR OAOSITS 2eeE ee (ii). 
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At the point R the relations (i) and (ii) will both hold, and we can find, 
for any particular value of m, the co-ordinates of the point R by solving 
the simultaneous equations (i) and (ii). This however is not what we 
want. What we require is the algebraic relation which is satisfied by the 
co-ordinates (x, y) of the point R, whatever the value of m may be. To 
find this we have only to eliminate m between the equation (i) and (ii). 

The result is ; : 

(b —a) y=m’b (x — a) — ma (x —b). 

This equation is of the first degree, and therefore the required locus is 

a straight line. 


(4) To find the centres of the inscribed circle and of the escribed circles 
of a triangle whose angular points are given, 
Let (a’, y’), (x, y”), (2’”, y’”) be the angular points A, B, C' respectively. 
The equation of BC is 
y (x = isd) —-2x (y” BS, yy") + eee a5 zl atl! = 0. eta eee (i), 


the equation of CA is 
y (a! — 2!) — a (y!” —y') $y a! = IY! =Oveceereveeee (ii), 
and the equation of AB is 
y (2 -— 2") — a2 (y’-y") +y/2" - 2'y" =... (iii). 


The perpendiculars on these lines from the centre of any one of the 
circles are equal in magnitude. 
The centres of the four circles are therefore [Art. 31] given by 


AY (e - 2") - ay” -y')ty"e" ay” 
Verma "=y"? 
poi ad a aie ts oy’ 
y (ax! — yt x wal A pi +y'x” — sm 
V@ =a Pty"? 

If the co-ordinates of the angular points A, B, C of the triangle be 
substituted in the equations (i), (ii), (iii) respectively, the left-hand 
members of all three will be the same. Hence, [Art. 26] the angular 
points of the triangle are either all on the positive sides of the lines 
(i), (ii), (iii), or all on the negative sides. 

The perpendiculars from the centre of the inscribed circle on the 
sides of the triangle are all drawn in the same direction as those from 
the angular points of the triangle. Hence in (iv) the signs of all 
the ambiguities are positive for the inscribed circle. 

For the escribed circles the signs are -++, +—+, and ++ — 


respectively. 
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It will be seen that the denominators of the fractions in (iv) are the 
sides a, b, c of the triangle ABC. 

Now, if all the signs of the ambiguities are taken as positive, that is if 
(a, y) is the in-centre; then the sum of the three numerators =2A, and 
the sum of the three denominators=a+b+c; for the coefficients of 
x and y in the sum are both zero, 

Thus each fraction =2A/(a+b+c). 

Now multiply numerators and denominators in order by 2’, 2”, a” 
and add; then each fraction 

=2A.2x/(ax'+ ba” +cx"”’), 

Thus xv (at+b+c)=anx'+ba"+ear"", 

Similarly y (a+b+c)=ay’ + by” +cy"”. : 

This gives the co-ordinates of the in-centre in terms of the lengths of 
the sides and the co-ordinates of the angular points. 


N.B. The above result could be written down at once from the fact 
that the in-centre is the ‘centre of mass’ for three masses at A, B, C 
proportional to the opposite sides: this follows at once from the fact 
that the line joining each angular point to the in-centre divides the 
opposite side inversely as the masses at its extremities. 


EXAMPLES ON CHAPTER IT. 


1. A straight line moves so that the sum of the recipro- 
cals of its intercepts on two fixed intersecting lines is constant; 
shew that it passes through a fixed point. 


2. Prove that ba* —2hay + ay*?=0 represents two straight 
lines at right angles respectively to the straight lines 


ax + Lhay + by? =0. 


3. Find the equation to the n straight lines through 
(a, 6) perpendicular respectively to the lines given by the 
equation 
DY” + PY" 1H + NYP? + oes + p, 0" = 0: 
4, Find the angles between the straight lines represented 
by the equation 
aw + 3a°y — 3ay? — y® =0. 
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_ 5. OA, OB are two fixed straight lines, A, B being fixed 
— points; P, Q are any two points on these lines such that the 
— ratio of AP to BY is constant; shew that the locus of the 
*  widdle point of PQ is a straight line. 


6. Ifa straight line be such that the sum of the perpendi- 
culars upon it from any number of fixed points is zero, shew 
that it will pass through a fixed point. 


7. PM, PN are the perpendiculars from a point P on two 
fixed straight lines which meet in 0; MQ, NQ are drawn 
parallel to the fixed straight lines to meet in Q; prove that, if 
the locus of P be a straight line, the locus of Q will also be a 
straight line. 


a 8. A straight line OPQ is drawn through a fixed point 0, 
meeting two fixed straight lines in the points P, Q, and in the 
straight line OPQ a point # is taken such that OP, OR, OY 
are in harmonic progression; shew that the locus of & is a 
straight line. 

9. Find the equations of the diagonals of the parallelogram 
formed by the lines 

. a=0, a=c¢, a =O, atc, 
where a=xecosa+ysina—p, 
and a’ =axcosa’+ysina’ —yp’, 

10. ABCD isa parallelogram. Taking A as pole, and AB 
as initial line, find the polar equations of the four sides and of 
the two diagonals. 

11. From a given point (A, &) perpendiculars are drawn 
to the axes and their feet are joined ; prove that the length of 
the perpendicular from (i, &) upon this line is 

hk sin? w 
J{h? +? + 2hk cos w}? 
and that its equation is ha—ky=h? — k’, 

12. The distance of a point (#,, y,) from each of two 
straight lines, which pass through the origin of co-ordinates, 
is 3; prove that the two lines are given by 


(ay — 2.) = o (a? + 9”). 
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13. Two fixed points A, B are taken on the given straight 
lines OX, OY; and any two points 7, Q are taken on OX, OY 
such that OP + O0Q=O0A+OB. Prove that the locus of the 
point of intersection of AQ and BP is a straight line. 


14. Find the equations of the sides of a square the 
co-ordinates of two opposite angular points of which are 3, 4 
and 1, —1. 


15, Find the equation of the locus of the vertex of a 
triangle which has a given base and given difference of base 
angles. 


16. Find the equation of the locus of a point at which 
two given portions of the same straight line subtend equal 
angles. 


17. The product of the perpendiculars drawn from a point 
on the lines 


xcosO+ysind=a, xcosd+ysin p=a 
is equal to the square of the perpendicular drawn from the 
same point on the line 


+¢ 


iO 
+ysin = & COS 
2 


x COS 
2 


+h 6—¢. 
2 d 


shew that the equation of the locus of the point is 27+y?=a. 


18. PA, PB are straight lines passing through the fixed 
points A, B and intercepting a constant length on a given 
straight line; find the equation of the locus of P. 


19. The area of the parallelogram formed by the straight 
lines 3a + 4y=Ta,, 3u+4y=Ta,, 4a + 3y=76,, and 4a+3y=76, 
is 7 (a, — a) (6, — b,). 

20. Shew that the area of the triangle formed by the lines 
ax? + Zhey + by? =0 and lx+my+n=0 is 

n? ,/(h? — ab) 
am? — 2him + bi?" 

21. Shew that the angle between one of the lines given by 
ax? + 2hay + by? =0, and one of the lines 

ax? + 2hay + by? + rd (a? +y)=0, 
is equal to the angle between the other two lines of the system. 


-_ eS t—(— 
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~~ 22. Find the condition that one of the lines 
9 ax” + 2hey + by? =0, 
- may coincide with one of the lines 
ax? + 2h'xy + b'y? =0. 
23. Find the condition that one of the lines \ 
ax? + 2hay + by? =0, x 
may be perpendicular to one of the lines 
aa? + 2h'xy + b'y? = 0. 
24. Shew that the point (1, 8) is the centre of the inscribed 
"circle of the triangle the equations of whose sides are 
4y + 3x=0, 12y—5a=0, y—15=0, respectively. 
25. Shew that the co-ordinates of the centre of the circle _ 
inscribed in the triangle the co-ordinates of whose angular points 
are (1, 2), (2, 3) and (3, 1) are 3(8+,/10) and $(16—,/10). 
Find also the centres of the escribed circles, distinguishing the 
different cases. 
26. If the axes be rectangular, prove that the equation 
(a? = 3y2) « = my (y? — 322) 
represents three straight lines through the origin making equal 
angles with one another. 
27. Shew that the product of the perpendiculars from the | 
point (a’, 7’) on the lines aa’ + 2hay + by’ =0, is equal to yas 
ax? + Qha'y' + by” 
V (a — bY + 4h* . 
28. If p,, p. be the perpendiculars from (a, y) on the 
straight lines az? + 2hay + by?=0, prove that 
(pr? + pa’) {(a — bY? + 4h? = 2 (a — b) (aa — by’) 
+ 4h (a+b) ay + 4h? (a? +4’). 
29. Shew that the locus of a point such that the product 
of the perpendiculars from it upon the three straight lines 
represented by 


ay? + bya + cya? + dx = 0 
is constant and equal to /? 


is ay? + bya + cya? + da? — KP /(a—c) +(b- dy =0. 
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30. Shew that the condition that two of the lines re- 
presented by the equation 


Aa? + 3BaPy + 3Cay? + Dy? =9 
may be at right angles is 
A?+3AC4+3BD+ D?=0. 


31. Shew that the equation 
a (a + y4) — 4bay (a? — y’) + 6ea*y? =0 
represents two pairs of straight lines at right angles, and that, 
if 26?=a? + 3ac, the two pairs will coincide. 
32. The necessary and sufficient condition that two of the 
lines represented by the equation 
ay' + bay’ + ca*y? + daty + ext =0 
should be at right angles is 
(b+ d) (ad + be) +(e-ay (a+e+e)=0. 
33. Shew that the straight lines joining the origin to the 
points of intersection of the two curves 
ax? + Lhay + by? +2gx=0, 
and aa? + Qh’xy + b'y? + 2q'x=0, 
will be at right angles to one another, if g’(a+6)=g(a'+0’). 


34, Prove that, if the perpendiculars from the angular 
points of one triangle upon the sides of a second meet in 


a point, the perpendiculars from the angular points of the - 


second on the sides of the first will also meet in a point. 


35. If the angular points of a triangle lie on three fixed 
straight lines which meet in a point, and two of the sides pass 
through fixed points, then will the third side also pass through 
a fixed point. 


CHAPTER III. 


CHANGE OF AXES. ANHARMONIC RATIOS, OR CROSS 
RATIOS. INVOLUTION. 


CHANGE OF AXES. 


48, WHEN we know the equation of a curve referred 
to one set of axes, we can deduce the equation referred to 
another set of axes. 


49. To change the origin of co-ordinates without 
changing the direction of the azes. 


Let OX, OY be the original axes; O’X’, O'Y’ the new 
axes; 0X’ being parallel to OX, and O’Y’ being parallel 
to OY. Let h, & be the co-ordinates of O’ referred to the 
original axes, 

Let P be any point whose co-ordinates referred to the 
old axes are wz, y, and referred to the new axes “, Y. 
Draw PM parallel to OY, cutting OX in M and O'X’ 
in NV. 
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Then #w=OM=0K+KM=0K+0N=h+z2, 
y=MP=MN+NP=KU'4+NP=k+y. 
Hence the old co-ordinates of any point are found in terms 


of the new co-ordinates ; and if these values be substituted . 


in the given equation, the new equation of the curve will 
be obtained. 
In the above the axes may be rectangular or oblique. 


50. To change the direction of the axes without 
changing the origin, both systems being rectangular. 
/ 1 y 


Let OX, OY be the original axes; OX’, OY’ the new 
axes; and let the angle XOX’ = 0. 

Let P be any point whose co-ordinates are a, y re- 
ferred to the original axes, and 2’, y’ referred to the new 
ee. Draw PN perpendicular to OX, PN’ perpendicular 
to OX’, 

The sum of the projections of ON’ and N’P on any 
line is equal to the sum of the projections of ON and NP 
on that line. 

Project on OX and on OY, and we have 


“=x cos 0+’ cos C +5), 


and y=! cos (0—T) + y/ cos 6; 


1.€. “=x cos 6—y’ sin 8, 
and y=«x'sin6+y' cos . 


a 
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Hence the old co-ordinates of any point are found in 
_terms of the new co-ordinates; and if these values be 
- substituted in the given equation, the new equation of the 
curve will be obtained. 


Ex. 1. What does the equation 3x2+2axy+3y?— 18x -—22y+50=0 
become when referred to rectangular axes through the point (2, 3), the 
new axis of x making an angle of 45° with the old? 

First change the origin, by putting 2’ +2, y’+3 for x, y respectively. 

The new equation will be 

3 (’ +2)? +2 (2 +2) (y’ +3) +3 (y’ +3)?—-18 (a + 2) — 22 (y’+3)+50=0; 


which reduces to 3ax'2 + 22'y' + 3By’2-1=0, 
or, suppressing the accents, to 
' BASE Lay SY Aas de -. orc overs nceteereseess (i). 


To turn the axes through an angle of 45° we must write x’ 5 -y’ 3 


for x, and 2’ 53 +y’ 3 for y. Equation (i) will then be 


fet ot ae ery egy 
3( 2 ye 2° A/2 +8( 2 ie 
which reduces to 47/2 + 2y’2=1. 

Thus the required equation is 47?+2y2=1. 


Ex. 2. What does the equation x?—y?+2x2+4y=0 become when the 
origin is transferred to the point (—1, 2)? Ans, x2 —y?24+3=0. 


Ex, 3. Shew that the equation 622+ 5ry — 6y?—172+7y+5=0, when 
referred to axes through a certain point parallel to the original axes will 


become 622+ 5xy —6y?=0. Ans. The point is (1, 1). 
Ex. 4. What does the equation 422+ 2,/3xy + 2y?-—1=0 become when 
the axes are turned through an angle of 30°? Ans. 5a2+y2-1=0. 


Ex. 5. Transform the equation «?—-2x2y+y?+”%-3y=0 to axes 
through the point (—1, 0) parallel to the lines bisecting the angles 


between the original axes. Ans. ,/2y2—2=0. 


Ex, 6. Transform the equation x?+2cay+y?=a?, by turning the 
rectangular axes through the angle r 
Ans. (1+¢) #+(1-c) y2=a2. 
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51. To change from one set of oblique axes to another, 
without changing the origin. 


Let OX, OY be the original axes inclined at an angle 
w; and OX’, OY’ be the new axes inclined at an angle 
w'; and let the angle XOX’ =@, 


ce) M x 


Let P be any point whose co-ordinates are 2, y re- 
ferred to the original axes, and a’, y’ referred to the new 
axes; so that in the figure OM=2, MP=y, OM’ =a’, 
and M’P =y', MP being parallel to OY and M’P parallel 
to OY’, 

The sum of the projections of OM and MP on any line 
is equal to the sum of the projections of OM’ and M’P on 
that line. 

Project on a line perpendicular to OX; then 

Yy Sin @ = x’ cos (o- 5) + y cos (8 +0’) ; 

“. ¥ysino=2' sin @+y/’ sin (0+ o’). 

Project on a line perpendicular to OY ; then 
weos (+5) = a COS (@ +2 — 6) +y’ cos (o+F- 0-0’) 

“. sino =2' sin(w—0)+y’sin(@— wo’ — 8), 

These formule are very rarely used. The results which 
would be obtained by the change of ‘axes are generally 
found im an indirect manner, as in the following Article. 
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*52. If by any change of axes ax*+2hay+by? be 
changed into a‘a’? + 2h’'x'y' + b'y?, then will 

(a + b—2h cos )/sin? = (a’ +b’ — 2h’ cos.w’)/sin? w’ 
and (ab — h?)/sin? o = (a’'b’ — h?) /sin? o’, 
where w and w’ are the angles of inclination of the two 
sets of ames. 


If O be the origin and P be any point whose co-ordi- 
nates are x, y referred to the old axes and 2’, 7/ referred to 
the new, then OP? is equal to 2 + y? + 2xy cos w, and also 
equal to #?+ y+ 22'y’ cos’. 

Hence 2° + y? + 2ay cos @ is changed into 
xv? + y? + 2a'y cos a’. 
Also, by supposition, 

ax* + 2haey + by? is changed into a’x”? + 2h’a'y' + b'y”. 
Therefore, if ) be any constant, 
ax? + 2hay + by? +r (a? + 2xy cos w+ y") will be changed 
into 

a’x’? + Qh'a'y’ + b'y? +r (a? + 2a'y' cos w' + y”). 
Therefore, if X be so chosen that one of these expressions 
is a perfect square, the other will also be a perfect square 
for the same value of 2X. 


The first will be a perfect square if 
(a +A)(6 +2) — (bh +X cos w)? = 0, 
and the second if 
(a’ +2) (6 +A) —(h' + 2X cos oY = 0. 
These two quadratic equations for finding ~’ must 
have the same roots. Writing them in the forms 
sin? wo + (a+ b— 2h cos w)X + ab—h?=0, 
and -?sin?w’ + (a’ + b’— 2h’ cosw’) + a/b’ — h? =0, 
we see that 
(a +b — 2hcos )/sin? w = (a’ + b’ — 2h’ cos w’)/sin? o’...(1), 
and (ab —h?)/sin? w = (a'b’ — h?)/sin? ’......... (11). 
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If both sets of axes are at right angles these equations 
take the simpler forms 


at+tb=a +0, and ab—hW=al'—h’...... (iii). 


53. The degree of an equation is not altered by any 
alteration of the axes. 


For, from Articles 49, 50, and 51, we see that, however 
the axes may be changed, the new equation is obtained 
by substituting for w and y expressions of the form 

le’ + my’ +n, and Ua’ + my +n’. 
These expressions are of the first degree, and therefore if 
they replace x and y in the equation the degree of the 
equation will not be raised. Neither can the degree 
of the equation be lowered, for, if it were, by returning to 
the original axes, and therefore to the original equation, 
the degree would be raised. 


Ex. 1. Prove, by actual transformation of rectangular axes, that if 
ax? +2hay + by? become a’x’2+ 2h’a'y’ +d’y”, then will a+b=a’+D’, and 
h?-ab=h?-a'd’" 

Ex. 2. If the formula for transformation from one set of axes to 
another with the same origin be s=mea’+ny’, y=m'x'+n’y’; shew that 

m2+m2—1 mm’ 
me+n2—-1 ~~ nn’ * 

[2+ 42+ 2xy cos w will become 2+ y’2+ 2a’y’ cos w’. Substitute there- 
fore the given expressions for and y, and equate coefficients of «’2 and 
y? to unity, and then eliminate cos w.] 


Ex. 3. Find the equations of the loci represented by 
(ax+ by +c)?=a?+b%, and (aw+by +c) (bu-ay +d) =a?+b?2, 
when the perpendicular lines ax+by+c=0 and be—ay+d=0 are taken 
as axes of « and y respectively. Ans, y2—-1=0, cy-1=0. 
Ex. 4. Shew that the lines given by 
ax+by+c=0 and (ax+by)?—3 (bx — ay)?=0 
form the sides of an equilateral triangle. 


[Change axes to the lines ax + by =O and bx —ay=0; then the equations 
will become 
yt+c/(@+02)=0 and y?-822=0, 
and the result is obvious. ] 
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ANHARMONIC OR Cross Ratios. 


*54. A set of points on a straight line is called a 
- range; and a set of straight lines passing through a point 
is called a pencil; each line is called a ray of the pencil. 

If P, Q, RB, S be four points on a straight line, the 
ratio in : or PQ. RS: PS. RQ is called the anhar- 
monic ratio or cross ratio of the range P, Q, R, S, and 
is expressed by the notation {PQRS}. 

If the cross-ratio of a range is equal to —1 it is said 
to be harmonic. 

It is easy to shew that if {PQRS} =—1, then 

PQ: PS :: PR—LPQ:.PS —PR, 
so that PQ, PR, PS are in harmonical progression. 

If P, Q, R, S be a harmonic range, then @ and S are 
said to be harmonically conjugate with respect to 
P and R. 

*55. If four given straight lines OP, OQ, OR, OS are 
cut by any straight line in the points p, q, r, s respectively, 
the cross-ratio of the range p, q, 7, 8 vs constant. 

Let the equations of the given lines be 

Y= M0, Y= MG, Y= Ml, Y= ML. 

Let the cutting lime pqrs be y=ma+k; then the 
distances from the origin of a, b, c, d the projections of 
p, 7, 7, § on the axis of « will be respectively 

k/(m,—m), k/(m,—m), k/(m,—im) and k/(m,—m). 
pq-.rs__ab.cd 
ps.rq ad.cb 

_ {he{(arg— m) — k (am, — m)} {k/(m, — m) — kms — m)} 

~ {k/(m,— m) — k (mm, — m)} {k/(m,— m)— k/(m; — m)} 

bes (m, — Mz) (m3 — mM) 

~~ (m,—™4) (ms — Mz)’ 
which is independent of the position of the line pgqrs. 

The cross-ratio of a pencil of four straight lines is 
the cross-ratio of the range in which it is cut by any other 
straight line. 


Hence 


S$. 6..8. 5 


. 
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*56. To find the cross ratio of the pencil formed by the 


lines whose equations are 
2=0, y—mz=0, y=0 and y—m'z=0. 
This is a particular case of the preceding, when m, = % 


and m,=0. Or thus: 

We can by the preceding article find the cross-ratio by 
cutting the pencil by any line whatever. Now the values 
of y where the line =f cuts the lines of the pencil are 
respectively 

coo, mh, 0 and mh. 
Hence the required cross-ratio is 
0. mvh _ m’ 
o.mh mm 


From the above we see that the four lines 
c=0, y—mx=0, y=0 and y+mr=0 
form a harmonic pencil. 


If the axes are at right angles to one another the lines 
y — mx =0, and y+ m«=0 make equal angles with either 
axis, 

Hence, if a pencil be harmonic and two alternate rays 
be at right angles to one another, they will bisect the 
internal and external angles between the other two. 


*57. Hach of the three diagonals of a quadrilateral is 
divided harmonically by the other two diagonals. 


Let the straight lines QAB, QDC, PDA and PCB be 
the sides of the quadrilateral. The line joining the point 
of intersection of two of these lines with the point of 
intersection of the other two is called a diagonal of ‘the 
quadrilateral. There are therefore three diagonals, viz. 
PQ, AC, BD in the figure. 

Take BC, BA for the axes of w and y respectively. 


Let the points C, P, A, Q be (a, 0), (a2, 0), (0, 7) and 
(0, yo) respectively. 
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Then the equations of CA, PQ are 
w/a%+y/yi—1=0, 2/22 +y/y2.—1=0. 
Hence the equation of BR is 


alpraed 


+y(=-=)=0 
YY a 


The equations of AP, CQ are 
2/%+y/y,-1=0, w/a, +y/y.—-1=09. 
Hence the equation of BD is 


prey ie ey 
(2) -y(2-2)-0 
a ky Yr Ye 
It follows from Art. 56 that the pencil BA, BD, BC, BR 
is a harmonic pencil, and therefore that the ranges 
A, 0, C, R and Q; S, P, R are harmonic. 
It can be proved in a similar manner that the range 


B, 0, D, 8 is harmonic. 
5—2 
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*58. To find the condition that the lines given by the two 
equations ax* + 2hay+by?=0 and a's? + 2h'ay + by’ =0 
may be harmonically conjugate. 

Let the pairs of lines be y = 12, y= m2 ; 
and YH MgL, Y= Ms. 

Then, if y= ma, Y= MX, Y= M32, and y=m« form a 
harmonic pencil, we must have [Art. 55] 
(1m, — mz) (13 — Ms) fi; 
(m, — mg) (M3 — Mz) 
or Amys; + 2mMyMg = (M, + Mz) ( Mp + M4). 
But, from the given equations we have 


a 


2h a 
Mm, + Mm; =— yo Te Nae 
Y a’ 
My + My = — G7, MyMy= 7, 
Hence the condition required is 
ab! + a'b = 2hh’. 
*59. We can shew in a similar manner that the pairs 
of points given by the equations 
az? + 2ha+b=0, and a’a?+ 2h'x+b’=0, 
are harmonically conjugate if 
ab! + a’b = 2hh’. 


INVOLUTION. 


*60. Def. Let Obe a fixed point on a given straight 
line, and P, P’; Q, Q’; R, RB’; &c. pairs of points on the 
line such that 

OP .OP’= 0Q. 0Q'=OR.OR =...... =a const.=k. 
Then these points are said to form a system in involution, 
of which the point O is called the centre. Two points 
such as P, P’ are said to be conjugate to one another. 


The point conjugate to the centre is at an infinite dis- 
tance. 


a ine bd bee. 


ee 


A tea 
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If each point be on the same side of the centre as its 
conjugate, there will be two points K,, K,, one on each side 
of the centre, such that OK2=OKZ=OP.OP’. These 
points K,, K, are called double points or foci. 


__ It is clear that when the two foci are given the involu- 
tion is completely determined. 


_An involution is also completely determined when two 
pairs of conjugate points are given, 


For, let a, a’ and 6, b’ be the distances of these points 
A, A’ and B, B' suppose, from any point in the straight 
line upon which they lie, and let # be the distance of the 
centre of the involution from that point. Then we have 
the relation 

(4 —2)(a’—2)=(b—2)(b' — a), 

or (a+a —b—b’)x#=ad’ — bb’. 
Hence there is only one position of the centre. 


It should be noticed that, if a+a’=b+0’, that is if 4A’ and BB’ have 
the same middle point, then the centre of the involution determined by 
the four points is at infinity, and conversely. 

Thus any pairs of points A, 4’; B, B’; C, C’;... which are such that 
the middle points of 44’, BB’, CC’, ... coincide, form a system in involu- 
tion whose centre is at infinity. 

The position of the centre can be found geometrically by drawing 
circles one through each of the two pairs of conjugate points, then 
[Euclid 11. 37] the common chord of the circles will cut the line on which 


the points lie in the required centre. 


*61. If any number of points be in involution the cross 
ratio of any four points is equal to that of their four con- 


qugates. 


Let P, Q, R, S be any four points, and let the distances 
of these points from the centre be p, g, 7, s respectively and 


therefore those of their Sele Seis ah ponns respectively. 
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. _(q—p) (6-7) 
Then {PQRS} = GLopy Gey 


and {P’Q'R’S’} ata a, (p—Q) (7-8) 


NLS el Te 
G Pl hl ch 
Hence {PQRS} {[P'URS’. 

The above gives us at once a means of testing whether 
or not six points are in involution. For P,P’ will be con- 
jugate points in the involution determined by A, A’ and 
B, B’ if 

j\ABA PY ={A’ RAPT. 

*62. Any two conjugate points of an involution and the 

two foci form a harmonec range. 


Let K,, K, be the two foci, and O the centre of the 
involution, and let K,O=c=OK,,. 


Then the distances from O of the points K, K’ are the 
roots of 
2—?=0, 


Also the distances from O of any pair of conjugate 
points are the roots of 


e+ 2e+c?= 0. 
The proposition follows from Art. 58. 
_*63. To find the condition that the three pairs of 
points given by the equations 
da? +2h,c+b,=0, a,0?+2h,0+b,=0 and a,x*+2h,c+b,=0, 
may be in involution. 


The rectangle under the distances of the two points in 
every pair from some point «=d must be the same, and 
equal to \ suppose. 
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The product of the roots of 
4 a, (x — d)? + 2h, (7 —d)+b, =0, 
is (a,d? — 2h,d + b,)/a,. 
Hence for some value of X we must have 
a, (d? — X) — 2h,d +b, = 0, 
a, (d? — X) — 2h,d +b, = 0, 
and a; (d? — X) — 2hsd +b, = 0. 
Eliminating d?—2 and d, we have the required con- 
dition, namely 


a, h, , b, = 0. 
Ce, hg, b, 
C3, hs, bs 


*64. We can prove from the preceding Article that if 
six points on a straight line which are in involution are 
joined to any point, the pencil so formed will be cut by 
any other line in six points which are in involution. 

In the first place it is easily seen that if a pencil of six 
lines is cut by any straight line PQ in three pairs of 
points in involution, it will be cut in involution by any 
straight line parallel to PQ. 

Now let the three pairs of straight lines be 

a2 + 2hayt+bhy?=0, &e., 
the axis of x being parallel to the line which we know 
cuts the lines in pairs of points in involution, and the axis 
of y being parallel to any other straight line whatever. 

Then we know that y= 1 will cut the lines in involu- 
tion, and therefore 

Ge, Ig, be 
Qs, hg, bs } 

But the above is also the condition that #=1 should 

cut the lines in three pairs of points in involution. 


CHAPTER IV. 


THE CIRCLE. 


65. To find the equation of a circle referred to any 
rectangular axes. 


sii a i til i ale ee i ee i Bid 


Let C be the centre of the circle, and P any point on ~ 


its circumference. Let d, e be the co-ordinates of C; a, y 
the co-ordinates of P; and let a be the radius of the circle. 
Draw CM, PN parallel to OY, and CK parallel to OX, as 
in the figure. Then 


CK?+ KP? = CP? 
But CK=a—d, and KP=y-e; 
os (a — AP + (y — ef HO?.... cece eens (33 
is the required equation. 
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If the centre of the circle be the origin, d and e will 
__ both be zero, and the equation of the circle will be 


The equation (i) may be written 
e+ y? — 2da— ey + d?+e—a?=0. 
The equation of any circle is therefore of the form 
x? + y? + 2ou + Bfy +6=0........008 (111), 
where g, f and c are constants. 

Conversely the equation (iii) is the equation of a 
circle. 

For it may be written 

(@t+gPtYytfPaPt+f?—c; 
and this last equation shews that the distance from any 
point on the locus of the equation (iii) from the point 
(—g, —f) 1s constant and equal to /(g?+/f%—c). The 
equation (iii) therefore represents a circle of radius 
V(g?+f?—c), the centre of the circle being at the point 

If g? + f?-—c=0 the radius of the circle is zero, and the 
circle is called a point-circle. 

If g? + f?—c be negative, no real values of # and of y 
will satisfy the equation, and the circle is called an imagi- 
nary circle. 

From the above it will be seen that any equation of 
the second degree will represent a circle provided (i) that 
the coefficients of a? and y? are equal, and (2) that there is 
no term involving the product xy. 


66. We have seen that the general equation of a 
circle is 
x + y? + 2gu + 2fy+c=0. 
This equation contains three constants. If we want to 
find the equation of a circle which passes through three 
given points, or which is defined in some other manner, we 
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assume the equation to be of the above form and deter- 


mine the values of the constants g, f, ¢ for the circle 
in question from the given conditions. 


Ex. 1. Find the equation of the circle which passes through the 
three points (0, 1), (1, 0) and (2, 1). 
[Let the equation of the circle be 
w+ y?2+ 29x + 2fy+c=0. 
Then, since (0, 1) is on the circle, the equation must be satisfied by 
putting x=0 and y=1; 


1142f+e=0. 
Also, since (1, 0) is on the curve, 
1+29+c=0. 


And, since (2, 1) is on the curve, 
44+1+49+2f+c=0. 
Whence g=f=-—1, and e=1. 
The required equation is therefore 
a? +y?— 2x2 —-2y+1=0.] 

Ex. 2. Shew that, if the co-ordinates A, B of the extremities of a 
diameter of a circle be (z’, y’) and (x”, y”) respectively, the equation 
of the circle will be (w—«’) (ec— 2”) +(y—y’) (y—y”) =0. 

[The line joining any point P (x,y) on the circle to 4 makes with 


the axis of x an angle tan 1 Zt , the line joining P to B makes an 
ere 
angle tan! = S » Since the lines PA and PB are at right angles, 
we have 
pitt Aa 18 Tee a 
:; a—-a2’’«a2-2" ? 

or (%— a’) (e- 2”) +(y-y') y’-y") =0.] 

Ex. 3. Find the equation of the circle whose centre is (—4, —3) and 
whose radius is 5. Ans. 22 +y?2+48x+6y=0. 


Ex.4. Find the centre and the radius of the circle whose equation is 
a? +y?—2e+4y -11=0. 

Ans. Centre (1, — 2), radius 4. 

Hix.5. Find the centre and the radius of the circle whose equation is 
5a? + 5y? +40 —8y —16=0. 

Ans, Centre (—%, 4), radius 2, 

Kx, 6. Find the equation of the circle through the points (1, 3), 

(2,~2) and (-1, 1). Ans. 5x%-+by2— 11x —9y —12=0. 


— 


—— 


5 
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Ex. 7. Find the equation of the circle which passes through the 


_ points (0, 0), (a, 0) and (0, 5). Ans. x?+y?-—ax—by=0. 


Ex. 8. Find the equation of the circle which passes through the 
points (a, 0), (—a, 0) and (0, 5). 


2552 
Ans. apy oo" y—a2=0. 


67. To find the equation of a circle when the axes are 


inclined at an angle o. 


The square of the distance of the point (z, y) from the 
point (d, e) will be equal to 
(a — d+ (y—e)?+2(«—d)(y—e)cosw. [Art. 4] 
Therefore the equation of the circle whose cenire is at 
the point (d, e), and whose radius is a, will be 


(a—dP+(y —e? + 2(a—d)(y—e) cosw=@?...... (2), 
or 2° +y?+ 2ry cos w — 2a(d +e cos w) — 2y (e +d cos w) 
+d? & + 2de.cosw —a?=0............ (ii). 


Any circle therefore referred to oblique axes has its 


equation of the form 


2° +4? + 2ay cos w + 29a + 2fy+c=0...... (iii), 
where g, 7, c are constants so long as we consider one 
particular circle, but are different for different circles. 


The equation (111) will still be true if we multiply 
throughout by any constant; it then takes the form 
Az? +2A cos w ay+Ay?+2Ge+2Fy+C=0...... (iv). 
Hence the equation of a circle referred to oblique axes 
is of the second degree, and (1) the coefficients of a? and y? 
are equal to one another, and (2) the ratio of the coefficients 
of xy and x? is 2 cosw, where w is the angle between the 
axes. 

We can find the centre and radius of the circle represented by the 
equation #2+y?+2zry cos w+2gu+2fy+e=0. For it will be identical 
with (a —d)?+(y—¢)?+2(e-4d) (y—e)cosw—a?=0, if d+ecosw=~—g, 
e+dcos w= —f, and d?+¢e24+2decos w—a?=c. We therefore have dsin?w 
=f cos w—g, esin?w=g cos w—f, and a’sin?w=f2 + 9? — 2fg cosw—c sin? w. 
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68. Def. Let two points P, Q be taken on any curve, 
and let the point Q move along the curve nearer and nearer 
to the point P; then the limiting position of the line PQ, 
when Q moves up to and ultimately coincides with P, 
is called the tangent to the curve at the point P. 

The line through the point P perpendicular to the 
tangent is called the normal to the curve at the point P. 


69. To find the equation of the tangent at any point of 
the circle whose equation is 2? + y? = a’. 


Let 2’, y’ and &”, y” be the co-ordinates of two points 
on the circle. 

The equation of the secant through the points (2’, y’) 
and (#”, y’) is 


But, since the two points are on the circle, we have 
wv? +y%=a%, and #?+y 
POT HE OY Fale ens cavereesee (ii). 
Multiply the corresponding sides of the equations 
(i) and (11), and we have 
(e—2') (a +a°V=—(y-y/) (y+ y"). (iii). 
Let (#”, y”) move up to and ultimately coincide with 
(a’, y’); then in the limit the chord becomes the tangent 
at (2, y’). The equation of the tangent at (z’, y’)is there- 
fore obtained by putting a” =a’, and y” =y’ in equation 
(iii); the result is 
(@-x) ae +y-y)y=9, 
or wat! + yrf = a? 4. y!? = a? 5 
. ce + yy =a? 
is the required equation of the tangent at the point (2’, y’). 


fl, % 
2— a? : 


70. To find the equation of the tangent at any point of 
the circle whose equation ts 


a+ y? + 29a + 2fy+c=0. 
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The equation of the secant through the two points 
(8, y), (@”, y’) will be 


Since the two points are on the circle, we have 
xv? +y +2ga' + fy’ +c=0, 
v2 +4 y/? + Qga" + fy” +¢=0, 
*, (a! — 2") (a + &” + 29) =— (y — yy Hy" + Of)... 
Multiply the corresponding sides of the equations (1) 
and (11), and we get for the equation of the secant 


(a— a)! +a" + Wgh=—(y—y)(y ty" + Bf). 
| The equation of the tangent at (w’, y’) will therefore 
be 
(@—a) (a + 9)+(y-Y) AY +f)=9, 
or aa! + yy’ + gat fy =a? + y? + ga! + fy’. 
Add ga’ + fy’ +¢ to both sides; then, since (2’, y’) is on 
the circle, the equation of the tangent becomes 
we! + yy +g (are )y+ fly t+y)+o=0. 
It will be seen that the equation of the tangent at 
_(a’,y’)is found from the equation of the circle by changing 


x? into x’x, y” into y’y, 2x into x+x’ and 2y intoy+y. 


Ex. 1. The equation of the tangent to 2?+y?=25 at the point 
(8, 4) is 82+ 4y=25. 
Ex. 2. The equation of the tangent to 2+ y?- 6x -3y—2=0 at the 


point (2, — 2) is 
2a —2y —3 (+2) —$ (y—2) -2=0, 


me. 22+7y+10=0. 

Ex. 3. Find the equations of the tangents to 2?+y?=169 at the 
points (5, 12) and (12, —5); and prove that the tangents intersect 
at right angles at the point (17, 7). 

Ex, 4, Find the tangents to «?+y?2-4x%-—4y+4=0 at the points 
(4, 2) and (2, 4). Ans. x=4 and y=4 
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a circle. 
Let the equation of the circle be 
e+ yea a?, 
If (a, y’) be any point on the circle, the equation of the 
tangent at that point will be 
Bit YY HO thea cal. tans leeeds (1). 
The equation of the line through (w’, y’) perpendicular 
to (i) is [Art. 30] 
(2—«/)y —y—y)v =0, 
or Yl Ye te (0g ean dase tenant (ii). 
This is the required equation of the normal at (a’, y’). 


It is clear from equation (11) that the normal at any 
point of the circle passes through the origin, that is through 
the centre of the circle. 


72. To find the points of intersection of a given straight 
line and a circle. 


Let the equation of the circle be 


BF oytanig? i Ta aie Gi), a 
and let the equation of the straight line be 
Y= LE LO tenes ums seas sane (ii). 


At points which are common to the straight line and the - 


circle both these relations are satisfied. Points on the 
straight line satisfy the equation y? = (ma +c)’, and points 
on the circle satisfy the equation y?=a?—.a*; hence for 
the common points we have 


(maz +c)? = a? — 2, 
or x? (1 + m?) + 2mee + 0c? — a? =0......... (iii). 
This is a quadratic equation, and every quadratic equa- 


71. To find the equation of the normal at any point of 


a ee a 


ees a 


tion has two roots, real and different, real and equal, or 


imaginary, 


. 
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Hence there are two values of 2, and the two corre- 


sponding values of y are found from (ii). So that every 
_ Straight line meets a circle in two real and distinct points, 


two coincident points, or two imaginary points—imaginary 
points being those one or both of whose co-ordinates are 


imaginary. 


It is impossible to represent geometrically the two 
imaginary points of intersection of a straight line and 
a circle: we shall find however that imaginary points and 
lmes have often an important significance: and it is 
necessary to consider them in order to enunciate our 


- theorems in their most general forms. 


The roots of the equation (iii) will be equal to one 
another, if 
(1 + m*) (2? — a?) = mc’, 
that is, if eM lh a al gh MCA ec (iv). 


If the two values of # are equal to one another the two 
values of y must also be equal to one another from (ii). 


Therefore the two points in which the circle is cut by 


the line will be coincident if c=a /(1 + m*). 


Hence the line y=ma+a/(1+m?) will touch the 
circle 2+ y?=a? for all values of m. 

Since either sign may be given to the radical /(1 +m’), 
it follows that there are two tangents to a circle for every 
value of m, that is, there are two tangents parallel to any 
given straight line. 


Ex. 1. Prove that s=7 and y=8 touch the circle 
x2+y?— 4x —6y—-12=0, 


- and find the points of contact. Ans. (7, 3) and (2, 8). 


Ex. 2. Find the points of intersection of the line +2y—5=0 and 
the circle x? + y?—-25=0. Ans. (5, 0) and (—8, 4). 
Ex. 3. Find where the line 3x +4y +7=0 cuts the circle 
x2+y2—4a —-6y-12=0. 
Ans. The line touches at (—1, —1). 
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73. To find the locus of the middle points of a system 
of parallel chords of a circle. 


Take the centre of the circle for origin, and the axis of 
parallel to the chords. 


Let the equation of the circle be 


SE ofr GF Ora seoun tap renege (i) ; 
and let the equation of any one of the parallel chords be 
tft CeO nds besa ho Lae i ona a (ii). 
Where (i) and (ii) meet we have 
2’+C=0; 


wee eis i Vae—c?. 

Since the two values of x are equal and opposite, it 
follows that the middle point of the chord has its abscissa 
zero, that is, the middle point of the chord is always on 
the axis of y. This is true for all values ofc. Ifc>a 
the two values of w are both imaginary, but their sum 
is still zero, and therefore the middle point of the chord is 
still on the axis of y. 

The locus of the middle points of parallel chords of a 
circle is therefore the straight line through the centre 
which is perpendicular to the chords: the locus need not 
however be supposed to be limited to that portion of this 
line which is within the circle. 


74. In the preceding Articles we have assumed no 


a. 


geometrical properties of the circle except that the distance 


trom any point to the centre is constant. Some of our 
results may be obtained more readily by assuming the 
propositions proved in Euclid, Book 11. For instance, let 
(w’, y’) be any point on the circle whose equation is 
a? +y? =a; the equation of the line from (#’, y’) to the 


centre of the circle is ~—-%= 0, and the equation of a 


Z 
perpendicular line through (2’, y’) is [Art. 30] 
(a —a')a' +(y—y')y =0 or xa! + yy’ — a =0. 
And by Euclid 11. this line is the tangent at the point. 


“ 
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Again, the line y—mx-—c=0 touches the circle 22+y2-a2=0 if the 
perpendicular distance of the line from the centre of the circle is equal 
to the radius, whence the condition e= +a,/(1+m?). 

75. Two tangents can be drawn to a circle from any 
point; and these two tangents will be real if the point be 
outside the circle, coincident if the point be on the circle, and 
imaginary if the point be within the circle. 

Let the equation of the circle be 

2+ y= a, 
and let h, & be the co-ordinates of any point. Let a’,y'be | 
the co-ordinates of any point on the circle, then the 
equation of the tangent at (w’, y’) will be 


xx + yy =a. 
The tangent at (#’, y’) will pass through the poin 
(h, k) if 
hatertaley esis tdéses eowdsaadieed (i). 
But (#’, y’) is on the circle, therefore 
rye rt SSS MARS E (ii). 


Equations (i) and (ii) determine the values of a’ and of 


y for the points the tangents at which pass through the 
particular point (fh, &). Substitute for y’ in (ii) and we get 


= a’, 


a “ey 


ai? +-( i 


or a1? (h? + I) — Qathar’ + a? (a? — h?) =0 «2... (iii). 


Equation (iii) gives the abscissae, and from (1) we get 
the corresponding ordinates. Since equation (iil) is a 
quadratic equation, there are two points the tangents at 
which pass through (h, £). 


The roots of (111) are real, coincident, or imaginary 


according as 


or within the circle. 


ath? — a? (a? — k*) (h? + k*) 
is greater than, equal to, or less than zero. 
That is, according as 
2+ ik? —a? 
is greater than, equal to, or less than zero, That is, 
according as (h, k) is outside the circle, on the circle, 


8. C. 8. 6 
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EXAMPLES. 


1. Find the co-ordinates of the points where the line y=2x+1 cuts 
the circle 22+ y?=2. Ans. (—1, —1) and (f, 2). 

2. Shew that the line 32 — 2y =0 touches the circle x? + y? — 32+ 2y=0. 

3. Shew that the circles x?+ y?=2 and x? + y?-— 6x -—6y+10=0 touch 
one another at the point (1, 1). 


4, Shew that the circle 2+ y?- 2ax-— 2ay + a?=0 touches the axes of 
xand y. 

5. Find the equation of the circle which touches the lines r=0, y=0, 
and =c. Ans. 4a? + 4y? — 4cea + 4cy +c2=0. 
' 6, Find the equation of the circle which touches the lines r=0, z=a, 
and 3x+4y+5a=0. 

Ans. «2+ y?2—ax+2ay+a2=0 or «2+y?~—ax+ $ay+ $ta?=0. 

7. Shew that the line y=m(«-—a)+a,/(1+m?) touches the circle 
x2+4y2=2ax, whatever the value of m may be. 

8. Two lines are drawn through the points (a, 0), (— a, 0) respectively, 
and make an angle @ with one another; find the locus of their intersection. 

Phe circles x2 + y? — a2= + 2ay cot 0. 

9. Acircle touches one given straight line and cuts off a constant 
length (21) from another straight line perpendicular to the former ; find 
the equation of the locus of its centre, Ans. y2-22=12, 

10. A line moves so that the sum of the perpendiculars drawn to it 
from the points (a, 0), (—a, 0) is constant; shew that it always touches a 
circle. ; 

11. Find the equations of the two tangents to 2+ y2=3, which make 
an angle of 60° with the axis of a. Ans. y=,/3 (+2). ~ 

12, Find the equation of the circle inscribed in the triangle the 
equations of whose sides are v=1, 2y=5 and 3x —4y=5. 

Ans. (a — 2)?+(y —$)?=1. 


76. Tangents are drawn to a circle from any point ; to 
Jind the equation of the straight line joining the points of 
contact of the tangents. 


Let the co-ordinates of the point from which the tan- 
gents are drawn be a’, y’. Let the co-ordinates of the two 
points of contact be h, k and h’, k’, and let a? + y?—-a?=0 
be the equation of the circle. 
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The equations of the two tangents will be [Art. 69] 
ah +yk —a@=0, 
; ah’ + yk’ — a =0. 
Since both these tangents pass through the point 
_ (wv, y’), therefore both equations are satisfied by the co- 
ordinates x’, y’; 


- and OW YK GP Ons. ccc kc eceeees (ii). 
But the equations (i) and (ii) are the conditions that 
_ the two points (h,k) and (h’,k’) may lay on the line whose 
equation is 

eeryy—@=0....... setts reat (111). 
Hence (iii) is the required equation of the straight line 
_ through the two points of contact of the tangents which. 
_ pass through (a’, 7’). 

If the equation of the circle be ap y2+ 2gr +2fy +c=0, we can shew 
in a similar manner (by assuming the result of Art. 70) that the equation 
of the line joining the points of contact of the tangents which pass 

_ through (2’, y’) is 
ax’ +yy +9 e+e’) +f (yty')+e=0. 

If the points (2’, y’) be outside the circle the two tan- 
gents will be real, and the co-ordinates h, k and h’, k’ will 

all be real. If however the point (w’, y’) be within the 
circle the two tangents will be imaginary; but, even 
in this case, the line whose equation is (ili) is a real 
line when #’ and y’ are real. So that there is a real line 
joing the imaginary points of contact of the two wmagi- 
nary tangents which can be drawn from a point within the 
circle, 

Def. The straight line through the points of contact of 

_the tangents (real or imaginary) which can be drawn from 
any point to a circle is called the polar of that point 
with respect to the circle. 

The point of intersection of the tangents to a circle at 
the (real or.imaginary) points of intersection of the circle 
and a straight line is called the pole of that line with 

respect to the circle. 
. se 
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77. Let TP, TQ be the two tangents to a circle from 
any point 7, Let Q move up to and ultimately coincide 
with the point P, then Z will also move up to and 
ultimately coincide with P, and the tangents if, TQ 
will ultimately coincide with one another and with the 
chord PQ. That is to say, the polar of 7, when T is on 
the circle, coincides with the tangent at that point. 


x 


r Q 


‘This agrees with the result of Art. 76. For the 
equation of the polar is of the same form as the equation 
of the tangent, and hence the polar of a point which is on 
the circle is the tangent at that point. 


78. If the polar of a point P pass through Q, then 
will the polar of Q pass through P. 
Let P be the point (2’, y’), and Q be the point (#”, y”), 
and let the equation of the circle be 2? + y?—a?=0. 
The equations of the polars of (z’, y’) and (z”, y’) are 
oe yy = On. eee Ae (i), 
and Bote tel Ye! 2? LO aN (11). 


If Q be on the polar of P, its co-ordinates must satisfy the 
equation (1); 


* ea’ +y"y’—a@=0; 


but this is also the condition that P may be on the line | 


(11), that is on the polar of Q, which proves the proposition. 
If Q be any point on a fixed straight line, and P be 
the pole of that line; then the polar of Q must pass 
through £, for by supposition the polar of P passes 
through Q. 
Conversely, if through a, fixed point P any straight line 
be drawn, and @ be the pole of that line ; then, since P is 


on the polar of Q, the point Q must always lie on a fixed 
straight line, namely on the polar of P. 


EE ae 


— ar 
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. Lf the polars of two points P,Q meet in R, then R ts the 
__ pole of the line PQ. 
* For since R is on the polar of P, the polar of R goes 
through P ; similarly it goes through Q; and therefore it 
_ must be the line PQ. 
79. To give a geometrical construction for the polar of 
a point with respect to a circle. 
: Let the equation of the circle be 
ao + y= a* 5 
- and P be any point, and let the co-ordinates of P be 2’, 7’. 
The equation of the polar of P with respect to the 
circle is | 
Se Ey = HOF ee (i). 
The equation of the line joining P to O, the centre of 
_ the circle, is 
Fo) 
a’ 
We see from the equations (1) and (ii) that the polar of | 
any point with respect to a circle is perpendicular to the 
line joining the point to the centre of the circle. 
If ON be the perpendicular from O on the polar, 
a? 4 


y ,, 
el Vek ary eet ted 9 il). 
: (i) 


ON => a [Art 31.] 
Va’? + y 
also OP =V2? +4; 
therefore ON .OP = a’. 
N 
A 
P 
re) 
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We have therefore the following construction for the 
polar. Join OP and let it cut the circle in A; take V on 
the line OP such that OP: OA:: OA: ON, and draw 


through WV a line perpendicular to OP. 


Ex. 1. Write down the polars of the following points with respect to 
the circle whose equation is «2+ y?=4, 
(i) (2, 3), (i), -1), (ii) (1, -1). 
Ex. 2. Find the pole of 2x+3y—6=0 with respect to the circle 
z?+y?-5=0. 
[If (x’, y ) is the pole, the given line is the same as xa’ +yy’-5=0. 
Hence a 
Thus the point is (§, §).] 
Ex. 8. Find the poles of the following lines with respect to the circle 
whose equation is «?+y2=35, 
(i) 4a+6y-—7=0, (ii) 8a-2y-5=0, (iii) ax+by-—1=0. 
Ans. (i) (20, 80), (ii) (21, —14),- (iii) (85a, 350). 
Ex. 4. Find the co-ordinates of the points where the line x=1 cuts 


the circle x?+ y2=4; find the equations of the tangents at those points, and’ _ 


shew that they intersect in the point (4, 0). Ans. (1, ,/3), (1, —/3). 
Ex. 5. Find the co-ordinates of the points where the line 3a + 4y=25 
cuts the circle x?+y?—50=0; find the equations of the tangents at 
those points, and shew that they intersect in the point (6, 8). Write 
down the equation of the polar of the point (6, 8) with respect to the 
circle. 

Ex. 6. If the polar of the point (x’, y’) with respect to the circle 
a?+4y2=a2 touch the circle (w-a)?+y?=a2, shew that (2’, y’) is on the 
curve given by y?+2ax=a?2, 

80. To find the polar equation of a circle. 

Let C be the centre of the circle, and let its polar 
co-ordinates be p, a, and let the radius of the circle be 
equal to a. 


Let the polar co-ordinates of any point P on the curve 
be r, 0. 


Then CP*?=0C?+ OP? —20C.OP cos COP. 

But CP=a, 0C=p,O0P=r, 2X0C=a, 2XOP=8@; 
“. @=p?+7?— Arp cos(O—a).......0606 (1), 

which is the required equation. 


i, 
ee 


ee a ee ee 


Sees eT 


4 
~ 4 
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If the origin be on the circumference of the circle p = a, 
and we have from (i) 
r= 2a cod (6 ay nied. x (ii). 
If, in addition, the initial line pass through the centre, 
a will be zero, and the equation will be 
Wee OG 0 pce ce deen ntncana (iil). 
P 


Oo x . 

From equation (1) we see that if 7,,7. be the two values 

of r corresponding to any particular value of 0, then 
0 a eee (iv), 
so that 7, r, is independent of 0. 

This proves that, if from a fixed point a straight line 
be drawn to cut a given circle, the rectangle contained by 
the segments is constant. 

From (iv) we see that if the origin be within the circle, 
in which case pis less than a, 7, and r, must have different 
signs, and are therefore drawn in different directions, as is 
geometrically obvious. 


ORTHOGONAL CIRCLES. 


81. To find the condition that the two circles 
2 +y+2q,0+24fyta=0 and #+y?+29.4+2f.y+c.=0, 
may cut one another at right angles. 

The centres of the two circles are respectively (—g,, —f) 
and (— g2, — f2) and the squares of the radii are 9? +f? — ¢ 
and g.? + fi?—¢s. 
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Now the circles cut at right angles if the square of the 
distance between the centres is equal to the sum of the 
squares of the radu. 


Hence the required condition is that 


(n-gey +(A-feyPr=gP +f?—-—a+ 9? sf emt) 
‘which reduces to 
29,92 + 2f, fo — G1 — Co = 0. 
Or thus: The tangents at a common point (x, y,) are 
rey t+ yyit gy (wt+21) +f1 (ytys) +1=9, 

and ary + YY, + 92 (+43) +f (y +41) +¢2=0. 

These are at right angles, if 

(1 +91) (#1 +92) + (Yi +i) (yi +2) =9, 


i.e. HY? +21 (G1 +92) +Yy (fi tSe) +9192 tS fo=0... eee (i). 
But, since (x1, 1) is on both circles, 

y+ yy? + 2gyry + Wy C=O wre eeeereceveeeeee (ii), 

and U2 + Yy2 + 2qody + Woy, + Co=O....eceececsereees (iii). 


Multiply (i) by 2 and subtract the sum of (ii) and (iii) ; then we have, ~ 
as above, 
29192 + 2fif2—¢1 — co=0. 


82. To find the length of the tangent drawn from a 
given point to a circle. 


If 7 be the given point, and 7P be one of the 
tangents from 7’ to the circle whose centre is C, then we 
know that the angle CPT is a right angle; 


tPCT CPi1ad) ae. hee (i). 
Let the equation of the circle be 
(a—a?+(y—bP-—C=0............ (11), 
and let the co-ordinates of 7’ be a’, 7/. 
Then CT? = (a — a)? +(y'—b); 
therefore from (i) we have 
LP? = (a — af + (y/ — bY — Cre eeeeee (iii). 


TP* is therefore found by substituting the co-ordinates 
«, y' in the left-hand member of the equation (ii). 
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We see, therefore, that if S=0be the equation of a 
circle (where S is written for shortness instead of x+y? 
+ 2gu + 2fy +c), and the co-ordinates of any point be sub- 
stituted in S, the result is equal to the square of the length 
of the tangent drawn from that point to the circle; or 
[ Kuclid 111. 37] to the rectangle of the segments of chords 
drawn through the point. If the point be within the circle 
the rectangle is negative, and the length of the tangent 
imaginary. 

If the equation of the circle be 

Ax? + Ay? +2Ga+2Fy+C=0, 
to find the square of the length of the tangent from any 
point to the circle we must divide by A and then substi- 
tute the co-ordinates of the point from which the tangent 
is drawn. 


To find the equation of the pair of tangents drawn to the circle 
x2 +y?—a?=0 from any point. 

Let TP, TQ be the tangents drawn from (z’, y’). 

Then, if x’, y” are the co-ordinates of any point R on either tangent, 
on TP suppose, and TL, RM are perpendiculars on PQ, we have from 


similar triangles : 
VES ay Bie ESL AME 0) hie Bean Sr RI (i). 


Now the equation of PQ is 
wa’ +yy’ —a?=0. 
Hence TL?/RM2= (a'2 + y”2 — a?)2/(a'a"” +y'y” — a?)?. 
And from Art. 82 
TP2|RP2= (2/24 y2 — a?) /(a'2 +’ — a’). 
Hence, from (i), 
(2"2+-y"? — a?) (2/2 + y'2 — a?) — (x'x"” + y'y" — a?)?=0. 

Thus any point on either tangent is on the locus 

(22+ y? — a?) (a’2 + y/2 — a2) — (wa' +yy’—a)P=0, 

which is the equation required. 


RADICAL AXIS OF Two CIRCLES. 


83. If a+y?+2qe +2fy +e =0.....-. 60 (i) 
be the equation of one circle, it 
and + y+ 29a + 2f'y +06 =0......c eee (ii) 
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be the equation of another circle, the equation 

ety? + 2gu+ fy to=eP+yt2/at fy + ¢...(ii) 
will clearly be satisfied by the co-ordinates of any point 
which is on (i) and also on (ii). Equation (111) represents 
therefore some locus passing through the points common to 


the two circles. 
But (ii) reduces to 
2(g-—g)x+2(f—f)yte—c=0...... (iv), 
which is of the first degree, and therefore represents a 
straight line. : 

Hence (iii), or (iv), is the equation of the straight line 
through the points common to the circles (i) and (11). 

Although the two circles (i) and (ii) may not cut one 
another in real points, the straight line given by (iii) or by 
(iv) is in all cases real, provided that g, fc, g’, f’, ¢ are 
real. We have here therefore the case of a real straight 
line which passes through the imaginary points of inter- 
section of two circles. 

Another geometrical meaning can however be given to 
the equation (iil). 

For if S=0 be the equation of a circle, in which the 
coefficient of x? is unity, and the co-ordinates of any point 
be substituted in S, the result is equal to the square of the 
tangent drawn from that point to the circle S=0. [Art. 82.] 

Now if a, y be the co-ordinates of any point on the 
line (i) the left side of that equation is equal to the 
square of the tangent from (a, y) to the circle (i), and the 
right side is equal to the square of the tangent from (a, y) 
to the circle (11). 

Hence the tangents drawn to the two circles from any 
point of the line (iii) are equal to one another. 


Def. The straight line through the (real or imaginary) 
points of intersection of two circles is called the radical 
axis of the two circles, 


_ From the above we see that the radical axis of two 
circles may also be defined as the locus of the points from 


ver 9s 
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which the tangents drawn to the two circles are equal in 


length. 


The co-ordinates of the centres of the two circles are 
—g, —f and —g’, —f” respectively: the equation of the 
line joining them, therefore, is 

atg _ytf 
RO et a 
which [Art. 30] is perpendicular to the line (iv). 

Hence the radical axis of two circles is perpendicular 

to the line joining their centres. 


84. The three radical axes of three circles taken in 
pairs meet in a point. 

If S=0, S’=0, S”=0 be the equations of three circles 
(in each of which the coefficient of «* is unity), the equa- 
tion of the radical axis of the first and second will be 

S—S’=0. 

The equation of the radical axis of the second and third 
will be 


S’—S” =0. 
And of the third and first will be 
S” —S=0. 


And it is obvious that if two of these equations be satisfied 
by the co-ordinates of any point, the third equation will 
also be satisfied by those co-ordinates. 

The point of intersection of the three radical axes is 
called the radical centre of the three circles, 


Co-AXAL CIRCLES. 
*85, To find the equation of a system of curcles every 
pair of which has the same radical amis. 


If the common radical axis is taken for the axis of y, 
then the equation of any two of the circles (written in the 
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standard form in which the coefficient of 2 is unity) can 
only differ in the coefficient of z. Thus the general equa- 
tion of the system of circles, such that the radical axis of 
any pair is #=0, is 
a+ y? + 2gx+2fy+c=0, 

where f and c are the same for all the circles. 

If the origin is changed to (0, —f) the required equa- 
tion takes the form 

2 + y® + 29e + C=0.....c.ccccercaeee (i), 


where ¢ is the same for all the circles and g is different for 
different circles. 


The radical axis cuts the circles in real points if ¢ is 
negative, and in imaginary points if c is positive. 


The equation (i) can be written 


(et+g~ty=g—e. 
Hence; if g be taken equal to +c the circle will reduce 
to one of the points (F Ve, 0). 
These point-circles are called the limiting points of 
the system of co-axal circles, 


When c is positive, that is when the circles themselves 
cut in imaginary points, the limiting points are real, and 
conversely, when the circles cut in real points the limiting 
points are imaginary. 

It follows at once from the condition found in Art. 81 
that the two systems of co-axal circles given by the equa- 
tions 

e+ y+ 29a +c= 0, 
and e+ y?+ 2fy —c=0, 


where ¢ is the same for all the circles, are such that any 
circle of one system cuts orthogonally all the circles of the . 
other system. 


_ These two orthogonal systems are such that the comnion 
points of one system are the point-circles of the other. 
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In the figure below one system of circles is represented 
by full lines and the other by dotted lines. 


Be ee 
- ae 


*86. If S=0 and S’=0 be the equations of two circles, 
S—2S’=0 will, for different values of X, represent all 
circles which pass through the points common to S=O and 
S'= 0. 

For, if S=0 and S’=0 be 

e+ y+ 2or +2fy +o = 0.2.0... (1), 
ety tat 2Afyto =0.... ee (ii), 
then will S—rS’=0 be 
P+ p+ 2gnt fy +o—n {a+ y+ 2g'a + 2f'y +e} 
eee: (iii). 
Now (iii) is clearly the equation of a circle, whatever > . 
may be. ; . 

Also, if the co-ordinates of any point satisfy both (i) 
and (ii), they will also satisfy (111). | 

Hence S—2rS’=0 is, for any value of 2, a circle 
passing through the points common to S= 0 and 8S’ =0. 

By giving a suitable value to 2 the circle (111) may 
be made to pass through any other point; therefore 
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S—xS’=0 represents all the circles through the inter- 
sections of S=0 and S’=0. 

The geometrical meaning of the equation S— >S’=0 
should be noticed. From Art. 82 we see that any point 
whose co-ordinates satisfy the equation S = 28’ is such that 
the square of the tangent from it to the circle S=0 is 
equal to X times the square of the tangent from it to 
S’=0. We have therefore the following proposition—the 
locus of a point which moves so that the tangents from tt 
to two given circles are in a constant ratio, 1s @ co-axal 
corcle. 


87. If O, 0’ be the centres of two circles whose radii 
are a, a’ respectively, the two points which divide the 
line OO’ internally and externally in the ratio a: a’ are 
called the centres of similitude of the two circles. 

The properties of the centres of similitude are best 
treated geometrically. 

The most important of the properties are (1) Two of 
the common tangents to two circles pass through each 
centre of similitude; (2) Any straight line through a. 
centre of similitude of two circles is cut similarly by the 
two circles. 


EXAMPLES. 


1. Find the length of the tangent drawn from the point (2, 5) to the 
circle #7? + y? — 2x -3y—1=0. , 
Also the length of the tangents from (4, 1) to the circle 
Au? + 4y? —3a-—y-7T=0. Ans, 3, 2/3. 
2. Find the equation of the circle through the points (3, 0), (0, 2) and 
(-1, 1); and find the value of the constant rectangle of the segments of 
all chords through the origin. Ans. 43. 


3. Find the radical axis of the circles x?472+22+3y—7=0 and 
x24 42—Qe —94+1=0. Ans. 7+y —2=0. 
4, Find the radical axis of the two circles 22+ y?+4bax+by—c=0 and 
ax? + ay? + ara + by =0. ca 


Ans. ax —by eat 


a 
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5. Find the radical axis and the length of the common chord of the 
circles 27+y?+ax+by+c=0 and 2?+y?+bzx+ay+c=0. 
Ans. x—y=0, {4 (a+b)?—- Ac}? 
6. Shew that the three circles 
x+y? + 3x + by +12=0,2? +424 20 +8y+16=0,andx? + y2+ 12y +24=0, 
have a common radical axis. 


7. Find the radical centre of the three circles 
w+y2+4x+7=0, 2x? + 2y?+3e+5y+9=0, and 22+y2+y=0. 
Ans. (—2, —1). 
8. Find the common tangents of the circles 
a+y?=1 and (x-1)?+(y—3)2=4. 
[The line lr+my+n=0 touches both circles, if 
n?=2+m? and (l+3m+n)?=4 (2+ m?). 
Hence 2Qn= + (l+3m+n). 

If2+3m-—n=0; then (1+ 3m)?=2+m?2, and .. m=0 or 31+4m=0. 

When m=0, J=m and the equation is r+1=0. 

When 31= —4m, 3n=5m and the equation is 4x — 8y —5=0. 

Again, if 2+3m+3n=0; then J=0 or 41=3m. 

When J=0, m= —n and the equation is y -1=0. 

And when 4l1=3m, 4n= —5m and the equation is 374+4y—5=0.] 

9. Find the equations of the straight lines which touch both the 
circles 22+y?=4 and (~-—4)2+y?=1. Find also the co-ordinates of the 
centres of similitude. 

Ans, 3a+,/Ty -8=0, and #+,/15y -8=0; (8, 0), (%, 0). 

10. If the length of the tangent from (f, g) to the circle «2+ 4?=6 be 
twice the length of the tangent from (f, g) to the circle x?+y?+3z+3y=0, 
then will f2+9?+4f+49+2=0. 

11. If the length of the tangent from any point to the circle 
22+y?+2c=0 be three times the length of the tangent from the same 
point to the circle x2+y2—4=0, shew that the point must be on the 
circle 4x2 + 4y2 -  -18=0. 

12, Find the equation of the circle through the points of intersec- 
tion of the circles 2+ y?+2a+3y—7=0 and a?+y?+32—2y—-1=0, and 
through the point (1, 2). Ans. x24 y?2+42—-Ty+5=0. 

13. Find the equation of a circle through the points of intersection of 
22+y2-4=0 and 2?+4y?— 2a -4y+4=0 and touching the line «+ 2y=0. 

Ans. 2+ y?—2—- 2y = 0. 
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*88, Some of the following examples are of import- 
ance. 


(1) The polars of any fixed point with respect to a series of co-axal 
circles pass through another fixed point, and the polar of one of the 
limiting points of the system is the same for all the circles. 

The system of circles is given by the equation 

2 4-2 + Qax + C=0.....cscccesccocsecsceeeces (i), 
where ¢ is the same for all the circles [Art. 85]. 

The limiting points of the system are (+,/e, 0). 

Let the co-ordinates of the fixed-point be (f, g), then the equation of 
the polar with respect to (i) will be 

aft+yg+a(«+f)+e=0........ doduyerasbbinaha (ii). 

And, whatever the value of a may be, the straight line (ii) always 
passes through the point given by 2f+yg+c=0 and x+f=0. 

If f=+,/e and g=0, equation (ii) reduces to f (c+f)+a(«+f)=0; 
and therefore 7+/f=0. 

Hence the polar of one of the limiting points is the line through the 
other limiting point parallel to the radical axis. 


(2) If ABC be any triangle, and A’B’C’ be the triangle formed by the 
polars of the three points A, B, C with respect to a circle, so that B’C’ is 
the polar of A, C’A’ is the polar of B, and A’B’ is the polar of C; then will 
the three lines AA', BB’, CC’ meet in a point. 

Let the equation of the circle be 


CTSA a Et adh een Bee on Suet eee ee (i), 
and let the co-ordinates of the points 4, B, C be x’, y’; a”, y”’; and 2”, y’” 
respectively. 
Then the equations of the three lines B’C', C’A’, A’B’ will be 


LAOS cmd tal ie ere BCE Seer aoe ci (ii), 
gee EA ee Ole ean aan ee (ili), 
and rn” Laas = dee O) ics tad ae eee (iv). 


AA’ is a line through the intersection of (iii) and (iv), its equation is 
therefore [Art. 33] included in 
xx" yy” — a=) (aa!” + yy'” — a2). 
We find d by making the above line pass through A, whose co-ordinates 
are x’, y’; we get therefore 
wa" +y'y" — a=  (a'a!” +y'y"” — a). 
Hence the equation of 44’ is 
(cae! x yy" —a?) (a!2! +y'"y'—a?)- (arar’” ae yy!” —a?) (oa: 3 yy” a a?) = 0. ; .(v). 


THE CIRCLE 97 


The other equations can now be written down from symmetry, 
They will be 
(wa! +yy’" —- a?) (2's!/4y'y" —a?) — (aa! +yy’—a?) (aa + yy") = 0...(vi), 
and 
(xa’+yy’—a?) (eral +y"y"" -a*)- (oa"” +yy” 2% a?) (a""a’ + ycyt = a?) =0..(vii). 
Since the three equations (v), (vi), (vii) when added together vanish 
identically, the three lines 44’, BB’, CC’ represented by those equations 
must meet in a point. [Art. 34.] 


(3) 0 is one of the points of intersection of two given circles, and any 
line through O cuts the circles again in the points P, Q respectively. Find 
the locus of the middle point of PQ. 

Let O be taken for origin, and let the equations of the circles be 
[Art. 80] 

r=2a cos (@—a), and r=2b cos (8 — 8). 
Then, for any particular value of 0, 
OP=2a cos (0 —-a), 
and 0Q=2b cos (9 — ). 
If R be the middle point of PQ, 
OR=4(OP+0Q); 
-*. OR=a cos (@—a) +b cos (6 —). 
The locus of R is therefore given by 
r=a cos (0 —a)+b cos (0—8) 
=(a cos a+b cos) cos 6+ (asin a+b sin B) sin 6. 
The locus is therefore the circle whose equation is 
r=A cos (0—B), 
where 4 and B are given by the equations 
A cos B=acosa+bcos, and Asin B=asina+b sin B. 

(4) If from any point O on the circle circumscribing a triangle ABC, 
perpendiculars be drawn on the sides of the triangle, the feet of these per- 
pendiculars will lie on a straight line. 

Take the point O for origin, and the diameter through it for initial 
line, then the equation of the circle will be r=2a cos 0. 

Let the angular co-ordinates of the points A, B, C be a, B, y respec- 
tively. 

The line BC is the line joining (2a cos B, 8) and (2acosy, y). To 
find the polar equation of BC take the general form p=r cos (0-49) 
[Art. 45] and substitute the co-ordinates of Band of C. We thus obtain 
two equations to determine p and ¢. The equations will be 

p=2acos B cos (8 — ¢), and p=2a cosy cos (y—- ?). 


8.°C. 8. u 
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Hence $= +y, and p=2acosBcosy. The equation of BC is therefore 


Qa cos B COS y=T COS(A—B—) ....sseseeeeseeserons (i). 
Similarly, the equations of CA and of AB will be respectively 
Qa COS 7 COS A=T COS (P—Y—G) crescsecseceeceees (ii), 
and 2a cos.a cos B=Pr COS (9 —A—B) ..2...20.00e0ceee- (iii). 


The co-ordinates of the feet of the perpendiculars on the lines (i), (ii), 
(iii), from the point O, are 2acosBcosy, B+y; 2a cosy cosa, y+a3; 
and 2acosacos 8, a+. These three points are all on the straight line 
whose equation is 

2a cos a cos B cos y=7 COS (0—A—B—7Y)....seeeveeeere (iv). 

The line through the feet of the perpendiculars is called the pedal line 
of the point O with respect to the triangle. 

Let D be another point on the circle, and let the angular co-ordinate 
of D be 6. The four points A, B, C, D can be taken in threes in four 
ways, and we shall have four pedal lines of O corresponding to the four 
triangles. We have found the equation of one of these pedal lines, viz. 
equation (iv). The equations of the others can be written down by 
symmetry; they will be 


2a cos B cos y cos =r cos (9— B—y—5).....csseceeeee (v), 
2a cos y cos 6 cosa=r cos (@—y—S—a) .........0e- (vi), 
and 2a cos 6 cos a cos B=r cos (9—5-—a—B) ......... eee (vii). 


The co-ordinates of the feet of the perpendiculars from O on the lines 
(iv), (v), (vi) and (vii) will be 2a cosacos cosy, a+f8+y, and similar 
expressions, These four points are all on the line whose equation is 

2a cos a cos B cos y cos 6b=r cos (0-a-—B-—y—64). 
This proposition can clearly be extended. 

(5) To find the equations of the lines bisecting the angles between the 
straight lines aa? + 2hay + by?=0. 

Through the intersections of the given straight lines and any circle 
x24 2ry cos w+y2—72=0, whose centre is their point of intersection, two 
pairs of parallel straight lines can be drawn, each pair being parallel to 
one of the required bisectors. 

Now ax* + 2hay + by? +X (a2+2xy cosw+y2—72)=0 v..cecee (i), 
clearly passes through the points of intersection of the circle and the 
straight lines, and (i) represents two parallel straight lines parallel to 
those given by 

(@+)) a?+2 (h+dcos w) cy +(b+A) y2=0 wee eee (ii), 
provided that the left-hand member of (ii) is a perfect square, the 
condition for which is 


(4+) (D+A) = (4A COS w)2=0.......eeeseeceeeees (iii). 
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Moreover when the condition (iii) is satisfied the pair of coincident 
’ lines represented by (ii) are given by 
{(@+A) e+ (h+2 cos w) y}2=0, 
or by {(h+X cos w) a +(b+r) y}2=0. 
Hence either of the required bisectors is given by 
axz+hy+X (x+y cos w)=0, 
or by hz+by +d (y+ cos w)=0, 
where ) is one of the roots of the quadratic (iii). 
Eliminating \ between the last two equations, we obtain the required 
equation of the bisectors, namely 
(ax + hy) (y +2 cos w) — (hx + by) (x +y cos w)=0, 
1.€, x? (h—a cos w) —y?(h—bcosw)=(a—b)zy. [See Art. 39.] 
(6) A, B, C, D are the centres of four circles each of which cuts a 
given circle orthogonally, and t,?, ty, ts2, t2 are the squares of the tangents 
to the four circles from any point in their plane. Prove that 
t,2ABCD — t2ACDA + ts2ADAB — ty2AABC=0. 
Take the point from which the tangents are drawn for origin, and 
let the circle x2 +y?-—2Gx—-2Fy+C=0, 
~ be cut orthogonally by 
a? + y?— 29,0 -2f,y+t2=0, &. 


Then we have Gg, + Ff - C-t2=0, 
GgotFfe—C—te2=0, &e. 
Hence Gusauiist elspa tin — Oy 


92> t2, 1, ty" 
93, Fs, 1, t3? 
945 fa 1, t 
t2A (BCD) — t2A (CDA) + t32A (DAB) - ty2A (ABC) =0, 
since A is (91, f1), &e. 
(7) If A, B, C, D are any four points on a circle and O any point 
the plane of the circle, then will 
OA, ABCD — OB?, ACDA +002, ADAB — OD?, AABC=0. 
Deduce Ptolemy’s Theorem, 
Take O for origin, and let A be (21, y1) &c. 
The circle BCD is j a2+y2, x, ¥y, 
X22 + Y2?, @, Y2, 
xgt+y3", 3, Y3s 
TE2t+Ys?, C4, Yay 


Hoe ee 
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If this passes through (21, y;) we have 
OA?, a, Yi, 11=9; 
| ORs x3, Ys; 2 
| OCc?, 73, Y3s 1 
OD2, ets, 4s. 0 
Le. OA?. ABCD — OB2. ACDA+ O0C?. ADAB-— OD?. AABC=0, 
The above holds good for all positions of O. Hence, if P, Q, R, S 
are any four points in the plane of the circle ABCD, we have 
PA?. A; —PB?.Ag+PC?.A3—PD?.A,=0, 
QA? . A, — QB?. Ag+ QC?. A3-— QD?. Ay=0, &e. 
Hence, eliminating A,, A,, A3 and Ay, we have 
BA» EBAY  PG2 Pie {== 0. 
Q4?, QB’, QC, QD? 
RA2, RB, RC2, RD? 
S42, SB2, SC?, SD? 
where A, B, C, Dare ona circle and P, Q, R, S any four points in the 
plane. 
Now suppose P to coincide with 4, Q with B, &e. 
Then O , AB*, AC?, AD? |=0, 
BA2, »O", “BEB BDA 
CA?, CB?, O, CD 
DA?, DB, DC?, O 
i.e. AB.CD+£AC.BD+AD.BC=0, 
which is Ptolemy’s Theorem. 

(8) Prove that, if O,, O02, O3, O4 are the centres, and 11, 12, 173, T4 
the radti of the circles BCD, CDA, DAB, ABC where A, B, C, D are any 
four points in a plane, then will 

(402 — 132)? = (BO3? = 192)-1 + (C3? — 132) — (DO. —142)-1=0. 
[Tr. 1886.] 

The circle BCD is | a2+y?, x, y, 1 

Xo? +Yo?, 22, Yo, 1 

H37+y3", 13, Y3, 1 

x+y, 14, Ys, 1 
Now 40?-r2=) x2+y)2, 2, yy, 1 
Xo? +Yo%, %o,. Yo, 1 

rs?-+y3%,, ©3, y3, 1 re oy dl! 
wP+ys?, Ty, Ya, 1 


= |X, Y2, 1 
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-Hence (40,2 —7;2)-1=0 provided 


%2, Yay LP —"\a, yi, 1) +) ay; a, Pt = | 2, Yin, | =Os 
Y3, 1 X3, ¥3, 1 2, Yo, 1 X2, Yo, 1 
Xa, Ys, 1 45 Ya; 1 Xa, Ya, 1 %3, ¥3, 1 
ive if ete, Utey LO: 
Li tax 6 ans, 1 
LR ea wall 
cre irae oak 


EXAMPLES ON CHAPTER IV, 


1. A point moves so that the square of its distance from 
a fixed point varies as its perpendicular distance from a fixed 
straight line ; shew that it describes a circle. 


2. A point moves so that the sum of the squares of its 
distances from the four sides of a square is constant; shew 
that the locus of the point is a circle. 


3. The locus of a point, the sum of the squares of whose 
distances from 7 fixed points is constant, is a circle. 


4. A, B are two fixed points, and P moves so that 
PA=n.PB; shew that the locus of Pisa circle. Shew also 
that, for different values of 1, all the circles have a common 
radical axis. 

5. Find the locus of a point which moves so that the 
square of its distance from the base of an isosceles triangle 
is equal to the rectangle under its distances from the other 
sides. 


6. Prove that the equation of the circle circumscribing 
the triangle formed by the lines x+y=6, 2a+y=4, and 
x+2y=5 is 

e+y?—17a—19y+ 50=0. 

7. Find the equation of the circle whose diameter is the 

common chord of the circles 


w+ y? + 20+ 3y4+1=0, and a+ y4?+ 40+ 3y+2=0. 
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8. Find the equation of the straight lines joining the 
origin to the points of intersection of the line x+2y—3=0, 
and the circle «* + ¥? — 2” —2y = 0, and shew that the lines are 
at right angles to one another. 


9, Any straight line is drawn from a fixed point O meeting 
a fixed straight line in P, and a point Q is taken on the line 
such that the rectangle OQ. OP is constant; shew that the 
locus of @ is a circle. 


10. Any straight line is drawn from a fixed point O 
“meeting a fixed circle in P, and a point Q is taken on the line 
such that the rectangle OQ. OP is constant; shew that the 
locus of Q is a circle. 


11. The equations of four straight lines are respectively 
a-y-2=0, 2e—y—-—3=0, 2+ 4y—6=0 and «+5y—8=0. 
Prove that the extremities of the three diagonals are (1, — 1) 
and (— 2, 2); (2, 1) and (3, 1); and (344, £) and (23, +3). Hence 
prove that the three circles of which the diagonals are diameters 
, are co-axal. 


[The radical axis is 64+y—11=0.] 


12. Find the equations of the circles on the three diagonals 
of the quadrilateral the equations of whose sides are respect- 
ively y—1=0, x-y+1=0, 7+ 5y—11=0and 37+y-—13=0, 
and shew that they are co-axal. 

[The radical axis is 2a +y—8 =0.] 


13, Prove that the equation of two given circles can 
always be put in the form 


e+y+ac+b=0, x+y +ae+b=0, 


and that one of the circles will be within the other if aa’ and 
b are both positive. 


14. The distances of two points from the centre of a 
circle are proportional to the distances of each from the polar 
of the other. 


15. If a circle be described on the line joining the centres 
of similitude of two given circles as diameter, prove that the 
tangents drawn from any point on it to the two circles are in 
the ratio of the corresponding radii. 
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16. Find the locus of a point which is such that tan- 
gents from it to two concentric circles are inversely as their 


radii. 


17. The common tangents of the circles 2?+y?+20=0 
and a#°+y*—6x2=0 form an equilateral triangle. 


18. The circle a + 4? + 29a — 6? =0 is cut by the line x=c 
in the points P, P’. Prove that the product of the perpen- 
diculars from (0, 5), (0, —6) on the tangent at P or P’ is equal 
to ¢? for all values of g. 


19. A point moves so that the sum of the squares of its 
distances from the sides of a regular polygon is constant ; shew 
that its locus is a circle. 


20. <A circle passes through a fixed point O and cuts two 
fixed straight lines through O, which are at right angles to one. 
another in points P, Q, such that the line PQ always passes 
through a fixed point; find the equation of the locus of the 
centre of the circle. 


21. The polar equation of the circle on (a, a), (6, 8) as 
diameter is 
7? — r facos (8 —a) + b cos (6 — 8) + ab cos (a — 8) =0. 
22. Find the equation for determining the values of r at 


the points of intersection of the circle and the straight line 
whose equations are 


r= 2acos@, and rcos(6 —£)=p. 


Deduce the value of p-when the straight line becomes a 
tangent, ; 


23. Find the co-ordinates of the centre of the inscribed 
circle of the triangle the equations of whose sides are 


8a—4y=0, Ta—24y=0, and 5a—12y—36=0. 
24. Find the locus of a point the polars of which with 


respect. to two given circles make a given angle with one 
another. 
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25. From any point on the radical axis of two circles 
tangents are drawn, and the lines joining the points of contact 
to the centres of the circles are produced to meet; find the 
equation of the locus of the point of intersection. 


26. If the four points in which the two circles 
e+ty+tantby+c=0, et+ytae+by+¢=0 
are intersected by the straight lines 
Av+By+C=0, A’x+ By+C’=0 
respectively, lie on another circle, then will 
a-—a, b—0b5, c—¢ 
AG B; C. Az 0). 
2 epee by! 
27. Asystem of circlesis drawn through two fixed points, 


tangents are drawn to these circles parallel to a given straight 
line ; find the equation of the locus of the points of contact. 


28. If A, B, C be the centres of three co-axal circles, and 
t, tf, t; be the tangents to them from any point, prove the 
relation 
BCt? + CAt2 + ABZ =0. 


29. If t, t., ts be the lengths of the tangents from any 
point to three given circles, whose centres are not in the same 
straight line, shew that any circle or any straight line can be 
represented by an equation of the form 

At? + Bi2+ Ct2=D. 
What relation will hold between A, B, C for straight lines? 


30. The locus of the centre of a circle which cuts three 
given circles at the same angle is a straight line. 


31. The locus of the poles of the line x/h + y/k—1=0, 
with respect to the circles which touch the rectangular axes is 
given by the equations 

(hac —ky) (hy — ke) +hk(h +k) (a +y)=0. 


32. Prove that all circles touching two fixed circles are 
orthogonal to one of two other fixed circles, 
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33. If two circles cut orthogonally, prove that an inde- 
finite number of pairs of points can be found on their common 
diameter such that either point has the same polar with respect 
to one circle that the other has with respect to the other. Also 
shew that the distance between any such pair of points sub- 
tends a right angle at one of the points of intersection of the 
two circles. 

34. If the equations of two circles whose radii are a, a be 

* S=0, S’=0, then the circles 
? 
a a 


will intersect at right angles, 


35. Find the locus of the point of intersection of two 
straight lines at right angles to one another, each of which 
touches one of the two circles 


(c-aP+y=6, (e+aPry=e, 
and prove that the bisectors of the angles between the straight 
lines always touch one or other of two other fixed circles. 


36. The angular points of a triangle are respectively 
(0, 0), (48, 20) and (63, 0), prove that the equation of the 
nine-point circle is 
2a? + 2y? — 159% — 56y + 3024 =0, 
and that the equation of the inscribed circle is 
x? +4? — 90x —18y +2025 =0. 


Prove that the two circles touch one another. 
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MisceLLaANnous Exampues I. 


1. Shew that the origin is within the triangle whose 
angular points are (2, 1), (3, —2) and (—4, —1). 


2. One corner of a square is at the point (3, 4) and one 
diagonal is along the line 3x+4y=20. Prove that the centre 
is (12, 1,8), and that the two vertices which are on the given 
diagonal are (3,8, 13) and ($, 3°). 

3. Find the locus of the centre of a circle which passes 
_ through the point (0, 0) and cuts off a length 2/ from the line 
R=. Ans, y?+ 2ca= +P. 


4, Find the equation of the circle whose radius is 3 and 
which touches the circle a? + ¥?— 4a— 6y — 12=0 internally at 
the point (—1, —1). Ans, 5x? + 5y? — 8a—14y—-32=0. 


5. Find the area of the triangle whose sides lie along the 
three lines whose equations are 


*x—y+1=0, «+y—T=0 and x—3y+4=0, Ans. 28. 


6. Find the equation of the line joining the point of 
intersection of 3a + 2y+1=0 and «+y—3=0 to the point 
of intersection of 3x+2y—1=0 and w+y—5=0, 

Ans. 24+y+4=0. 


7. Find the equation of a circle whose radius is 5 and 
which touches the circle a? + 4? — 2a —4y—20=0 externally at 


the point (5, 5), Ans. x? + y?—18a--16y+120=0. 


8. Find the equation of the circumcircle and of the in- 
scribed circle of the triangle formed by the three lines given 


by wy (3a+4y—12)=0, and shew that their radical axis is 
 te+yt+1=0. 


9. Prove that the lines through the point (3, 4) which 


make an angle of 45° with w+ 4y—10=0 are 3u—5y+11=0 
and 5+ 3y—27=0. 
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10, Find the equation of the two straight lines which 
together with those given by the equation 
62? — ey—y? +2+ 12y—35 =0 
will make a parallelogram whose diagonals intersect in the 
origin. Ans. 6a°—ay—y?—x—12y—35=0. 


11. Prove that, if OP, OQ are the tangents from (0, 0) 
to the circle 2*+y?+ 297+ 2fy+c=0, the equation of the 
circle OPQ is 27+ y?+gx+fy=0. 


12. Find the equations of the two tangents which can be 
drawn from the origin to the circle 
et+y?+10(a+y)+40=0, 
and find the angle between them. Ans. tan 4. 


13. Find the equations of the diagonals of the rectangle 
formed by the lines whose equations are 
a(a—3)+by=0, a(x#—4)+by=0, 
ba —a(y—3)=0 and bx—a(y—2)=0. 
Ans. (a—b)x+(a+b)y=6a, (a+b)x-(a—b)y=a. 
14, Find the lines through the point of intersection of 
3a—y—20=0 and x—2y—5=0 which are at a distance 
5 from the origin. 
Ans. 3x+ 4y-—25=0 and 4x -3y— 25 =0. 


15. Prove that the two circles 
e+ y?+2ax+c=0, 
ety? +2by+c=0, 
touch if 1/a?+1/b?=1/c. 
- 16. Prove that the orthocentre of the triangle whose 
angular points are (acosa, asina), (acosf, asinf) and 
(acos y, asin y) is the point (a3cosa, a& sin a). 


Hence prove that the centroid of any triangle divides the 
join of the circumcentre and orthocentre in the ratio 1 : 2. 
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17. The centres of the inscribed’ circle and of the three 
escribed circles in order of the triangle whose sides are 
4y + 30=0, 12y—5a=0 and y—15=0 are the points (1, 8), 
(—24, 3), (40, —5) and (15, 120). 


18. Prove that the four straight lines given by the equa- 
tions 

120° + Tay—12y?=0, 1207+ Tay—12y?—x#+Ty—1=0 
lie along the sides of a square. 

19. Shew that the circle of which the line joining the 


points (am?, 2am), (a/m?, — 2a/m) is a diameter touches x + a= 0 
for all values of m. 


20. Prove that the four points (am,, a/m,), (am, a/me), 
(am3, a/ms) and (am,, a/m,) lie on a circle if mm,m,m, = 1. 


21. Shew that the equation 
aba? + (a? + 6?) ey + aby? + ab (a—b) (x-y)-—ab’=0, 
represents two straight lines which are equidistant from the 
origin. 


22. Find the equations of the diagonals of the rectangle 
whose sides are given by the equations (3x + 4y)?—49=0 and 
(4a — 3y)? - 36 =0. ae 


23. Prove that the points of intersection of the two circles 
e+ y?—2cy—a?=0 and 2+ y?— 26x +a?=0, the centres of 
the two circles and the origin are on a circle. 

24. Find the common tangents of 

w+ y*—4e—2y+4=0 and w+ y4?+ 444+2y-4=0. 
Ans. «=1, y=2, 3a+4y=5 and 4a—3y—10=0, 


CHAPTER V. 
THE PARABOLA. 


89. Definitions. A Conic Section, or Conic, is the 
locus of a point which moves so that its distance from a 
fixed point is in a constant ratio to its distance from a 
fixed straight line. The fixed point is called a focus, 
the fixed straight line is called a directrix, and the 
constant ratio is called the eccentricity. 

It will be shewn hereafter [Art. 312] that if a right 
circular cone be cut by any plane, the section will be in all 
cases a conic as defined above. It was as sections of a cone 
that the properties of these curves were first investigated. 

We proceed to find the equation and discuss some of 
the properties of the simplest of these curves, namely that 
in which the eccentricity is equal to unity. This curve is 
called a parabola. 


90. Zo find the equation of a parabola. 
Let S be the focus, and let YY’ be the directrix. Draw 
SO perpendicular to YY’, and let OS=2a. Take OS for 


the axis of w, and OY for the axis of y. 
Let P be any point on the curve, and let the co- 


ordinates of P be a, y. 
Draw PN, PM, perpendicular to the axes, as in the 
figure, and join SP. 
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Then, by definition, SP= PM; 
therefore PM*=SP1=PN*+8N'"; 
that is, w= y+ (2 — 2a)’, 
or 


The curve cuts the axis of # at a point A where y=0 
and from (i) when y=0, =a; that is, OA =a. 

The point A is called the vertex of the parabola. 

If we transfer the origin to A, the axes being un- 
changed in direction, equation (i) will become [Art. 49] 


Up AO gna Seitenende med eda (ii). 
The focus is the point (a, 0). The directrix is the line 
w+a=0, 
Also SP=MP=0A4+AN=a+«e. 


91. Since the equation of the parabola is y?=4aza, 
and ¥? is a positive quantity, « must always be positive, 
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and therefore the curve lies wholly on the positive side of 
the axis of y. 

For any particular value of x there are clearly two 
values of y equal in magnitude, one being positive and the 
other negative. Hence all chords of the curve perpen- 
dicular to the axis of « are bisected by it, and the portions 
of the curve on the positive and on the negative sides of 
the axis of x are in all respects equal. 

As « increases y also increases, and there is no limit 
to this increase of # and y, so that there is no limit to the 
curve on the positive side of the axis of y. 

The line through the focus perpendicular to the direc- 
trix is called the axis of the parabola. 

The chord through the focus perpendicular to the axis 
is called the latus-rectum. 

In the figure to Art. 90, SL=KLI=OS=2a. There- 
fore the whole length of the latus-rectum is 4a. 


92. We have found that y*—4ax=0 for all points 
on the parabola. 
For all points within the curve y? — 4a is negative. 


For, if Q be such a point, and through Q a line be 
drawn perpendicular to the axis meeting the curve in P 
and the axis in J, then Q is nearer to the axis than P 
and therefore VQ? is less than VP* But, P being on the 
curve, VP?—4a. AN =0, and therefore NQ?—4a.AN is 
negative. 

Similarly we may prove that for all points outside the 
curve y? — 4.ax is positive. 

Hence, if the equation of a parabola be 7?— 4axz=0, 
and we substitute the co-ordinates of any point in the left- 
hand member of the equation, the result will be positive 
if the point be outside the curve, negative if the point 
be within the curve, and zero if the point be upon-the 
curve. 


93. The co-ordinates of the points common to the 
straight line, whose equation is y=ma-+c, and the 
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parabola, whose equation is y°=4a2, must satisfy both 
equations. 

Hence, at a common point, we have the relation, 

(meer hee. isch estes (i). 

Therefore the abscisse of the common points are given 

by the equation (i), which may be written in the form 
ma? + (2mc — 4a) 7+ 0? =0......20006. (ii). 

Since (ii) is a quadratic equation, we see that every 
straight line meets a parabola in two points, which may 
be real, coincident, or imaginary. 

When m is very small, one root of the equation (ii) is 
very great; when m is equal to zero, one root is infinitely 
great. Hence every straight line parallel to the axis of 
a parabola meets the curve in one point at a finite distance, 
and in another at an infinite distance from the vertex. 


94. To find the condition that the line y=max+e may 
touch the parabola y? — 4ax = 0. 


As in the preceding Article, the abscisse of the points 
common to the straight line and the parabola are given 
by the equation 

(ma +c) = 4az, 
that is mx + (2me— 4a)e#+=0. 

If the line be a tangent, that is, if it cut the parabola 
in two coincident points, the roots of the equation must 
be equal to one another. The condition for this is 


4m?c? = (2mc — 4a)’, 
which reduces to mc =a, or c= — J 
Hence, whatever m may be, the line 
at m 
will touch the parabola y?— 4az = 0. 


Ex. 1. The line y=x+2 touches y?—8r=0, 
Ex. 2. The line y=3x +4 touches y?—-2z7=0. 
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95. To find the equation of the straight line passing 
through two given points on a parabola, and to find the 
equation of the tangent at any point. 


Let the equation of the parabola be 
y? = 4an, 


and let z,, y,, and 2, y, be the co-ordinates of two points 
on it. 


The equation (y— %) (y — Yo) =Y? — 408 veeeeeeeeee (i) 


when simplified is of the first degree, and therefore is the 
equation of a straight line; and if we substitute z= ,, 
y=y, the left side vanishes identically and the right side 
vanishes since (a, y,) 1s on the parabola, 

Hence the point (x,, y,) is on the straight line (i), and 
so also is the point (a, y2). 

Hence (i) is the equation of the required chord, and 
this equation reduces to 


Y (Yr + Yo) — 402 — YyYo=O wececeeveeee (ii) 


To find the tangent at (a, y,) we have only to put 
Yo= Yr in (ii), and the required equation is 


Dy yy — 4a — YP=O ore eeereceveeee (111), 
or since y= 4aa,, 
YY, DOCG AA M,) oasccecsreneoreees (iv). 
Orthus. The equation of the line through (a1, y1) and (x2, y2) 
is [Art. 24] e.- 7, L)=0;and «| 4ar, y, Lj=0. 
71, Yi» L yy, Ys 1 
XZ, Y2, 1 ye, Yo, 1 


Expand the last determinant and divide by y2—y,; then as before the 
equation of the chord is 
Y (Yi +Y2) — 400 — Yi y2=0. 


Cor. The tangent at (0, 0) is e=0; that is, the 
tangent at the vertex is perpendicular to the axis. 


8. ¢. 8 8 
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96. We have found by independent methods [Articles 94 and 95] two 
forms of the equation of a tangent to a parabola. Hither of these could 
however have been found from the other. Thus, suppose we know that 
the equation of the tangent at (a’, y’) is 


yy’ =2a(c+z'), 


2a 2az’ 
then y= tt re 
If this be the same line as that given by 
y=mr+e 
we must have 
2a 2az! 
m=—, and c=——; 


therefore mc=a, as in Article 94. 
In the solution of questions we should take whichever form of the 
equation of a tangent appears the more suitable for the particular case. 
Ex. 1. The ordinate of the point of intersection of two tangents toa 
parabola is the arithmetic mean between the ordinates of the points of 
contact of the tangents. 
The equations of the tangents at the points (#,, y;) and (x2, y2) are 
yyi=2a (x +2), 
and YYg=2a (w+ 2X9). 
By subtraction, we have for their common point, 
y (Y1 — Y2) = 2ax — 2are 
=4 (ys? — y2’) ; 
 Y=2YrtYo)- 
Then it will be found that 
dax=yyy2. 


Ex. 2. To find the locus of the point of intersection of two tangents to 
a parabola which are at right angles to one another. 


Let the equations of the two tangents be 


Then, since they are at right angles, mm’=—1. Hence the second 
equation can be written, 


1 
YER AM vircevrerseeeerseeesseneeeens (iii). 
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To find the abscissa of their common point we have only to subtract 
(iii) from (i), and we get 


0=a2 (m+=) +a(m+ =)s 
m m 


and therefore we have x+a=0. 


The equation of the required locus is therefore x+a=0, and this 
[Art. 90] is the equation of the directrix. 


97. To find the equation of the normal at any point of 
a parabola. 
The equation of the tangent at (,, y,) to the parabola 
oy — 4ax = 0, is [Art. 95] 
MD Sa PEND AEN ins vas sd cee Beer (i). 
The normal is the perpendicular line through (a, y,). 
Therefore [Art. 30] its equation is 
(y—Yi) 2a bap, (— %) =0 «22. -ceceeee (11). 
Since 4az,= 4,2, the above equation can be written in 
the form 


8a? (y — 91) + yr (4ax — yy?) =0......... (iii). 
The above equation may be written 
ai we 
hig, +4, + gqe ces (iv). 
If we put m=— 22 then y, = — 2am, and fae 
2a,’ ; g 8a? 4 


therefore (iv) becomes 
Y= ME — 2AM — AME oerrecsreseners (¥). 
This form of the equation of a normal is sometimes 
useful. 


98. We will now prove some geometrical properties 
of a parabola, 

Let the tangent at the point P meet the directrix in & 
and the axis in 7. Let PN, PM be the perpendiculars 
from P on the axis and on the directrix. 

Let PG, the normal at P, meet the axis in G. 

8—2 
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Then, if 2, y, be the co-ordinates of P, the equation of 
the tangent at P will be 


YYi = 2G (@+ Dy) sree (i) [Art. 95]. 


Where this meets the axis, y=0, and at that point, we 
have from (1), 


e+a2,=0. 
Pre SA IN ate icss tovwine seas (a); 
TS SAS VAN = SP ty sckcheast (8); 
and since T§=SP, the angle S7'P is equal to the pe 
SPT; so that PT bisects the angle SPM.............+. (ry 


We see also that the triangles RSP and RMP are 
equal in all respects, 
Hence 4 RSP=Z RMP =a right angle............ (8). 
Again, since M is the point (—a, y,), and S is the point 
(a, 0), the equation of the line SM is 
YY -fr es % 
aie Sg oe renee (ii). 


This is clearly perpendicular [Art. 30] to the tangent 
at P which is given by the equation (i), 


*, SM is perpendicular to PT ......... (e). 
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Since PT is perpendicular to SM and bisects the angle 
SPM, it will bisect SM. If then Z be the point of inter- 
section of SM and PT, SZ=ZM. But SA=AO. There- 
fore AZ is parallel to OM, and is therefore the tangent at 
the vertex of the parabola; so that the line through the 
focus of a parabola perpendicular to any tangent PT’ meets 
PT on the tangent at the vertes.........sccscssseeceaveces (). 


We may prove the last proposition as follows. 
Let the equation of any tangent to the parabola be 


The equation of the line through the focus (a, 0) perpen- 
dicular to (iii) is 


xz 
or =——+ 


The lines (11) and (iv) clearly meet where 2=0. 
The equation of the normal at P (2,, y,) is [Art. 97] 
2a (y — y1) + yr (w — a) = 0. 
At the point G we have y=0, and therefore 
— 2ay, + y, (@ — %) = 0, 
or 2a =2-24,=AG-—-AN=NG. 
SPD ADO ix. 0. vicar Bas (n). 


EXAMPLES. 


1. Find the equations of the tangents and the equations of the 
normals to the parabola y?—4ax=0 at the ends of its latus rectum. 
Ans. x-y+a=0, ytu=3a=0. 


2. Find the points where the line y=3e-a cuts the parabola 
y? —4ax=0. Ans. (a, 2a), (5. ia) ; 
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3. Shew that the tangent to the parabola y?-4ar=0 at the point 
(a1, y1) is perpendicular to the tangent at the point (a2/x,, — 4a?/y;). 


4, Shew that the line y=2” +5 cuts y? — 4ax =0 in coincident points. 
Shew that it also cuts 20x2+ 20y?=a? in coincident points. 
5. A-straight line touches both 22+y?=2a? and y?=8az; shew that 
its equation is y= +(x+2a). 
6. Shew that the line 7z+6y=13 is a tangent to the curve 
y? — Tx —-8y+14=0. 
7. Shew that the equation 2?+4ax+2ay=0 represents a parabola, 


whose vertex is at the point (—2a, 2a), whose latus rectum is 2a, and 
whose axis is parallel to the axis of y. 


8. Shew that all parabolas whose axes are parallel to the axis of 
y have their equations of the form 


a24242+2By+C=0. 

9. Find the co-ordinates of the vertex and the length of the latus 

rectum of each of the following parabolas : 
*™ (i) y?=5e¢+10, © (ii) 2?-42+4+2y=0, 
(iii) (y—2)2=5(e+4),and (iv) 3224+122%-8y=0. 

Ans. (i) (—2,0),5. (ii) (2,2),2. (iii) (-4,2),5. (iv) (-2, —3), 3. 

10. Find the co-ordinates of the focus and the equation of the 
directrix of each of the parabolas in question 9. 

Ans. (i) (—#2, 0), 4e+13=0.e(ii) (2, 3), 2y-5=0. 

(iii) (—42, 2), 4¢+21=0. e(iv) (-2, —§), 6y+13=0. 

11. Write down the equation of the parabola whose focus is the 


origin and direcirix the straight line 22-y—1=0. Shew that the line 
2y =4x —1 touches the parabola. 


12. If through a fixed point O on the axis of a parabola any chord 
POP’ be drawn, shew that the rectangle of the ordinates of P and P’ 


will be constant. Shew also that the product of the abscisse will be 
constant, 


13. Find the co-ordinates of the point of intersection of the tangents 
a 
y=mo+—, y=m'c+—. Shew that the locus of their intersection is a 


straight line whenever mm’ is constant; and that, when mm’+1=0, this 
line is the directrix. 
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14. Shew that, for all values of m, the line y=m (e+a)+= will 
touch the parabola y2=4a (x+a). 
15. Two lines are at right angles to one another, and one of them 
; touches y?=4a (x+a), and the other y?=4a’(x+a’); shew that the point 
of intersection of the lines will be on the line r+a+a’=0. 

16. If perpendiculars be let fall on any tangent to a parabola from 
two given points on the axis equidistant from the focus, the difference of 
their squares will be constant. 

17. Two straight lines AP, AQ are drawn through the vertex of a 
parabola at right angles to one another, meeting the curve in P, Q; shew 
that the line PQ cuts the axis in a fixed point. 

18. If the circle 2?+y?+ 42+ By+C=0 cut the parabola y?-4ax=0 
in four points, the algebraic sum of the ordinates of those points will be 
zero. 

[Multiply by 16a? and then substitute y? for 4ax; then the ordinates 
are given by 

y*+16a7y? + 4a Ay? + 16a2By + 16a2C =0. 
The sum of the four ordinates is zero, since there is no term in y3.] 

19. If the tangent to the parabola y?— 4ax=0 meet the axis in T and 
the tangent at the vertex A in Y, and the rectangle TAYQ be completed; 
shew that the locus of Q is the parabola of y?+ax=0. 


20. IfP, Q, R be three points on a parabola whose ordinates are in 
geometrical progression, shew that the tangents at P, R will meet on the 
ordinate of Q. 

21. Shew that the area of the triangle inscribed in the parabola 
y’—4ax=0 is “. (yi-y2) (y2-Ys) Y3s-y1), Where y1, Yo, Ys are the 
ordinates of the angular points. 

99. Two tangents can be drawn to a parabola from 


any point, which will be real, coincident, or maginary, as- 
cording as the point 1s outside, upon, or within the curve. 


The line whose equation is 


will touch the paraboba y?=4ax, whatever the value of m 
may be [Art. 94]. 
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The line (i) will pass through the particular point 

(a, y’), if 
FF / a 
Y =Mae thar ars 

that is if mi — Myf +A=0....rcecrerereeres (ii). 

Equation (ii) is a quadratic equation which gives the 
- directions of those tangents to the parabola which pass 
through the point («’, 7’). Since a quadratic equation has 
two roots, two tangents will pass through any point (a’, 7/). 

The roots of (ii) are real, coincident, or imaginary, ac- 
cording as y’*—4az" is positive, zero, or negative. That 
is [Art. 92] according as (2’, y’) is outside the parabola, 
upon the parabola, or within it. 


100. To find the equation of the line through the 
points of contact of the two tangents which can be drawn to 
a parabola from any point. 


Let x’, y’ be the co-ordinates of the point from which 
the tangents are drawn. 

Let the co-ordinates of the points of contact of the tan- 
gents be h, & and h’, k’ respectively. , 

The equations of the tangents at (h, &) and (X’, k’) are 


yk = 2a (a +h) 
and yk’ =2a(« +h’). 
We know that (w’, y’) is on both these lines; 
‘., Wika ta Weak hses.65- ee. eas (i) 
and of hi = Baal SW} Ree (11). 


But the equations (i) and (ii) are the conditions that ' 
the points (h, &) and (h’, k’) may lie on the straight line 
whose equation is 

of op Do, (aed) vs. tk eee (iii). 

Hence (iii) is the required equation of the line through 
the points of contact of the tangents from (w’, y’). 

The line joining the points of contact of the two 
tangents from any point P to a parabola is called the 
polar of P with respect to the parabola. [See Art. 76.] 
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101. Jf the polar of the point P with respect to a 
parabola pass through the point Q, then will the polar of Q 
pass through P. 

Let the co-ordinates of P be a’, y’, and the co-ordinates 
of Q he x”, 7. 

The equation of the polar of P with respect to the 
parabola y?—4axz=0 is 

yy’ = 2a (a +a"), 
If this line pass through Q(x”, y’’), we must have 
yy’ = 2a (a + 2’). 

The symmetry of this result shews that it is also the 
condition that the polar of Q should pass through P. 

It can be shewn, exactly as in Art. 78, that if the 
polars of two points P, Q meet in R, then RB is the pole of 
the line PQ. 

The equation of the polar of the focus (a, 0) is +a=0. 
So that the polar of the focus ws the directria. 

If Q be any point on the directrix, @ is on the polar of 
the focus S, therefore the polar of Q will pass through S, 
so that if tangents be drawn to a parabola from any point 
on the directrix the line joining the points of contact will 
pass through the focus. 


102. The locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the axts of the parabola, 

The equation of the straight line joining the two 
points (a, %), (#, y2) on the parabola y?—4az=0 is 
[Art 95, (i1i)] 

Y (Yr + Yo) —4AL — YrYg=O seveeeceveee (i). 
Now, if the line (i) make an angle @ with the axis of the 
parabola 


But, if the co-ordinates of the middle point of the 
chord be (a, y), then will 
22— i, + Xo, and 2y = Yi + Yo. 
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. r 4 
Hence, from (11), tan @ = = , 


or Yf = 2a COG O 20 psscncnsewensns opr (ii1), 


so that y is constant so long as @ is constant. 

Hence the locus of the middle points of a system of 
parallel chords of a parabola is a straight line parallel to 
the awis of the parabola. 


Or thus. The line y=mz+c cuts y2—4ax=0 where 4ay=my*+4ac; 
and .. y,+y2=4a/m. 

Hence, if y is the ordinate of the middle point of the chord, y=2a/m, 
for all values of c. 


Def. The locus of the middle points of a system of 
parallel chords of a conic is called a diameter, and the 
chords it bisects are called the ordinates of that diameter. 

We have seen in Art. 93 that a diameter of a parabola 
only meets the curve in one point at a finite distance from 
the vertex. The point where a diameter cuts the curve is 
called the extremity of that diameter. 


103. The tangent at the extremity of a diameter is 
parallel to the chords which are bisected by that diameter. 


All the middle points of a system of parallel chords of 
a parabola are on a diameter. Hence, by considering the 
parallel tangent, that is the parallel chord which cuts the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the point of con- 
tact of the tangent which is parallel to the chords. 


104. To find the equation of a parabola when the axes 
are any diameter and the tangent at the extremity of that 
diameter. 


Let P be the extremity of the diameter, and let the 
tangent at P make an angle @ with the axis. 


Then NP = 2a cot 6 [Art. 102 (iii)], 


e, ANet = a cot? 6. 
4a, 
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Let the co-ordinates of Q referred to the new axes be 
x, y respectively, and draw QM perpendicular to the axis 
of the parabola, cutting the diameter PV in K. 


Then 
MQ=NP+KQ=2acotO+ysin @......... (i), 
AM=AN+NM=AN+PV+VEKE 
= a Cot? O + w+ Y COSA 6... .....ereeoesee (ii). 
But QM?=4a,AM; 


therefore, from (i) and (ii), 
(2a cot 0+ ysin 0)? = 4a (a cot? 0+x2+y cos 8), 
or USING = Ge Wie). «juk> ip tezes (iii). 
But AW =acot?0; therefore SP=a+ AN =a/sin? 0. 
Therefore, putting a’ for SP or a/sin?@, the equation 
of the curve is UGG RED REE ES (iv). 
It should be noticed that however the axes may be 
changed the equation y?—4av=0 will [See Chapter II.] 
become of the form 
(le+my+ny+la+m'y+n'=0, 
so that in the equation of a parabola, referred to any axes 
whatever, the terms of the second degree form a 
perfect square. 
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Conversely, any equation of the form 
(la+ my +nyP+(Va+m'y+n')=0, 

in which the terms of the second degree form a perfect 
square, represents a parabola; and we see that the square 
of the perpendicular on la+my+n=0 from any point on 
the curve varies as the perpendicular on l'x+ my +n’ =0 
from the same point, whence it follows that if these lines 
are taken for new axes of # and y, the equation becomes 
of the form y? = pa. 

Thus (la+myt+ny+la+my+n=0 represents a 
parabola of which le+my+n=0 is a diameter and 
Va + m'y +n’ =0 is the tangent at its extremity. 


105. If the equation of a parabola, referred to any 
diameter and the tangent at the extremity of that diameter 


as axes, be y?—4ax=0; the line y= me +— will be a 


tangent for all values of m; the equation of the tangent 
at any point (2’, y’) will be yy’—2a(¢+a’)=0; the 
equation of the polar of (#’, y’) with respect to the 
parabola will be yy’ — 2a(#+.a’)=0; and the locus of the 
middle points of chords parallel to the line y=m~a will 
2a 
be y= oe 
These propositions require no fresh investigations; for 
Articles 94, 95, 100 and 102 hold good equally whether 
the axes are at right angles or not. 


(1) To find the locus of the point of intersection of two tangents to a 
parabola which make a given angle with one another. 

The line y=max += is a tangent to the parabola y2—4axz=0, whatever 
the value of m may be. [Art. 94.] 


If (x, y) be supposed known, the equation will give the directions of 
the tangents which pass through that point. 


The equation giving the directions will be 


mx — my + a=0. 
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And, if the roots of this quadratic equation be m; and mg, then will 


m+m_g=~ and mymo=- 3 
2 z 12 x? 


But, if the two tangents make an angle a with one another, 


my, —™m 

tana=— 3, 
1+ myme 

2_ dar 

. tan? ax! F 
(a+)? 


So that the equation of the required locus is 
y? — 4ax —(a+a)? tan?a=0. 
(2) To find the locus of the foot of the perpendicular drawn from 
@ fixed point to any tangent to a parabola, 
Let the equation to a parabola be y2—4ax=0, and let h, k be the 


co-ordinates of the fixed point O. 
The equation of any tangent to the parabola is 


a 
YF ME vrreererreerereereretreeesnenees (i) 

The equation of a line through (f, k) perpendicular to (i) is 
fie on) ATE toed amare ae te (ii) 


To find the locus we have to eliminate m between the equations (i) 
and (ii). 

From (ii) we have m= — —t 
therefore, by substituting in (i), we get 
or y (y — Ki) (a — h) + 2 (2 —h)P +a (Yy —h)P=O... rescevvecenens (iii). 

The locus is therefore a curve of the third degree. 

From (iii) we see that the point O itself is always on the locus. If 
the point O be outside the parabola this presents no difficulty, for two 
real tangerits can in that case be drawn through O, and the feet of the 
perpendiculars from O on these will be O itself. When the point O is 
within the parabola the tangents from O are imaginary, and the perpen- 
diculars to them from O are also imaginary, but they all pass through 
the real point O, and therefore O is a point on the locus. 
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When h=a, k=0, that is when O is the focus of the parabola, (iii) 
reduces to x{y?+(x-a)2}=0; so that the cubic reduces to the point 
circle y2+ (a —a)?=0, and the straight line «= 0. [See Art. 98 ¢]. 

(3) The orthocentre of the triangle formed by three tangents to a 
parabola is on the directrix. 

Let the equations of the sides of the triangle be 


wa 


y=m'a+— <y= =m" a+ <yand y= ma + mi 


The point of intersection of the second and third sides is 


a 
an PPA a ae mi”) ° 


The line through this point perpendicular to the first side has for 


equation 
a Eee tre a 
y- m” a m” aaa es m’ = mn” . 
Now this line cuts the directrix, whose equation is z= —a, in the 
point whose ordinate is equal to 


i 1 1 1 
Mint tant * ni? * mmm’) * 


The symmetry of this result shews that the other perpendiculars cut 
the directrix in the same point, which proves the theorem. 


(4) To find the locus of the point of intersection of two normals which 
are at right angles to one another. 

The line whose equation is ‘ 

YH=MB— 2AM — AME. cevveveressosssecssssnsoseee (i) 

is a normal to the parabola y?— 4ax=0, whatever the value of m may be. 

If the point (x, y) be supposed known, the equation (i) gives the direc- 
tions of the normals which pass through that point, 

If the roots of the equation (i) be m,, mg, mg, we have 


MA Mais =] CP ic.ccresci crete ete (ii). 
But if two of the normals, given by m,, mg suppose, are at right 
angles, we have 
mymg=—1; and .. from (ii), ms=y/a. 
But mg is a root of (i) ; 


". y=ay/a—2y —y? la’, 
whence y2=a (a — 3a). 
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106. Co-normal points. The equation of the 
normal at any point (2’, y’) of the parabola ¥? — 4axz = 0 is 


2a(y—y)+y' (@—2)=0 o..eee. (i). 
If the line (i) pass through the point (h, &) we have 
8a? (k—y')+y' (4ah—y?)=0 0.0... (11). 


The equation (ii) gives the ordinates of the points-the 
normals at which pass through the particular point (h, &). 
The equation is a cubic equation, and therefore through 
any point three normals (of which one at least must be 
real) can be drawn to a parabola. 

Since there is no term containing y”, we have, if y,, y, 
ys be the three roots of the equation (1i), 


Yi = Yo + Y3= Ole 5a lt ieee (iii). 
Now, for a system of parallel chords of a parabola, the sum 
of the two ordinates at the ends of any chord is constant 
[Art. 102]. Therefore the normals at these points meet on 
the normal at a fixed point the ordinate of which added to 
the sum of their ordinates is zero. 

Hence the locus of the intersection of the normals at 
the ends of a system of parallel chords of a parabola is a 
straight line which is a normal to the curve. 

If the normals at P, Q, & meet in (h, k), the ordinates 
of P, Q, R are the roots of 

ye + 4a (2a —h) y — 87K =O. esse eee (iv). 

Now let the circle PQR be 

e+ y+ 2ga+2fy+c=0. 

Multiply by 16a? and put y? for 4axv; then the ordi- 
nates of the points of intersection of the circle and the 
parabola are the roots of 

y' + 16a*y? + 8agy? + 82a?fy + 16a’c=0 ...(v). 

Hence y+ Y%+4¥s+4¥s=0. But from (iv) we see that 
Yi+Yot+ Ys=O for the points P, Q), R. 

Hence y,=0, so that the circle PQR passes through the 
vertex of the parabola, for all values of h, k. 
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Hence c =0, and then from (v) the ordinates of P, Q, R 
are the roots of 
y + 8a(g+2a)yt+32af=0 ........ (vi). 
Comparing (iv) and (vi) we see that 
29g =—(h+ 2a) and 4f=—k. 
Thus the circle through the three points the normals 
at which meet in (h, k) is 
e+y?—(h+ 2a) —tky=0. 


107. It is often useful to express both the co-ordi- 
nates of a point on the parabola y*—4ax2=0 in terms of 
one variable. 

The simplest method is to express w in terms of y. 

The point (y,2/4a, y:) is clearly on y? —4ax=0, and if it 
be called the point y,, we have already found the following 
equations for (1) the chord y,, y., (2) the tangent at y, and 
(3) the point of intersection of the tangents at y, and y, 
namely :— 

(1) y (" 5 Yo) —4az— NY2= 0, 
(2) 2yy,— 4az—y2=0, 
(3) 4az=yy, and 2y=y,+ Yr. 

Another method often used is to put #=ap? and 
y = 2ap. 

The point (ap’, 2ap) is clearly on y?—4ax2=0, and if 
it be called the point p, we can find the equations of the 
chord p,, p,, &c. in the same manner as in Articles 95, &c. 
(or by substituting 2ap, for y, in the above). These 
equations are 

(1) y(pi tp.) — 2e—2ap, p.=0, 
(2) ypi—%— ap’ =0, 
(3) #=ap:p, and y= a (p, + pr). 
Ex. 1. Prove that the circle whose diameter is a chord of a parabola, 


such that the difference of the ordinates of its extremities is twice the 
length of the latus-rectum, will touch the parabola. j 


Let ¥1, yz be the extremities of the chord; then we have y; ~y2=8a. 


‘ 
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The equation of the circle is [Art. 66, Ex. 2) 
(y — yi) (Y — ya) + ( — ar) (w — a9) =0. 

This cuts the parabola in points whose ordinates are given by 

16a? (y — y1)(¥ — yo) + (y?— yr?) (y? — yo?) =0. 

Thus the ordinates of the other two points of intersection are given 
by the equation 

1a? + (y +y1)(y +y2)=0, 
ie. y?+y (Vit Yo) + yiyet 16a?=0. 

The roots of the last equation will be equal, if 

(yi +Y2)?=4y1 ye + 6402, 
ie. if (4/1 — Y2)2= (Sa)2. 

Ex. 2. An infinite number of triangles can be inscribed in either of the 
parabolas y? —4ax=0 and x? —4by=0 whose sides touch the other. 

Let 41, y2, y3 be any three points on y2—4ax=0 such that each of the 
lines y1, yg and y;, y3 may touch #?—4by=0. Then we have to prove 
that the line y2, y3 also touches x? —- 4by=0. 

The join of y;, yz is 

y (yr +Yy2) — 40x -yyy2=0. 
This line touches the other parabola, and .. the roots of 
(Y1 + Y2) v2 — 16abr — 4by, yo=0 


are equal, o) YT Yo (Ya Yo) 1642) =O ..).......00cccereceenne (i). 
We have also Y1Y3 (Yr + ys) + 1602D =O... ceeeeeceeseec seers (ii). 
By subtraction and division by y; (y2—y3) which is not zero, we have 

By fers Yortatlg=—Olercasceuns seierash esses avesses (iii). 


Eliminating y; from (i) and (iii) we have 
Y2y3(Y2+ Ys) +16a7b =0, 
which shews that the join of y2, y3 also touches 1?=4by. 

Ex. 3. The locus of the centres of equilateral triangles inscribed in the 
parabola y? —4ax=0 is the parabola 9y? — 4ax + 32a7=0. 

In an equilateral triangle the centroid coincides with the orthocentre. 
Now the centroid of the triangle whose vertices are the points p;, po, p3 
is given by 

32 =aZp;?=a (=p;)?- 2azpip2, 
and By =2azp,. 
Two of the perpendiculars of the triangle are given by 
2 (y — 2ap;) + (p2+Ps) (w — ap;”) =0, 
2 (y — 2ape) + (p3+ Pr) (% — ap2”) =0. 
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By subtraction 
4at+at+ azp2p3= 0. 
Hence as the centroid and orthocentre coincide 
3x=a(Zp;)?+8a4+ 2a, 
“. 4ax —32a?= 4a? (Zp,)?=9y?. 

Ex. 4, The sides of a triangle touch y2—4ax=0 and two of its 
angular points are on y?—4b(c+c)=0; find the locus of the third 
angular point. 


Let the three tangents be 


YD Ep POLAR owas codeneswsesionecssere (i); 
YDS LO Cpl AO. re, 5 is san oactevupbn sae eeee (ii), 
and UDg = Bip —O eats. dei baat ebe ds> se gee (iii). 


Then the three angular points are 
{apops, @(p2+Pps)}> {apsp1, @(ps+pi)} and {apipe, a (pi+P2)}- 
Let the last two be on the second parabola; then 
a? (p3 +p)? — 4bap3p1 — 4bce=0, 


and a? (p+ py»)? — 4bap;p.—4be=0. 
Hence @ (po+p3)= (4b — 2a) py, 
and a2p2 p3=a2p? — 4be 


at 
= ZQb—aP (p2+ ps)? — 4be. 


But for the third angular point we have «=ap.p3 and y=a (po+ps). 
Hence the locus required is the parabola 


a2 =a Sop y? — 4be, 
or y2=4(2b/a — 1)? (ax+4bc), which is the sezond parabola itself if a=4b. 
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108. If the co-ordinates of a point are connected by 
any algebraical relation the point is not free to move in 
any manner, but it can take up an infinite number of 
positions on a certain curve, which is called the locus of 
the moving point. 


So also if the two constants in the equation of a 
straight line are connected by any algebraical relation the 
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line is not free to move in any manner, but it can take up 
an infinite number of positions which are all tangents to 
a certain curve, which is called the envelope of the 
moving line. 


For example, if the constants J and m in the equation 
lz + my —1=0 are connected by the relation a*l?+a?m?=1, 
the straight line Jz + my —1=0 moves so that its perpen- 
dicular distance from (0, 0) is equal to a, and therefore 
the line in all its possible positions must touch the circle 
e+y—v=0. 

The figure below shews different positions of a straight 
line which cuts off intercepts from the axes whose sum is 
constant. 


Now if TP, TQ are two adjacent tangents to a certain 
curve, and if the tangent 7@Q be gradually moved into 
coincidence with Z'P, the point of intersection of the 
tangents will move nearer and nearer to the point P and 

9—2 
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will ultimately coincide with it. Thus the point of inter- 
section of two coincident tangents is on the curve which 
they all touch; also two of the tangents which can be 
drawn to a curve from any point will coincide when that 
point is on the curve. 


<2 


Now consider the system of straight lines given by 
the equation 


ee Se 
Aig ee a 
or We+h(y—a—1)t+lx=0...... eee ee (i), 


where J is a constant. 


Since (i) is a quadratic equation there are two values 
of hk which correspond to any particular given values of x 
-and y. Thus two straight lines of the system can be 
drawn through any given point. When these two lines 
coincide the point (2, y) must be on the curve which all 
the lines touch. 


Hence we shall obtain the equation of the curve 
touched by all the lines of the system by writing down 
the condition that the two roots of the quadratic (i) are 
equal, which condition is that 


Ale (y — 0 — 1)? sn sccsssers canes (i) 
which [Art. 104] is the equation of a parabola. 


It is easily seen that the parabola given by (ii) touches 
the axes at the points (J, 0) and (0, /). 


Thus all the lines drawn in the figure on page 131 
touch a parabola. 
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Ex. 1. Find the envelope of the straight line y=mx+a]m. 


The equation may be written 
ne —my+a=0 .....: Troha cbiddlente teae chindeeaeen (i). 

Since (i) is a quadratic equation, there are two values of m for any 
given values of x andy. Thus two lines of the system pass through any 
point (x, y). When the two values of m are equal the lines coincide, and 
(x, y) is on the required envelope, 

The condition that the roots of (i) may be equal is 
3 y? —4ax=0, 
which is the equation required. 


Ex. 2. Find the envelope of the line ax cos 0+by sind+c=0. 


The equation may be written 
6 6 ssi i i oe eae 
ST E oi oe Nie 
ax (cos 5 ~ sin 3) +2by sin gO8 a te (cos 9 + sin 3) =0, 
or ax+ce+2byt+(c—az) t?=0, 
where ¢=tan F 
Thus there are two lines of the system through any point (2, y). 


These lines will coincide if 
(ax+c)(c —azx) — b?y2=0., 
Hence the envelope is 
ax? + b2y2=c?, 
Ex. 3. Find the envelope of the line lx+my+1=0 with the condition 
al?+bn?+c=0. 
From lx +my+1=0 and al?+bm?+c=0 we have 
al?+bn2+c (le+my)?=0. 
The two values of-l/m give the directions of the two lines of the 
system which pass through any point (z, y). 
The two lines will coincide if the quadratic in Z/m has equal roots, the 
condition for which is 
(a + cx?) (b + cy*) =c2x7y/?. 
Hence the required envelope is 
v/a+y2[b+1/c=0. 
Ex. 4. PN is the ordinate at any point P on the parabola y?— 4axr=0 
' whose vertex is 4, and the rectangle ANPM is completed. Prove that 
the enyelope of JIN is the parabola y? + 16ax=0. 


Ex. 5. Prove that, if the difference of the intercepts made on the axes 
OX, OY by a moving line is constant, the line will envelope a parabola. 
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Ex. 6. Find the envelope of a straight line which cuts the axes OX, 
OY in -P, Q apa so that the triangle OPQ is of constant area. 
Ans. xy=constant. 


Ex. 7. A chord of a parabola the difference of the ordinates at 
whose extremities is constant envelopes an equal parabola. 


Ex. 8. The chords PQ, PR of a parabola are parallel to given 
straight lines, Prove that QI envelopes an equal parabola. 


Ex. 9. A polygon is inscribed in a parabola and all its sides but one 
are parallel to given straight lines. Prove that, if the number of sides is 
even, the remaining side will also be parallel to a fixed straight line; and 
that, if the number of sides is odd, the remaining side will envelope a 
parabola, . 


Ex. 10. Prove that, if the difference of the squares of the perpen- 
diculars on a moving line from two fixed points is constant, the line will 
envelope a parabola. 


Ex. 11. The normal at any point P to the parabola y?—4ar=0 cuts 
' theaxisin G. Prove that the line through G parallel to the tangent at P 
~. envelopes the confocal parabola y?+4a(x—2a)=0. 


Ex. 12. Prove that the envelope of a line PQ drawn through any point 
P of a parabola so that the diameter through P bisects the angle between 
PQ and the tangent at P is another parabola. 


Ex. 13. The middle point of a chord of a circle is on a fixed straight 
line. Prove that the chord envelopes a parabola. 


Ex. 14. A variable tangent to a parabola cuts a fixed tangent at the 
point P. Prove that the line through P perpendicular to the variable 
tangent envelopes a parabola. 


Ex, 15. Through any point P on a given straight line a line PQ is 
drawn parallel to the polar of P with respect to a given parabola. Prove 
that the envelope of PQ is another parabola. 


Ex. 16, Through any point P on a given straight line a line PQ is 
drawn perpendicular to the polar of P with respect to a parabola. Prove 
that the envelope of PQ is another parabola. 


Ex.17. Find the envelope of a line which moves so that the sum of 
the squares of the perpend:culars upon it from the two points (a, 0), 
(-a, 0) is equal to 2c?, Ans. 2?/(c2?-a?)+y2/c2=1, 

Ex. 18. Prove that a straight line which cuts two given circles so 
that the chords of the circles are equal envelopes a parabola. 
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Ex. 19. OX, OY are two fixed lines and 4 is a fixed point. Any 
circle through O and 4 cuts OX, OY in P, Q respectively. Prove that 
PQ is a tangent to a fixed parabola. 

Ex. 20. The line through a point P perpendicular to the polar of P 

/ with respect to the parabola y2—4ar=0 passes through the fixed point 
(a, 8). Prove that the polar of P envelopes the parabola 
(x -2a+a)?+48y=0. 

ix. 21. The polar of a given point with respect to a circle which 
touches two given straight lines touches one or other of two parabolas. 

Ex. 22. A straight line cuts the given lines OX, OY in the points 
P, Q, and the middle point of PQ is on a given straight line. -Prove 
that PQ envelopes a parabola. 

Ex, 23. PQ, PR are chords of y2—4ax=0 which cut y=0 in the 
points (c;, 0), (cg, 0) respectively. Prove that QR envelopes the parabola 
(cy + 2)? y2 = 16acycon. 

Ex. 24. A chord of y?=4a (x +a) is k times the length of the parallel 
focal chord, prove that the chord touches the parabola y?=4a’ (x+q’), 
where a’ =a (1—k?). 

Ex. 25. The normals at P, Q, R on the parabola y?—4ax=0 meet in 

/ a point on the line y=k. Prove that the sides of the triangle PQR touch 
the parabola x? —2ky=0. 


EXAMPLES ON CHAPTER V. 


1. The perpendicular from a point 0 on its polar with respect; 
toa parabola meets the polar in the point J/ and cuts the axis 
in G, the polar cuts the axis in 7’, and the ordinate through O 
cuts the curve in P, P’; shew that the points 7, P, i, G, P’ 
are all on a circle whose centre is S. 


2. Prove that the two parabolas y?=aa, 2?=by will 
-eut one another at an angle 
30th? 
ff tan! —_.—_ , 
a 2 (a> +b) 
3. If PSQ be a focal chord of a parabola, and PA meet 


the directrix in J/, shew that J/Q will be parallel to the axis 
of the parabola. 
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4. Shew that the locus of the point of intersection of two 
tangents to a parabola at points on the curve whose ordinates 
are in a constant ratio is a parabola. 


5. The two tangents from a point P to the parabola 
y’ —4ax=0 makes angles 6,, 6, with the axis of x; find the 
locus of P (i) when tan 6, boa 6 is constant, and (i) when 
tan?6, + tan?6@, is constant. 


6. Find the equation of the locus of the point of inter- 
section of two tangents to a parabola which make an angle 
of 45° with one another. 


7. Shew that if two tangents to a parabola intercept a 
constant length on any fixed tangent, the locus of their 
intersection is another equal parabola. 


8. Shew that two tangents to a parabola which make equal 
angles respectively with the axis and directrix but are not at 
right angles, intersect on the latus rectum. 


9. From any point on the latus rectum of a parabola 
perpendiculars are drawn to the tangents at its extremities ; 
shew that the line joining the feet of these perpendiculars 
touches the parabola. 


10. Shew that if tangents be drawn to the parabola 
— y—4ax=0 from a point on the line «+ 4a =0, their chord of 
contact will subtend a right angle at the vertex. 


ll. The perpendicular 7’V from any point 7’ on its polar 
with respect to a parabola meets the axis in 17; shew that if 
TN. 7M is constant the locus of 7’ is a parabola ; shew also 
that if the ratio 7’V : 7M is constant the locus is a parabola. 


12. Two equal parabolas have their axes parallel and 
a common tangent at their vertices: straight lines are drawn 
parallel to the direction of either axis ; shew that the locus of 
the middle points of the parts of the lines intercepted between 
the curves is an equal parabola, 


13. Two parabolas touch one another and have their axes 
. parallel; shew that, if the tangents at two points of these 
parabolas intersect in any point on their common tangent, the 
line joining their points of contact will be parallel to the 
axis. 


- 
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14. Two parabolas have the same axis; tangents are drawn 
from points on the first to the second; prove that the middle 
points of the chords of contact with the second lie on a fixed 
parabola, 


15. Shew that the locus of the middle point of a chord of 
/ a parabola which passes through a fixed point is a parabola. 


16. The middle point of a chord PP’ is on a fixed straight 
line perpendicular to the axis of a parabola; shew that the 
locus of the pole of the chord is another parabola. 


17. If 7P, TQ be tangents to a parabola whose vertex is 
A, and if the lines AP, A7’, AQ, produced if necessary, cut the 
directrix in p, ¢, and q respectively ; shew that pé= tq. 


18. If the diameter through any point O of a parabola 
meet any chord in P, and the tangents at the ends of that 
chord meet the diameter in Q, Q’; shew that OP?=0Q.0Q. 


19. The vertex of a triangle is fixed, the base is of 
constant length and moves along a fixed straight line; shew 
that the locus of the centre of its circumscribing circle is a 
parabola. 

20. Shew that the polar of any point on the circle 

xv +y? — 2ax —- 3a?=0, 
with respect to the circle 
e+y’ + 2ax— 3a? = 0, 
will touch the parabola 
oy? + 4ax= 0. 

21. PSP’ is a focal chord of a parabola; V is the middle 
point of PP’, and VO is perpendicular to PP’ and cuts the axis 
in O; prove that SO, VO are tie arithmetic and geometric 
means between SP’ and SP. 

22. PSp, QSq, RSr are three focal chords of a parabola ; 
QR meets the diameter through p in A, 2? meets the diameter 
through g in B, and PQ meets the diameter through r in C; 
shew that the three points A, B, C are on a straight line 
through 8. 
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So. PP) is aty one of a system of parallel chords of a 
parabola, O is a point on PP’ such that the rectangle PO.OP’ 
is constant ; shew that the locus of O is a parabola. 


24. On the diameter through a point O of a parabola two 
points P, P’ are taken so that OP. OP’ is constant ; prove that 
the four points of intersection of the tangents drawn from P, P’ 
to the parabola will lie on two fixed straight lines parallel to 
the tangent at O and equidistant from it. 


25. If a quadrilateral circumscribe a parabola the line 
through the middle points of its diagonals wili be parallel 
to the axis of the parabola, : 


26. If from any point on a focal chord of a parabola two 
tangents be drawn, these two tangents are equally inclined 
to the tangents at the extremities of the focal chord. 


27. If two tangents to a parabola make equal angles with 
a fixed straight line, shew that the chord of contact must 
pass through a fixed point. 


28. Two parabolas have a common focus and their axes in 
opposite directions; prove that the locus of the middle points of 
chords of either which touch the other is another parabola. 


29. ind the locus of the middle point of a chord of 
a parabola which subtends a right angle at the vertex. 


30. The locus of the middle points of normal chords of 
\ 2 3 F 
“the parabola y?— 4ax=0 is - + es =x— 2a, 

31. PQ is a chord of a parabola normal at P, AQ is 
drawn from the vertex A, and through P a line is drawn 
parallel to AQ meeting the axis in 72, Shew that AR is 
double the focal distance of P. 


32. Parallel chords are drawn toa parabola; shew that the 
locus of the intersection of tangents at the ends of the chords 
is a straight line, also the locus of the intersection of the 
normals is a straight line, and the locus of the intersection of 
these two lines, for different directions of the chords, is a 
parabola, 
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_ 33, If the normals at two points on a parabola intersect 
on the curve, the line joining the points will pass through 
a fixed point on the axis. 


34. If the normals at two points of a parabola be inclined 
to the axis at angles 6, ¢ such that tan 6 tan ¢ = 2, shew that 
they intersect on the parabola, 


35. The locus of a point from which two normals can be 
drawn making complementary angles with the axis is a 
parabola. 


36. Two of the normals drawn to a parabola from a point 
P make equal angles with a given straight line. Prove that 
the locus of P is a parabola. 

37. The normal at a point P of a parabola meets the axis 
in G, PG is produced to H, so that GIJ=4PG'; prove that the 
other two normals to the parabola, which pass through J//, are 
at right angles to each other. 

38. The normals at three points P, Q, & of a parabola | 
meet in the point 0. Prove that SP+SQ+SR+SA=20M, 
where S is the focus and OM the perpendicular from O on the 
tangent at the vertex. 


39. Any three tangents to a parabola, the tangents of 


whose inclinations to the axis are in any given harmonical 


progression, will form a triangle of constant area. 


40. Shew that the area of the triangle formed by three 
normals to a parabola will be 


2 
a (my, ~ mz) (My ~ ms) (Irs ~ 14) (My + My + Ms)’. 
ad 


41. If a tangent to a parabola cut two given parallel 
straight lines in P, Q, the locus of the point of intersection 


of the other tangents from P, Q to the curve will be a parabola. 


42, If an equilateral triangle circumscribe a parabola, 
shew that the lines from any vertex to the focus will pass 
through the point of contact of the opposite side. 


43, From any point on 7? =a (# +c) tangents are drawn to 
a? = 4ax; shew that the normals to this parabola at the points 
of contact intersect on a fixed straight line. 
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44. - Chords of the parabola y? —4ax=0 are drawn through 
the fixed point (x,, y,) on the curve and are at right angles. 
Prove that the join of their other extremities passes through 
the fixed point (x, + 4a, — y). 


45. If through a fixed point any chord of a parabola be 
drawn, and normals be drawn at the ends of the chord, shew 
that the locus of the point of intersection of the normals is 
another parabola. 


46. If three normals from a point to the parabola y’=4ax 
cut the axis in points whose distances from the vertex are in 
arithmetical progression, shew that the point lies on the curve 
27ay? = 2 (x — 2a)*. 


47, The locus of the poles of normal chords of y*? — 4ax = 0 
is (a+ 2a) y? + 4a° = 0. 


48. Circles are described on any two focal chords of a 
parabola as diameters. Prove that their common chord passes 
through the vertex of the parabola. 


49. Two tangents to a given parabola make angles with 
the axis such that the product of the tangents of their halves 
is constant ; prove that the locus of the point of intersection 
of the tangents is a confocal parabola. 


50. If the circle described on the chord PQ of a parabola 
as diameter cut the parabola again in the points 2, S, then 
will PQ and AS intercept a constant length on the axis of the 
parabola. 


51. If the normals at P, Q, R meet in a point O, and 
PP’, QV’, RR’ be lines through P, Q, R making with the axis 
angles equal to those made by PO, YO, RO respectively, then 
will PP’, QQ’, RR’ pass through another point O’, and the line 
OO’ will be perpendicular to the polar of 0’. 


52. The normals to a parabola at P, Q, R meet in O; 
shew that OP. OQ. OR=a.OL.OM, where OL and OM are 
tangents from O to the parabola, and 4a is the length of the 
latus rectum, 
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53. If from any point in a straight line perpendicular to 
the axis of a parabola normals be drawn to the curve, prove 
that the sum of the squares of the sides of the triangle formed 
by joining the feet of these normals is constant. 


54. A triangle ABC is formed by three tangents to a 
parabola, another triangle DEF is formed by joining the points 
in which the chords through two points of contact meet the 
diameter through the third. Shew that A, B, C are the middle 
point of the sides of DEF. 


55. If ABC be a triangle inscribed in a parabola, and 
A’B'C’ be a triangle formed by three tangents parallel to the 
sides of the triangle 4 BC, shew that the sides of ABC will be 
four times the corresponding sides of A’B’C’. 


56. If four straight lines touch a parabola, shew that the 
product of the squares of the abscisse of the point of inter- 
section of two of these tangents and of the point of intersection 
of the other two is equal to the continued product of the 
abscisse of the four points of contact. 


57. TP, TQ are tangents to a parabola, and p,, po, p; 
are the lengths of the perpendiculars from P, 7, Q respectively 
on any other tangent to the curve; shew that p, p; = p,*. 


58. OA, OB are tangents to a parabola, and AP, BP are 
the corresponding normals ; shew that, if / lies on a fixed line 
perpendicular to the axis, O describes a parabola; and find 
the locus of O, if P lies on a fixed diameter. 


59. PG is the normal at P to the parabola #* — 4ax = 0, 


. G being on the axis; GP is produced outwards to Q so that 


PQ=GP; shew that the locus of Q is a parabola, and that 
the locus of the intersection of the tangents at P and @ to the 
parabolas on which they lie is 

y? (x + 4a) + 16a? = 0. 

60. <A chord of the parabola 7?—4ax=0 passes through 
the fixed point (o, 8), and through each extremity a line is 
drawn parallel to the tangent at the other extremity. Prove 
that the locus of the point of intersection of these two lines is 


the parabola 
49? — 6 By = 40 (a — 32). 


142 THE PARABOLA 


61. If the normals at the points P, Q, # on y?- fan = 0 
meet in the point (a, 8), then the orthocentre of the triangle 


PQR will be (« — 6a, — f)- Prove also that the centroid of 
PQR is {2 (a— 2a), O}. 


62. From any point (a, 8) three normals are drawn to 
y’ — 4az=0, and the tangents at their feet are drawn. Prove 
‘that the coordinates of the vertices of the triangle formed by 
these tangents are given by 


2? + a2(a — 2a) af? 20, 
and ' x —ay (a—2a)+eB=0. 


63. P, Q, R are any three points on a parabola. The 
diameters through P, Q, & meet QR, RP, PQ respectively in 
P, QW, R. Prove that QR’, RP’, PQ are parallel to the 
tangents at P, Q, & respectively. 


64. The normal at P to a parabola cuts the axis in G, 
and the normals at Q, # pass through the middle point of PG. 
Prove that QF passes through the foot of the directrix. 


65. From a point P on a parabola two normals are drawn 
to the curve. Prove that the bisectors of the angles between 
these normals with the diameter through P and the normal at 
P form a harmonic pencil. 


66. Any line through the point (—3a, 0) cuts the para- 
bola y?-4ax=0 in the points P, Y. Prove that the circle 
through P, Q and the focus touches the parabola. 


67. The normals at P,Q, R are concurrent and PQ meets 
the diameter through # on the directrix. Prove that PQ 
touches the parabola y? + 16a (a +a)=0. 


68. The normals at P, Q, & on the parabola y*— 4ax=0 
meet at a point on the line a=a. Prove that the sides of the 
triangle PYF touch the parabola 7? = 16a (a+ 2a—a). 


\ 69, <A triangle is inscribed in y?—4axz=0 and two of its 
’ sides touch y*—4b(a+c)=0. Find the envelope of the third 
side. 
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70. The normals at the points Q, R on y?— 4ax=0 meet 
the parabola at the point P. Prove (1) that the locus of the 
orthocentre of the triangle PQR is the parabola 7? =a (x + 6a), 
and (2) that the locus of the circumcentre is the parabola 


297? — ax+ a? =0, 


71. If tangents be drawn to y*°—4ax=0 from any point 
on 7’ —4a'‘x=0, the normals at the points of contact will meet 
on the curve 7° (a — 4a’)? + 4aa’ (w@— 2a)? = 0. 


72. Any chord of the parabola y? — 4axz =0 passes through 
the fixed point (a, 8). Prove that the locus of the centroid 
of the triangle formed by the chord and the tangents at its 
extremities is the parabola 27?— By — 6ax+ 2aa=0. 


73. The triangle PQR is inscribed in the parabola 
w—4tax=0, and PQ, PR pass through the point (0, 4a), 
(0, —4a) respectively. Prove that PQ touches the circle 
w+? —4ax=0. 


74. Any tangent to y?—4ax=0 cuts the lines y—m(a—c)=0, 
y=m (x—c) in the points P, Q respectively. Shew that the 
other tangents from P, Q to the parabola intersect on the 
curve whose equation is 


a? (m—m’)? (a +c)? = (emm’' — a)? (y? — 4a2). 


75. Prove that an infinite number of triangles can be 
inscribed in y?—4ax=0 which are self-polar with.respect to 
x? —4by =0, and that the locus of the centroids of the triangles 
is 3y?= 4am. 


CHAPTER VI. 
THE ELLIPSE. 


Definition. An Ellipse is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, bears a constant ratio, which is less than unity, to 
its distance from a fixed line, called the directrix. 


109. To find the equation of an ellipse. 


Let S be the focus and KT the directrix. 

Draw SZ perpendicular to the directrix. 

Divide ZS in A so that SA: AZ= given ratlio=e:1 
suppose. 

There will be a point A’ in ZS produced such that 


SA’: ZA’::e:1. 
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Let C be the middle point of AA’ and let AA’ = 2a. 
Then AS=e.ZA, and SA’ =e.ZA’; 
“, AS+SA’=e(ZA+ZA’); 
aA ee 26 JA: 


Z0=< sbBe, doer ods 3 (i) 
Also SA’— AS=e(ZA’—ZA); 
or AA’—2AS=e.AA’; 
Pee AO 6 nace riewe ss on (ii). 


Now let C be taken as origin, C'A’ as the axis of z, 
and a line perpendicular to C'A’ as the axis of y. 


Let P be any point on the curve, and let its co- 
ordinates be 2, y. 
Then, in the figure, 
SP?=¢PM?,; 
“. SN?4+ NVP?=e&ZN*. 
Now SN =SC+ CN =ae+2; 


and IN =2Z0 + ON =< +a; 


° 
, 


Ap (ae +avty =e (ot *) 


or y+e(l—e’)=a(1—e&), 
2? y? a 
or ; a + ai — &) sh, igitcgee aay (111) 


Putting e=0, we get y=+an(1—e’); which gives 
us the intercepts on the axis of y. If these lengths be 
called + b, we have 


prs atl Se?) ic GWE 2 eee (iv), 
and the equation (iii) takes the form 
2 2 
ene Seemann Oe (v) 
a Ob 
10 


8. C. 8. 
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The latus rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 
g=—ae in equation (v). 

4 
Then y=F1 —e) =", from (iv), 
so that the length of the semi-latus rectum is 


110.. In equation (v) [Art. 109] the value of y cannot 
be greater than b, for otherwise x* would be negative; and 
similarly # cannot be greater than a. Hence an ellipse is 
a curve which is limited in all directions. 

If x be numerically less than a, y? will be positive; 
and for any particular value of 2 there will be two equal 
and opposite values of y. The axis of # therefore divides 
the curve into two similar and equal parts. 

So also, if y be numerically less than b, 2 will be 
positive, and for any particular value of y there will be two 
values of a which will be equal and opposite. The axis 
of y therefore divides the curve into two similar and equal 
parts. From this it follows that if on the axis of # the 
points 8’, Z’ be taken such that CS’= SC, and CZ’ = ZC, 
the point S’ will also be a focus of the curve, and the line 
through Z’ perpendicular to C’Z’ will be the corresponding 
directrix. 


If (a’, y’) be any point on the curve, the co-ordinates 
2 2 

x’, y’ will satisfy the equation + = i-=0;- and Geers 
clear that in that case the co-ordinates — 2’, — y' will also 
satisfy the equation, so that the point (— a’, —y’) will also 
be on the curve. But the points (2’, y’) and (— 2’, —y’) are 
on a straight line through the origin and are equidistant 
from the origin. Hence the origin bisects every chord 
which passes through it, and is therefore called the centre 
of the curve. 

The chord through the foci is called the major axis, 
and the chord through the centre perpendicular to this 
the minor axis. 
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lll. Yo find the focal distances of any. point on an 
ellipse. 


In the figure to Art. 109, since SP =ePM, we have 
SP =eZN =e(Z0 + CN) =e (2+ 2)=a+ee; 


also S’P =e. NZ’ =e(CZ’ —CN)=a—ex; 
bE +S’ P= 2a, 

An ellipse is sometimes defined as the locus of a point which moves 
so that the sum of its distances from two fixed points is constant. 

To find the equation of the curve from this definition. 

Let the constant sum be 2a, and the distance betiween the two fixed 
points be 2ae. 

Take the middle point of the line joining the fixed, points for origin, 
and this line and a line perpendicular to it for axes, then we have from 
the given condition 
: J (e— ae? +y? + / (e+ a0)? + y2=2a 
which, when rationalized, becomes 

y? + 2 (1 — ce?) =a? (1 —c?), 
which is the equation previously obtained. 


112. The polar equation of the ellipse referred to the 
centre as pole will be found by writing rcos@ for #, and 
rsin @ for y in the equation 


The equation will therefore be 
r2cos?@ | r*sin® @ 


a b? ‘ 
1 __cos’@ | sin?d (i) 
or Pp = ‘ee Lee Re. ACA OoIe 5 
The equation (i) can be written in the form 
arc ( = a) a eee re 


Since 2 _ u is positive, we see from (ii) that the least 
a tis 
J0—2 
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jae Dy ; f 
value of — is —, and that — Increases as 9 increases from 
rm a r 


Lied. OF of 
0 to =, the greatest value of es being ce Hence the 


radius vector diminishes from a to 6 as @ increases from 


0 to 5 ‘ 
113. We have found that for all points on the ellipse 
pune tees pa 
et Be 1 == U; 


We can shew in a manner similar to that adopted in 
Art. 92 that, if 2, y be the co-ordinates of any point within 
ae 


" : : be 2 
the curve, —+ a —1 will be negative and that —+ 25 dg 


a? 2 a B 
will be positive if x, y be the co-ordinates of any point 
outside the curve. 


114. To find the points of intersection of a given 
straight line and an ellipse, and to find the condition that 
w given straight line may touch the ellipse. 


2 2 
[Note, We shall henceforth always take + “ =las 
the equation of the ellipse, unless it is otherwise expressed. | 


Let the equation of the straight line be 


Of ME AOL Lesa wads cbiiestevull (i). 
At points which are common to the straight line and 
the ellipse both these relations are satisfied. Hence at 
the common points we have 
x (mx+cP 
a b 
or . a (D° + a?m?) + Imca?a + a? (c? — b?) =0...... (ii). 
This is a quadratic equation, and every quadratic 
equation has two roots, real, coincident, or imaginary. 
Hence there are two values of #, and the two corre- 
sponding values of y are given by the equation (i). 


= hi 
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The roots of the equation (ii) will be equal to one 

another, if 
a? (c? — b”) (6? + a?m?) = meat, 
that is, if C=a'm?+ 6 

If the two values of x are equal to one another the two 
values of y must also be equal to one another from (1). 

Therefore the two points in which the ellipse is cut by 
the line will be coincident if c= 4/(a2m? + B®). 

Hence the line whose equation is 

Yy = Ma +/ (Am? + B?) oo cecceccesees (111) 
will touch the ellipse for all values of m. 

Since either sign may be given to the radical in (iii), 
it follows that there are two tangents to the ellipse for 
every value of m, that is, there are two tangents parallel 
to any given straight line. These two parallel tangents 

are equidistant from the centre of the ellipse. 


115. To find the equation of the chord joining two 
points on the ellipse, and to find the equation of the tangent 
at any point. 


Let a’, y/ and wx”, y” be the co-ordinates of two points 
on the ellipse. 

The equation 

(7 —a')\(e—2")/a + (y—y iy — y)/° 
satya 4+-4P/08 = Vescis. (i) 
_is, when simplified, of the first degree, and is therefore the 
equation of a straight line. 

But, if we substitute «’ for # and y/ for y in (i), the 
left side vanishes identically and the right side also 
vanishes since the point (a’, y’) is on the ellipse. 

Hence the point (2’, y’) is on (i); and so also is (a, y”). 

Hence (i) is the required equation of the line through 


(ey y) and (a, fe 
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The equation is 
ala +a Vaet+y(y +y\P=1+a'e"/a +7y"/b’...(i). 
In order to find the equation of the tangent at (’, y’) 
we must put 2 =a’, and y” =z in equation (ii), and we 
obtain 
ae yy 


Cor. 1. The co-ordinates of the extremities of the 
major axis are a, 0 and —a, 0 respectively, and, from (iii), 
the tangents at these points are =a and #=—a. 

Hence the tangents at the extremities of the major 
axis are parallel to the minor axis. 

Similarly the tangents at the extremities of the minor 
axis are parallel to the major axis. 


Cor. 2. The tangent at the point (w’, 7’) is parallel 
to the tangent at the point (—2’, —y’), and these two 
points are on a straight line through the centre of the 
curve. 


Hence the tangents at the extremities of any chord 
through the centre of an ellipse are parallel to one another. 


116. To find the condition that the line la +my+n=0 
may touch the ellipse. 


The equation of the lines joining the origin to the 
points where the ellipse 


75 y* . 
= + a Elid: 1a tance oe (i), 
is cut by the straight line 
le my +2 =0 ..eeeeleceee scene (ii), 
: ey /le+my\? a 
is [Art. 38] phils o - (Pan 2.0) . cccngs cies (iii). 


If the line (21) cut the ellipse in coincident points, 
the equation (ii) will represent coincident straight lines. 
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Therefore the left-hand member of (iii) must be a perfect 
square; the condition for this is 


(; be “) € m\ _Lm?, 
a@ n)\b? =) = ns? 


whence Ot ED) ab Een vos yandns ois kos (iv). 


Cor. The line xcosa+ ysina—p= 0 will touch the 
ellipse, if 


a?cos*a + b? sinta=p? ..... PACA (v). 


117. To find the equation of the normal at any point 
of an ellipse. 


The equation of the tangent at any point (a’, y’) 
of the ellipse is 


ae yy. sort 


oe. B 


The normal is the line through (a’, y’) perpendicular 
to the tangent; its equation is therefore [Art. 30] 


Bie seal {OR 
EXAMPLES. 


1. Find the eccentricities, and the co-ordinates of the foci of the 
following ellipses: 
(i) 2x248y2-1=0, (ii) 8 (w-1)?+6(y+1)2-1=0. 
1 iL _ , 
Sgr (#390)} Gi) 4 (L -1avW 
2. Find the lengths of the latera recta of the ellipses in question 1. 
Ans. $,/2 and 4,/6. 
8. Shew that the line y=x+,/% touches the ellipse 2x?+4 3y?=1. 


4, Shew that the line 3y=x-—3 cuts the curve 4x?—3y?—2r=0 in 
two points equidistant from the axis of y. 


5. Is the point (2, 1) within or without the ellipse 212+ 3y?-12=0? 


Ans. (i) 


152 THE ELLIPSE 


r a 
6. Find the equations of the tangents to 5 +¥a1 which make an 
angle of 60° with an axis of x. 
7. Find (i) the equations of the tangents and (ii) the equations of the 
normals at the ends of the latera recta of 272+ 3y?=6. 


The four points are (+1, +2,/3). 


8. Find the einalioes of the tangents to = + . =1 which make 
equal intercepts on the axes. Yaa: xty+nr/.a2+b?=0, 


9. Shew that the equation 422+ 2y?=6z represents an ellipse whose 


eccentricity is 5 and shew that the origin is at an extremity of the 
minor axis. 

10. Find the equation of the ellipse which has the point (—1, 1) for 
focus, the line 4x —3y=0 for directrix, and whose eccentricity is §. 

Ans. 20x24 24ry + 27y?2+72 (c#—-y+1)=0. 

11. If the normal at the end of a latus rectum of an ellipse pass 
through one extremity of the minor axis, shew that the eccentricity of 
the curve is given by the equation e*+e?-1=0. 

12. Ifany ordinate MP be produced to meet the tangent at the end 
of the latus rectum through the focus S in Q, shew that the ordinate of 
Q is equal to the distance SP. 

13. <A straight line AB of given length has its extremities on two 
fixed straight lines OA, OB which are at right angles; shew that the locus 
of any point C on the line is an ellipse whose semi-axes are equal to CA 
and CB respectively. 

14. Any tangent to an ellipse is cut by the tangents at the ends of 


the major axis in the points 7, 7’. Prove that the circle whose diameter 
is TT’ will bess through the foci. 


by yy’ 2 : 
[For a3 ay -1=0 cuts x=a where rene doe , and cuts 
ant G y a 


“x= -—a where ae (1 + =) ‘ 
y a 
Hence the circle whose diameter is TT” ig 


taatron fr-B(a-S)}Iy Be) ae 


which cuts y=0 where 
4 "2 
7 Pls, ib ( os )7 
che ; ; 


i.e, a%—a2+b2=0, sinee (x’, y’) is on the ellipse.] 
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118. Lwo tangents can be drawn to an ellipse from 
any point, which will be real, coincident, or imaginary, 
according as the point is outside, upon, or within the curve. 


The line whose equation is 
ap MO af (G7 A D7). ose ccweee ones (i) 


will touch the ellipse, whatever the value of m may be 
[Art. 114]. 


The line (i) will pass through the particular point 
(v’. y’), if 
y = ma’ + /(a?m? + 6), 
that is, if 
(y' — ma’) — am? — b? =0, 
or | m? (a? — a?) — 2ma'y' + y? —-B=0 ...... (ii). 
Equation (ii) is a quadratic equation which gives the 
directions of those tangents to the ellipse which pass 
through the point (2’, y’). Since a quadratic equation has 
two roots, two tangents will pass through any point (a’, y’). 
The roots of (ii) are real, coincident, or imaginary, 
according as 
(w*—a')(y*—) -a'y” 
is negative, zero, or positive ; or according as s ++ eB —lis 
positive, zero, or negative. That is, [Art. 115] according as 
(a’, y’) is outside the ellipse, upon the ellipse, or within it. 


119. To find the equation of the line through the points 
of contact of the two tangents which can be drawn to 
an ellipse from any povnt. 


Let a’, y’ be the co-ordinates of the point from which 
the tangents are drawn. 


Let the co-ordinates of the points of contact of the 
tangents be h, & and h’, k’ respectively. 
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The equations of the tangents at (h, &) and (1’, k’) are 


and 


We know that (a’, y’) is on both these lines; 
ee ae ae : 
ae ae Ee Dieses s.cco eee (1), 
pe pl 
a2 ia 
But (i) and (ii) shew that the points (h, &) and (W’, &’) 


are both on the straight line whose equation is 
adie Bt SES Sean ey (iii). 


Gi 
Hence (iii) is the required equation of the line through 
the points of contact of the tangents from (#’, 7’). 
The line joining the points of contact of the two 
tangents from any point P to an ellipse is called the polar 
of P with respect to the ellipse. [See Art. 76.] 


and 


120. If the polar of a point P with respect to an ellipse 
pass through the point Q, then will the polar of Q pass 
through P. 


This may be proved exactly as in Art. 78. 


121. To jind the locus of the point of intersection of 
two tangents to an ellipse which are at right angles to 
one another. 


The line whose equation is 
yp = me + NPM? +B ois ceneceseescees (1) 
will touch the ellipse, whatever the value of m may be. 


If we suppose # and y to be known, the equation gives 
us the directions of the tangents which pass through the 
point (a, ¥). 
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The equation, when rationalized, becomes 


m? (a — a?) —2maeyt+y—BP=0......... (i1). 
Let m, and m, be the roots of (ii); then, if the tangents 
are at right angles, m:m,=—1; 
; YP = 52 nett 
-, Bo =-1, 
or al iia: he EA (iii). 


The required locus is therefore a circle. 
The circle is called the director circle of the ellipse. 


122. The circle described on the major axis of an 
ellipse as diameter is called the auxiliary circle. 


b 


If the equation of the ellipse be 
2/0? + 42D = Le. eeeeeceee eee reee es (1), 
the equation of the auxiliary circle will be 
Bar + ylar= 1 ..eeeeceseeeeeseee (ii). 


156 THE ELLIPSE 


If therefore any ordinate VP of the ellipse be produced 
to meet the auxiliary circle in p, we have from (i) and (11) 
NP?/b? =1 — CN?/a?= Np*/a’; 
“i NP] Np = 6/4. 
Hence the ordinates of the ellipse and of the circle are 
in a constant ratio to one another. 


The angle A’Cp is called the eccentric angle of the 
point P. The point p on the auxiliary circle is said 
to correspond to the point P on the ellipse. 

If the angle A’Cp be @, the co-ordinates of p will be 
acos $, asin ¢; and those of P will be a cos ¢, b sin ¢. 


123. To find the equation of the line joining two points 
whose eccentric angles are gtven. 


Let 0,, 6. be the eccentric angles of the two points; 
then the co-ordinates are acos6,, bsin 6,, and a cos @,, 
bsin 6, respectively. 

Hence the equation of the line joining them is 

L, Y, 1|=0; [Art. 24] 
acos6@,, bsin@,, 1 | 
acos 6; ib sin G,, 1 | 


. Q (sin 6, — sin 6,) + : (cos 6, — cos 6,)— sin (6, — 6,) =0. 
Dividing by sin 4 (6; — 6), we have 
4 cos 4(6,+ 0.) + : sin 4 (6, + 4.) = cos $ (0, — 0.) ...(i), 


which is the required equation. 


To find the tangent at the point 6,, we have to put 
0, = @, in equation (1), and we obtain 


oe 6, +5 sin Pps Lo at we See (ii). 


124, From equation (i) of the preceding article we see 
that if the sum of the eccentric angles of two points on an 
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ellipse is constant and equal to 2a, the chord joining those 
points is always parallel to the line 


= cosa t+ 2 sina = Ee 
a b 
that is, the chord is always parallel to the tangent at the 
point whose eccentric angle is a. 
Conversely, for a system of parallel chords of an ellipse 
the sum of the eccentric angles of the extrenuties of any 
chord is constant. 


125. Lo find the equation of the normal at any point 
of an ellipse in terms of the eccentric angle of the point. 


Let @ be the eccentric angle of a point P on the 
ellipse ; the equation of the tangent at P is [Art. 123] 


“cos 0 +2 sin O=1. 
a b 
The equation of the line through (acos @, bsin @) 
perpendicular to the, tangent is [Art. 30] 


a F b 
(@ —acos 8) Ss — bsin 0) 6 7 


ax by 


or a = (A De 
cos@ sind 


If (z’, y') is the point of intersection of the tangents at 0,, 62, we have 
Y 


/ - 
= cos 6,4 <in 6,-1=0, 
a b 


/ , 

and = cos 6,+* sin 6,—1=0. 

sin #.—sin 0, cos $(0,+ 62) 
~ sin (62 a 01) ~ Gus 4 (0) = 02) 
cos 6,;—cos62_ sin $(0,+ 42) 
Bnd re aa (82—6;) cos 4(A,— 42)" 

[Or, since the chord 6,, 2 is the polar of («’,y’) the equation (i) of 

Art. 123 is the same as 


Hence x’ /a 


wa'/a? + yy’/b? -1=0, 
whence the above results can be written down at once. ] 
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The intersection of the normals at 6;, 6» will be found to be 


Gee 


C= cos 6; cos 62 cos $ (9; + 2)/cos 4 (8, — 42), 


2— q2 
and ye - sin 6; sin 62 sin 4 (0+ 02)/cos 4 (01 — 42). 


Ex. Yo find the locus of the point of intersection of the normals at the 
ends of a system of parallel chords. 

We have 6,+ 62=const.=2a. 

Hence from the above equations, 

ax]cos a + by/sin a=(a? — b?) cos 2a/cos $ (8; — Og)......00000% (i), 
and ax]/cos a — by/sin a=(a?— b?) cos (0, — 4,)/cos 4 (6; — 42) 
=(a*— b?) {2 cos} (61 — 4) — 1/cos 4 (61 — 62)}. 

Substitute for cos 4 (6,— 4) from the first equation, and after some 

reduction we obtain the equation 
a*x? + 2abxy cosec 2a + b?y2 = (a? — b2)? cos? 2a. 


126. We will now prove some geometrical properties 
of an ellipse. 


Let the tangent at P meet the axes of # and y in 
T, t respectively, and let the normal meet the axes in G, g. 
Draw SZ, S’Z’, CK perpendicular to the tangent at P ; 
draw also CE parallel to the tangent at P, meeting 
the normal in F, and the focal distance SP in Z£. 


Then if a’, y’ be the co-ordinates of the point P, 
the equation of the tangent at P will be 


Where this cuts the axis of a, y=0, and at that point 
we have from (1), 


rng mr; 
(e 
CN .OT | 
yaad, oF UN: OF aC AP ia): 
Similarly NP..CT =CB 
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The equation of the normal at P is 


a core eee (ii) 
a? B 


Where the normal cuts the axis of 2, we have y= 0), 
and therefore from (ii), 


9 


a? 


ee Le ON TE. (7). 


: bea , b , 
LZ—-L =——H#, or e=a4/ (1 — eee 
a : 


Also, since 
SG=SC + CG=ae+es’, and GS’ =ae— ez’, 
we have 
SG-_ae+eéa’ atex’ SP. 
GS’. ae—es' a—ex’ SP? 


therefore PG bisects the angle SPS’ «...........000e (6). 
Again, since PG? = GN? + NP? = (CN —CG) + Nok, 

we have PG? = y+ 2? (1 -—e), 

or PG =D /(y?/b + v/a). 


Similarly Pg =a? (x?/a4 + y?/0*). 
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1 
“ PPePG=t, and LPO ee sssavces (e). 
The line whose equation is 
yy = me + 4/ (02m? + 5). .0raess+crnne (iii) 


will touch the ellipse whatever the value of m may be. 
Hence, if SZ, S’Z’ be the perpendiculars from the foci 
on the line (iii), then [Art. 31] 


sar + /(a?m? + b?) rar __ mae + »/(a*m? + b?) 

BT as net and Bi ee 
VA +m?) (1 +-9n1) 

a2m? + b? — mare : 


fe SE SL OT Be ceeseee (£). 


Again, the equation of the line through S perpendicular 
to (111) is 
MP @ A AE =O. Divcscsnsvedecotene’ (iv). 
To find the locus of Z the point of intersection of (iii) 
and (iv), we must eliminate m from the two equations. 
The equations may be written in the form 
y — max = (am? + b?), and my + #=—ae. 
Square both sides of these equations and add, we thus 
obtain 
(a? + y*) (1 +m?) = am? + b? + ae? = a? (1 + m’); 
therefore the locus of Z is the auxiliary circle whose 
equation is 
BAP Piast a? SUT vdeo hone tes (m). 
We should have arrived at the same result if we had 
supposed the perpendicular to have been drawn from S’. 


127. Let P be any point, and let QQ’ be the polar of 
P. Let QQ’ meet the axes in 7’ t. Draw SZ, 8S'Z’, CK 
and PO perpendicular to QQ’; and let PO meet the axes 
in G, g. Then, if a’, y’ be the co-ordinates of P, the 
equation of QQ’ will be [Art. 119] 
xn y’ ; 
or; = a a Likb, .) vanians Aae eo eias (3). 
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The equation of POG will therefore be [ Art. 30] 


a-a_y-y 


a’ a i Sew eceeewslieiee © cic (ii). 
jb? 


From (i) and (ii) we can prove, exactly as in the 
preceding Article, 


(a) CN.CT=CA?, (8) NP.Ct=CB? 
(y) C@=eCN, and (8) KO.PG=h 


EXAMPLES. 


1. Shew that the focus of an ellipse is the pole of the corresponding 
directrix. 

2. Shew that the equation of the locus of the foot of the perpen- 
dicular from the centre of an ellipse on a tangent is r2=a2cos?6 + b?sin?0. 

83. Shew that the sum of the reciprocals of the squares of any two 
diameters of an ellipse which are at right angles to one another is 
constant, [See Art. 112.] 

4. If an equilateral triangle be inscribed in an ellipse the sum of the 
squares of the reciprocals of the diameters parallel to the sides will 
be constant. 

8. 0. 8. 11 


ee 
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5. An ellipse slides between two straight lines at right angles to one 
another; shew that the locus of its centre is a circle. [See Art. 121.] 


6. If the points S’, H’ be taken on the minor axis of an ellipse such 
that S’C=CH’=CS, where C is the centre and S is a focus; shew that 


/ the sum of the squares of the perpendiculars from S’ and H’ on any 


tangent to the ellipse is constant. 


7. Shew that the locus of the point of intersection of tangents to an 
ellipse at two points whose eccentric angles differ by a constant is an 


ellipse. 
/ 
[If the tangents at ¢+a and ¢—a meet at (2z’, y’); then = =cos psec a, 
, 
t= singseca. Eliminate ¢ for the locus. ] 

8, The polar of a point P cuts the minor axis in t, and the perpen- 
dicular from P to its polar cuts the polar in the point O and the minor 
axis in g; shew that the circle through the points t, O, g will pass through 
the foci. [Prove that tC.Cg=SC.CS’.] 

9. Prove that the line le-+my+n=0 is a normal to 

+t- m2 n2 
Cf A ee ae lcos@_ ss msin@ 
[Compare with est — Say baakat b2; we have at ee 


= ear then eliminate @.] 


/ 10. The perpendicular from the focus of an ellipse whose-‘¢entreis C 
on the polar of any point P will meet the line CP on the directrix. 


11. If Q be the point on the auxiliary circle corresponding to the 
f point P on an SEE shew that the normals at P and Q meet on a fixed 
circle. 


12. If Q be the point on the auxiliary circle corresponding to the 
point P on an ellipse, shew that the perpendicular distances of the foci 
S, H from the tangent at Q are equal to SP and HP respectively. 


13.' Shew that the area of a triangle inscribed in an ellipse is 
}.ab{sin (8 —7) +sin (y —a)+sin (a — £)} 
= -2ab sin 4 (8 - 3) sin } (y—a) sin} (a—), 


where a, 8, y are the eécentric angles of the angular points. 
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128. To find the locus of the middle points e a system 

of parallel chords of an ellipse. 
The equation of the chord j joining the points 6, and @, is 


= cos 4 (0,40,)4 sin }(0,-+ 0.) =cos $ (0, —6,). 
If this chord is parallel to y —mx =0, we have 
m=—"cot}(6,+6,) STORENG Sw snch (i). 


But, if (z, y) is the middle point of the chord 
2x = a (cos 0, + cos 0.) = 2a cos 4 (6, + 8.) cos 4 (6, — 4), 
and 2y=b(sin 6, +sin 6,) = 2b sin $ (0, + 6.) cos 4(0, — 0). 


Hence y/2 = Z tan $ (0, + 42) 


b? f : 
=— 7)? rom (i). 


Hence the locus of the middle points of all chords 
which are parallel to the line y= mz is the straight line 
whose equation is 


Meco i ig i PORDAS POE EEE (ii). 
From (ii) we see that all diameters of an ellipse [ Art. 
102, Def-] pass through the centre. 
Writing (ii) in the form y=m’z, we'see that 
mV == D/A... cece eceeseseeees (iii). 


It is clear from the symmetry of the relation (iii) that 
all chords parallel to y = m'w are bisected by y = mz. 


Hence, ¢f one diameter of an ellipse bisect chords paral- 
lel to a second, the second diameter will bisect all chords 
parallel to the first. ; 

Def.. Two diameters are said to be conjugate when 


each bisects chords parallel to the other. 
ti 2 
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129. The tangent at an extremity of any diameter is 
parallel to the chords bisected by that diameter. 


All the middle points of a system of parallel chords of 
an ellipse are on a diameter. Hence, by considering the 
parallel tangents, that is the parallel chords which cut the 
curve in coincident points, we see that the diameter of a 
system of parallel chords passes through the points of 
contact of the tangents which are parallel to the chords. 


Ex. 1, The polar of any point on a diameter of an ellipse is parallel 
to the conjugate diameter, 
For the diameter through (z2’, y’) is 
xy’ —yx' =0, 
and the polar of (x’, y’) is ’ 
xu’ ja? +yy’/b2-1=0. 
These satisfy the condition mm’ = —b2/u2, for 
m=y'/x’ and m’= — 022'/a2y’. 
It follows that, if (x’, y’) is the middle point of a chord of an ellipse, 
the chord is parallel to the polar of (x’, y’). 
Hence the equation of the chord whose middle point is (’, y’) is 
(w-2') 2'/a®-+(y—y') y//b?=0. 
Ex. 2. If chords of an ellipse pass through a fixed point, their middle 
points are on another ellipse. 
For the chord whose middle point is (x’, y’) is from Ex. 1 
(x — =’) w/a + (y—y’) y'/b?=0. 
If this passes through the given point (h, k), we have 
(h— 2x’) x’]a?+(k—y’) y'/b?=0. 
Thus (a’, y’) is on the ellipse 
x?/a? + y?/b2 — haa? — ky/b2=0. . 
Ex. 3. The line joining two points on an ellipse, the difference of 
whose eccentric angles is constant, envelopes another ellipse. 
The equation of the join of the points 6, and 6, when 0, — 6,=2a is 


< cos 4 (61-+ 62) +t sin 4 (0)+02)= cos a. 


And the envelope of this line, for different values of 6;+62 is 
[Ex. 2, p. 133] 
x?/a2 + y?/b2=cos? a. 
Ex. 4. Ifa triangle is inscribed in an ellipse and two of its sides are 
parallel to given straight lines, the envelope of the third side is another 
ellipse. 


THE ELLIPSE 165 


Let the eccentric angles of P, Q, R be 6), 62, 63. Then, if PQ and 
PR are parallel to given straight lines, we have 
6,+ 02=const.=2a, and 6;+63=const. =28. 
Hence 62- 03=2 (a —f) . 
Hence, from Ex. 2, the envelope of QF is 
x?/a2 + y2/b2= cos? (a — B). 


130. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be wz’, y’, and the 
co-ordinates of D be 2”, y’. The equations of CP and 
CD are 


7 i ee and fa ar ee > 
y x y x 
hence from (v) Art. 128 we have v7 = ve ‘ 
ike a 
ee fare ofa [6 = OV. aaah). (i). 


if d, ¢’ be the eccentric angles of P and D respectively, 
then w&=acos¢, y/=bsing, 2” =acos¢’, y’=bsing. 
Substituting these values in (i) we have 


cos ¢ cos ¢’ +sin pd sin f’=0, 
© Van 
= o~h =5- 
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Hence the difference of the eccentric angles of two 
points which are at extremities of two conjugate diameters 
of an ellipse is a right angle. 

If pCp’, dCd’ be the diameters of the auxiliary circle 
corresponding to the diameters PCP’, DCD’ of the ellipse, 
then pCp’, d@d’ will be at right angles to one another. 
Hence the co-ordinates of D and of D’ can be at once 
expressed in terms of those of P or of P’. 


131. To shew that the sum of the squares of two con- 
jugate semi-diameters 1s constant. 


Let P, D be extremities of two conjugate diameters of 
the ellipse. 


Let the eccentric angle of P be ¢; then the eccentric 
angle of D will be ¢ be [Art. 130]. 


The co-ordinates of P will be acos ¢, bsin ¢, and those 
of D will be acos ($ £5) , bsin ($ 4 a) 
.. CP?=acos*¢ +l’ sin’ ¢, 
and CD? =a? cos? ($ + 5) + b? sin? (¢ + 5) . 
CP? + CD? =a? +b’, 
132. The area of the parallelogram which touches an 


ellipse at the ends of conjugate diameters vs constant. 


Let PCP’, DCD’ be the conjugate diameters. The 
area of the parallelogram which touches the ellipse at 
P, P’, D, D’ is 40P.CD sin PCD, or 4C_D. CF where CF is 
the perpendicular from C on the tangent at P. 


Now if the eccentric angle of P be ¢, the eccentric 
angle of D will be #6 + ss 
CD? = a2 2 in2 ws 
a? cos ($+ 5) + Bsin ($4 ‘ 


\ 


or CD? = a*sin® db + D7 cos?  ........002006- (25 
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The equation of the tangent at P will be [Art. 123] 


Log Shee pgs ee 
7 Os Pt 7 sin $= 1, 


‘fuiptaleatghiihabas: ! 
ial Pega p/a? + sin? p/b?’ [Art. 31], 
2 pa a2? Ss 
or CF? = a? sin? $ + B® cos® p Sioa figs op la. 0/0 alls (i1). 


From (i) and (ii) we see that the area of the parallelo- 
gram is equal to 4ab. 


133. If r, r’ be the lengths of a pair of conjugate 
semi-diameters, and @ be the angle between them, then 


rr’ sin 0 =ab [Art. 132]. 
Hence sin @ is least when rr’ is greatest. 
Now the sum of the squares of two conjugate diameters 
is constant; hence the product will be greatest when the 
diameters are equal to one another. 


Hence the acute angle between two conjugate diameters 
of an ellipse is least when the conjugate diameters are equal 
to one another. 


134, Let the eccentric angles of the extremities P, D 
of two conjugate diameters be ¢, 6 + a respectively ; then 
CP? =a? cos® ¢ + 6’ sin’ ¢, 
and CD? = a? sin? ¢ + L? cos?  ; 
-. CP?—CD? = (a? — b?) cos 2¢. 
37r 


Hence CP=CD when ¢ is 3 ory 


The equations of the equal conjugate diameters are 
therefore 


an 
a 


oI 


Hence the equi-conjugate diameters of an ellipse are 
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coincident in direction with the diagonals of the rectangle 
formed by the tangents at the ends of rts axes. 


135. Def. The two straight lines drawn from any 
point on an ellipse to the extremities of any diameter are 
called supplemental chords. 

Any two supplemental chords of an ellipse are parallel 
to a pair of conjugate diameters. 

Let the chords be formed by joining the point Q to the 
extremities P, P’ of the diameter PCP’. Let V be the 
middle point of QP, and V’ the middle point of QP’. 
Then CV’ and CV are conjugate, for each bisects a chord 
parallel to the other; and CV’, CV are parallel respec- 
tively to QP and QP’. 


Hence QP and QP’ are parallel to a pair of conjugate 
diameters. 


136. Concyclic Points. The equation 
ela? +y?/P—-L+nr (a+ y? + 29a" + 2fy +c) =0...(i) 
represents a curve which passes through the common 
points of the ellipse 
v/a? +4?/b>-1=0 
and the circle 
a+ y? + Qe + 2fy+c=0. 

Now (i) will represent two straight lines if X be 
properly chosen so that the condition found in Art. 37 is 
satisfied. Also when (i) represents straight lines they are 
parallel to the lines 

x*/a? a y?/b® ALN (a? ate y’) = 0, 
and are therefore parallel to straight lines of the form 
y=t me. 


Hence two straight lines through the points of intersec- 


tion of an ellipse and any circle make equal angles with 
the axes. 
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Now let a circle cut an cllipse in the points whose 
eccentric angles are a, 8, y, 8; then the two lines 


70084 (a+ A) +¥sin } (a+ A) =cos}(a—8), 


ond = €08 $ (y+ 8) +P sin 4 (y +8)=cos } (y—8), 


will make equal angles with the axes, and therefore 
tan 3 (4+ 8)=— tan} (y+ 6). 
Hence $(a+f8)+4(y+d)=nz, 
or a+ B+ytb=2QnT 2. ee (A). 
Now at a point where any circle 
a + y? + 2gu+ fy +c=0 
cuts the ellipse, the eccentric angle satisfies the relation 
a’ cos? 6 + U? sin? 0 + 2ga cos 6 + 2fbsin 6 +c=0. 
Hence 
{(a? — b?) cos? 6 + 2ga cos 0 + ¢ +b}? = 4f%b? sin? 6 
= 4f2? — 4f°b? cos? 0. 
Hence cos a+ cos 8 + cosy + cos 6 = — 4ga/(a? — b?). 
Similarly sin a+ sin 8 + sin y +sin 6=—4/b/(b?— a’). 
But, since a+B+y+6=2n7, 
cos 6 = cos(a+8++y) and sind=—sin(a+8+y). 
Also the centre of the circle is (—g, —/). 


The co-ordinates of the centre of the circle through 
the points whose eccentric angles are a, 8, y are therefore 
gwen by 


“= oi {= cosa+cos(a+B+y)}, 


b?— a? 


a 


Wie 
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Ex. The locus of the centroid of an equilateral triangle inscribed in 
x2/a2 + y2/b2 — 1=0 is x (a2 + 3b?)?/a2 + y? (b2 + 3a?)2/b2 = (a? — b?)2. 
If the angular points of the triangle are a, 8, 7 the centroid is 
given by 
3a2=a (cosa+cos$+cosy), 
8y=b(sina+sin8+siny). 
Now in an equilateral triangle the centroid coincides with the 
circum-centre. 
Hence we have 


4a x 
apt — 35 = 008 (a+B+y), 
Ab Usual) Je 
and paged — 35, =— Sin (@ +8 +4)- 


Square and add; then 
(a2 + 3b2)? x2/a2 + (b2 + 3a2)2 y2/b2 = (a? — b?)?. 


137. To find the equation of an ellipse referred to any 
pair of conjugate diameters as axes. 


Let the equation of the ellipse referred to its major 
and minor axes be 


Since the origin is unaltered we substitute for 2, y 
expressions of the form l~+my, l’a+m’y in order to 
obtain the transformed equation [Art. 51]. 


The equation of the ellipse will therefore be of the 
form 


Ax + 2Hay + By 2 Lire csises oaee( 11): 
By supposition the axis of # bisects all chords parallel 
to the axis of y. Therefore for any particular value of « 
the two values of y found from (ii) must be equal and of 
opposite sign. Hence H=0; the equation will therefore 
be of the form 
Ad? — Diba Nis tuarceres scsaeehdlt 


To obtain the lengths (a’, b’) of the intercepts on the 
axes of 2 y, we must put y=0 and #=0 in (ili); we 
thus obtain 

Aa? =1= Bb". 
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_ Hence the equation of an ellipse referred to conjugate 
diameters is 


where a’, b’ are the lengths of the semi-diameters. 


138. By the preceding Article we see that when an 
ellipse is referred to any pair of conjugate diameters as 
axes of co-ordinates, its equation is of the same form 
as when its major and minor axes are the axes of co- 
ordinates. 


It will be seen that Articles 114, 115, 116, 119 and 128, 
hold good when the axes of co-ordinates are any pair of 
conjugate diameters. 


189. Co-normal Points. To find the condition that 
the normals at three points on an ellipse may meet in a 
point. 

The normals at the points a, 8, y are [Art. 125] 
ax sin a— by cosa=(a? — b?) sinacosa, &e. 


The condition that the three normals at a, 8, y should 
meet in a point is therefore 


gina, cos a, sin Za |= 0, 
sinf, cosf, sin28 
siny, cosy, sin 2y 
Le. sin 2a sin (8 —y) +sin 28 sin (y — a) 
+sin 2ysin(a—8)=0...... (i). 
Now form the product of 
sin (8 +)+sin(y+ @)+sin(¢+) 
and sin(8 —y) + sin (y — a) +sin (a4 — 8). 
The product is 
> sin (8 +7) sin (B — ) ) : 
+> {sin (y+ a) sin (a— 8)+sin (a+ 8) sin (y—a@)}. 
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But 2% sin(8++y)sin(8 —y) = (cos 2y—cos 28) 
+ (cos 2a — cos 2y) + cos (28 — cos 2a) = 0. 
Also > {sin(y +a)sin(a—f)+sin (a + 8) sin (y — a)} 
= 4% {cos (8 +) —cos (2a + — 8) +c0s (2a+ B— vy) 
— cos (8 + ¥)} 
=> sin 2sin (y — £). 


: . B-y . ya. a- 
And sik wdaeyae Bana Y sin ¥—* gin B 


2 2 23 
Hence the left side of (1) is 
4 sinP 59 sin 7 sin “3 Se > sin (8 +y)*. 
Thus the condition required is 
sin (8 +) +sin (y+a)+sin(a+)=0...... (A). 


Now if we suppose that « and 8 are known, the 
relation (A) will give two values of y, say y and 6. 


And from 
sin(8 +) +sin (y +a) +sin (a+ 8) =0, 
and sin(8 + 6)+sin (6 + a)+sin (2+ 8) =0, 
we have, after subtracting and dividing by sin $ (y—8), 
cos 4 (28+y+6)+ cos$(2a+y+4+8)=0, 


whence cost(a+B+y+6)=0. 
Hence, if the normals at «, 8, y, 6 meet in a point, 
at B+yt+S=(Qn4+1)7........00.. (B). 


It will be seen that the condition B is necessary but 
not sufficient to ensure that the normals at a, 8, y, 6 are 
concurrent. [See also Art. 199.] 


Ex, 1. To find when the area of a triangle inscribed in an ellipse is 
greatest. 

Let the eccentric angles of P, Q, R, the angular points of the triangle, 
be $1, 2, $3; let_p, ¢,7 be the three corresponding points on the auxiliary 
circle, 

* The above method is due to Prof. Anglin. 
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‘The areas of the triangles PQR, and pqr are [Art. 6] 
%| @cos¢;, bsing;, 1 |, and 3| acos¢,, asing;, 1 |; 
2608 do, bsin dy, 1 2COS gg, asin ds, 1 
acos ¢3, Dsings, 1 acos¢3, asin gs, 1 
; “APQR: Apgrib:a. 
Hence the triangles PQR and pqr are to one another in the constant 
ratiob:a. Therefore PQR is greatest when pgqr is greatest. 


Now Apgr is greatest when it is an equilateral triangle; and in that 
Qa 
Sei Ga Ga~ $s= Gao pie : 


Hence when a triangle inscribed in an ellipse is a maximum, the 


: : : Aor 
eccentric angles of its angular points are a, at 3; a+ 3° 


Ex. 2. If any pair of conjugate diameters of an ellipse cut the tangent 
at a point P in T, T’; shew that TP. PT'’=CD2, where CD is the 


diameter conjugate to CP. 
a CP, CD for axes of x and 7, then the equation of the ellipse will 


—_ Fgh 
be= += di; A 

eo equation of the tangent at P (a, 0) will be s=a. 

If y=mz, y=m’z be the i he og of any pair of conjugate diameters, 


then 


mm! = — —; EArt. SP OMe erase er oon sessme Feces (i). 
» But PT=ma, sie PR =ni'a; 
Sa DEAN aes 25 PC = SU a ae sears, aca Aan DEST (ii), 


SME ee EY =>) from (iy 
Ex. 3. The line joining the extremities of any two diameters of an 
ellipse which are at right angles to one another will always touch a fixed 


circle. 
Let CP, CQ be two diameters which are at right angles to one another, 
and let the equation of the line PQ be 


2cosa+ysina=p. 
The equation of the lines CP, CQ will be [Art. 38] 


7 y?__ fxcosat+ysina\? ; 
OS ee > (i). 
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But, since the lines CP, CQ are at right angles to one another, the 
sum of the coefficients of 2? and y? in (i) is zero [Art. 36]; 
1 ate Rey al 
az * i p” 
which shews that the perpendicular distance of the line PQ from the 
centre is constant. 
Hence the line PQ always touches a fixed circle. 


Ex. 4. To find the locus of the poles of normal chords of an ellipse. 


The equation of the normal at any point @ is 


ax by 3 : 
=_ ESS YEE == Uno opamp tnascne came voslagae ee 1). 
cos@ sing ae (i) 


The equation of the polar of any point (2’, y’) is 


ae aay" . =f 
ait ye Ba seen nneaearaet eetneteeeceat (ii). 
The equations (i) and (ii) will represent the same straight line, if 
; id a y! b 
See 2 pe) Se o_o 
mi a ort kee (a ah: sin 6’ 
3 
or (a2 02) cos =, and (a? — b?) sind=—53 
therefore, by squaring and adding the two last equations, we have 
a’ U6 
(a bt)? = a cs ye 


Hence the equation of the locus is 
ax2y? (a2 — V2)2 = aSy2 + B62, 
Ex. 5. Ifa quadrilateral circumscribe an ellipse, the line through the 
middle points of its diagonals will pass through the centre of the ellipse. 
Let the eccentric angles of the four points of contact of the tangents 
be a, 8, y, 6. 
The equations of the tangents at the points a, B are 
y 
b 
These meet in the point 
cos$(a+f) , sin} (a+ f) 
a ~ 7-—, b=. }. 
cos §(a—B)’ cos} (a—) 
The tangents at y and 6 will meet in the point 
( cos$(y+5) , sin} (y+4) 
tp b — 
cos} (y-6)? cos} (y—8) 


a meee. ana? Y oi 
qosat sina=1, and qos B+; sin B=1. 
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The co-ordinates of the middle point of the line joining these points 
of intersection are given by 
__@ C08 } (a +8) cos 4 (y — 6) +cos } (+64) cos } (a — 8) 
=) cos 4 (y — 6) cos $ (a — 8) ; 

‘Dsin $ (a+) cos} (y— 5) +sin $ (y+ 6) cos $ (a— B) 
2 cos 3 (y — 4) cos $ (a— 8) 
Therefore the line joining the centre of the ellipse to this point 
makes with the major axis an angle the tangent of which is 
bsin § (a+) cos $ (y— 4) +sin 3 (y+) cos $ (a—8) 
cos} (a+) cos 3 (y—)+cos} (y+) cos} (a—B)’ 
which is equal to 
b sin (s — a) +sin (s — 8) +sin (s —-y) + sin (s — 6) 
a cos (s —a) +cos (s — 8) + cos (s — y) + cos (s — 6)’ 
where 2s=a+6+7+6. a 

The symmetry of the above result shews that the line joining the 
centre of the ellipse to one of the middle points of the diagonals of the 
quadrilateral will pass through the other two middle points. This proves 
Newton’s Theorem :—If an ellipse touches the sides of a quadrilateral 
its centre is on the line through the middle points of the diagonals. [See 
also Arts. 219, 244.] 

Ex. 6. PQR is a triangle inscribed in the circle 2?+y?-—a2=0. 
PQ, PR pass respectively through the points (b, 0), (c, 0); prove that 
QR touches the conic x? +y? (a? —bc)?/{ (a? — b?) (a? — c?)} =a? 

Let P, Q, B be (acos 6), a sin6;), &e, 

Then the equation of PQ is 

x cos (0; + 62) +y sin 4 (01 + 62) =acos } (91 — 42); 
end we have, putting t, for tan}9,, &c. 
b cos 8% (6; > Be : + tte 


hfs 


fig? cos s4( On se +60) — tte ' 
c _1+tts 
So also get ahi,” 
Hence tyto(a+b)+(a—b)=0, and tts (a+c)+a—c=0; 
w. ta[tg=(a+c) (a- b)/{(a=¢) (@40)} HA... ese (i) 


Now the equation of QR is 
x COS 4 (82+ 43) +y sin 4 (2+ 43)=a cos 4 (4; — 42), 
i.e, a—-x+(a+2) tots —y (te+t,)=0. 


Bag! 


/ 
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Hence, from (i) 
(a—«x)X+(a4+2) te? -y (A+1) t2=0, 
the envelope of which for different values of tz is 
Ad (a +2) (a—2) =(X+1)2y?, 
where A=(a+c) (a—b)/{(a—c) (a+b)}. 


EXAMPLES ON CHAPTER VI. 


1. If SP, S’P be the focal distances of a point P on an 
ellipse whose centre is C, and CD be the semi-diameter conju- 
gate to CP; shew that SP. S’P=CD*. 


2. The tangent at a point P of an ellipse meets the 
tangent at A, one extremity of the axis ACA’, in the point Y; 
shew that CY is parallel to A’P, C being the centre of the 
curve. 


3. A point moves so that the sum of the squares of its 
distances from two intersecting straight lines is constant. 
Prove that its locus is an ellipse, and find the eccentricity in 
terms of the angle between the lines. 


4. P,Q are fixed points on an ellipse and # any other 
point on the curve; V, V’ are the middle points of PR, QR, 
and VG, V’G’ are perpendicular to PR, Q/ respectively and 
meet the axis in G, G’. Shew that GG’-is constant. 


5. <A-series of ellipses are described with a given focus and 
corresponding directrix ; shew that the locus of the extremities 
of their minor axes is a parabola. 


/ 6, PNP’ isa double ordinate of an ellipse, and Q is any 


A point on the curve; shew that, if QP, QP’ meet the major axis 


in M, M’ respectively, CM. CM' = CA? 


_ ¢. Lines are drawn through the foci of an ellipse perpen- 
dicular respectively to a pair of conjugate diameters and 
intersect in Y ; shew that the locus of @ is a concentric ellipse. 


8. The tangent at any point P of an ellipse cuts the 
equi-conjugate diameters in 7, 7”; shew that the triangles 
TCP, T’CP are in the ratio of CT? : CT, 
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/ 9. If CQ be conjugate to the normal at P, then will CP 
be conjugate to the normal at Q. 


10. If P, D be extremities of conjugate diameters of an 
ellipse, and PP’, DD’ be chords parallel to an axis of the 
ellipse; shew that PD’ and P’D are parallel to the equi- 
conjugates. 


ll. If P, D are extremities of conjugate diameters, and 
the tangent at P cut the major axis in 7’, and the tangent at 
D cut the minor axis in 7”; shew that 7'Z7” will be parallel to 
one of the equi-conjugates. 


12. QQ’ is any chord of an ellipse parallel to one of the 
equi-conjugates, and the tangents at Q, Q’ meet in 7’; shew 
that the circle Y7Q’ passes through the centre. 


13. In the ellipse prove that the normal at any point is a 
fourth proportional to the perpendiculars on the tangent from 
the centre and from the two foci. 


14. Two conjugate diameters of an ellipse are drawn, and 
their four extremities are joined to any point on a given circle 
whose centre is at the centre of the ellipse ; shew that the sum 
of the squares of the lengths of these four lines is constant. 


| 15. PNP’ is a double ordinate of an ellipse whose centre 
/ is C, and the normal at P meets CP’ in O ; shew that the locus 
of O is an ellipse. 


16. If the normal at any point P cut the major axis in G, 
shew that, for different positions of P, the locus of the middle 
point of PG will be an ellipse, 


17. A, A’ are the vertices of an ellipse, and P any point 
on the curve; shew that, if PW be perpendicular to AP and 
PM perpendicular to A’P, M, N being on the axis AA’, then 
will JZV be equal to the latus rectum of the ellipse. 

18. Find the equation of the locus of a point from which 

| Sie tangents can be drawn to an ellipse making angles 6,, 6,, 
with the axis-major such that (1) tan 6, + tan @, is constant, 
(2) cot 0, + cot 6, is constant, and (3) tan 0, tan 6, is constant. 

19. The line joining two extremities of any two diameters 
of an ellipse is either parallel or conjugate to the line joining 
two extremities of their conjugate diameters. 


8.0. 8. 12 
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20. If P and D are extremities of conjugate diameters of 
an ellipse, shew that the tangents at P and D meet on the 


ellipse * +¥% —9, and that the locus of the middle point of 
a’. b ? 
; » a) of 
Das = et ae }. 

21. A line is drawn parallel to the axis-minor of an ellipse 
midway between a focus and the corresponding directrix ; prove 
that the product of the perpendiculars on it from the extremi- 
_ ties of any chord passing through that focus is constant. 


22. If the chord joining two points whose eccentric angles 
are a, 8 cut the major axis of an ellipse at a distance d from the 


d— : 
centre, shew that tan © tan B = 2 Sell where 2a is the length 
2 2 d+a 


of the major axis. 
23. If any two chords be drawn through two points on the 
axis-major of an ellipse equidistant from the centre, shew that 


8 
5 tan 2 tan ; tan is 1, where a, 8, y, 5 are the eccentric 


angles of the extremities of the chords. 


tan 


24. If S, H be the foci of an ellipse and any point A be 
taken on the curve and the chords ASB, BHC, CSD, DHE... be 
drawn and the eccentric angles of A, B,C, D,... be 6,, 62, 03, 94,.-+5 


6 
prove that tan s tan qi 7 =P AOAe 


ad 


> = cot > cot > = tan = tan 

25. Shew that the area of the triangle formed by the 
tangents at the points whose eccentric angles are a, 8, y respec- 
tively is ab tan } (B—y) tan} (y—a) tan 3 (a— £). 


26. Prove that, if tangents be drawn to an ellipse at 


points whose eccentric angles are ¢,, ¢2, 43, the radius of the 
circle circumscribing the triangle so formed is 


Pp, %, 7 being the length of the diameters of the ellipse parallel 
to the sides of the triangle, and a, 6 the semi-axes of the ellipse. 
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27. From any point P on an ellipse straight lines are 
drawn through the foci S, H cutting the corresponding direc- 
trices in Q, / respectively ; shew that the locus of the point of 
intersection of YH and RS is an ellipse. 


28. If P, p be corresponding points on an ellipse and its 
auxiliary circle, centre C, and if C’P be produced to meet the 
auxiliary circle in g; prove that the tangent at the point Q on 
the ellipse corresponding to g is perpendicular to Cp, and that 
it cuts off from Cp a length equal to CP. 


29. If P, Q be the points of contact of perpendicular tan- 
‘ gents to an ellipse, and p, g be the corresponding points on the 
auxiliary circle; shew that Cp, Cq are conjugate diameters of 
the ellipse. 


30. From the centre C of two concentric circles two 
radii CQ, Cq are drawn equally inclined to a fixed straight line, 
the first to the outer circle, the second to the inner : prove that 
the locus of the middle point P of Qq is an ellipse, that PQ is 
the normal at P to this ellipse, and that Yq is equal to the 
diameter conjugate to CP. 


31. If w is the difference of the eccentric angles of two 
points on the ellipse the tangents at which are at right angles, 
prove that absinw=Ap, where A, pw are the semi-diameters 
parallel to the tangents at the points, and a, 6 are the semi-axes 
of the ellipse. 


32. ‘Two equal circles touch one another, find the locus of 
a point which moves so that the sum of the tangents from it 
to the two circles is constant. 


33. Prove that the sum of the products of the perpen- 
diculars from the two extremities of each of two conjugate 
diameters on any tangent to an ellipse is equal to the square of 
the perpendicular from the centre on that tangent. 


34. @ is a point on the normal at any point P of an ellipse 
whose centre is C such that the lines C?, CQ make equal 
angles with the axis of the ellipse; shew that PQ is proportional 
to the diameter conjugate to CP. 

12—2 
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35. If a pair of tangents to a conic be at right angles to 
one another, the product of the perpendiculars from the centre 
and the intersection of the tangents on the chord of contact is 
constant, 

/ 36. 'Tangents at right angles are drawn to an ellipse ; find 
the locus of the middle point of the chord of contact. 

37. If P be any point on an ellipse and any chord PQ cut 
the diameter conjugate to CP in R, then will PQ. P& be equal 
to half the square on the diameter parallel to PQ. 

38. Find the locus of the middle points of all chords of 
an ellipse which are of constant length. . 

39. If three of the sides of a quadrilateral inscribed in an 
ellipse are parallel respectively to three given straight lines, 
shew that the fourth side will also be parallel to a fixed straight 
line. 

40, If a polygon is inscribed in an ellipse and all its 
sides but one are parallel to given straight lines; then, if the 
number of the sides is even, the remaining side will be parallel 
to a given straight line; and, if the number of the sides is 
odd, the remaining side will envelope an ellipse. 

41. The area of the parallelogram formed by the tangents 
at the ends of any pair of diameters of an ellipse varies inversely 
as the area of the parallelogram formed by joining the points of 
contact, 

42. If at the extremities P, Q of any two diameters 
CP, CQ of an ellipse, two tangents Pp, Qq be drawn cutting 
each other in 7’ and the diameters produced in p, and g, then 
the areas of the triangles 7'Qp, 7’Pq will be equal. 


43. From the point O two tangents OP, OQ are drawn to 

the ellipse a + Yes 1; shew that the area of the triangle CP 

a b2 ) fo) e Q 
is equal to 

Bh? + ak? — ab? 

P bh? + wk? 

and the area of the quadrilateral OPCQ is equal to 
(Bh? + ah? — a°b?)3, 

C' being the centre of the ellipse, and 4, & the co-ordinates of O. 


/ 


THE ELLIPSE 181 


44, TP, TQ are tangents to an ellipse whose centre is C, 
shew that the area of the quadrilateral 0 P7Q is ab tan} (6—¢'); 
where a, 6 are the semi-axes of the ellipse, and ¢, ¢’ are the 
eccentric angles of P and Q. 


45. PCP’ is a diameter of an ellipse and QCQ’ is the 
corresponding diameter of the auxiliary circle ; shew that the 
area of the parallelogram formed by the tangents at P, P’, Q, Q’ 
y 8a*b 
* (@—) sin 26’ 

46. A parallelogram circumscribes a circle, and two of the 
angular points are on fixed straight lines parallel to one an- 
other and equidistant from the centre ; shew that the other two 
are on an ellipse of which the circle is the minor auxiliary 
circle. 


where ¢ is the eccentric angle of P. 


47. Two fixed conjugate diameters of an ellipse are met in 
the points P, Q respectively by two lines OP, OQ which pass 
through a fixed point O and are parallel to any other pair of 
conjugate diameters ; shew that the locus of the middle point 
of PY is a straight line. 


48. If from any point O in the plane of an ellipse the per- 
pendiculars OM, OW be drawn on the equal conjugate diameters, 
the direction OP of the diagonal of the parallelogram MONP 
will be perpendicular to the polar of O. 


49. Three points A, P, B are taken on an ellipse whose 
centre is C. Parallels to the tangents at A and B drawn 
through P meet CB and CA respectively in the points @ and A. 
Prove that QA is parallel to the tangent at P. 

50. Find the locus of the point of intersection of normals 
at two points on an ellipse which are extremities of conjugate 
diameters. 

51. Normals to an ellipse are drawn at the extremities 
of a chord parallel to one of the equi-conjugate diameters ; 
prove that they intersect on a diameter perpendicular to the 
other equi-conjugate. 

52. If normals be drawn at the extremities of any focal 
chord of an ellipse, a line through their intersection parallel to 
the axis-major will bisect the chord. 
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53. Ifa length PQ be taken in the normal at any point P 
of an ellipse whose centre is C, equal in length to the semi- 
diameter which is conjugate to CP, shew that @Q lies on one or 
other of two circles. 


54, Shew that, if ¢ be the angle between the tangents to 
the ellipse c+ Pol = 0 drawn from the point (a’, vy’), then 
will (a? + y’? — a? — 8°) tan $ = 2,/(b?x? + ay? — ab’). 

55. TP, TQ are the tangents drawn from an external 

point (a, v) to the ellipse ie ae 1=0; shew that, if S be a 
Si eo 


focus, = 


SP.8Q @° 8 


56. If two tangents to an ellipse from a point 7’ intersect 
at an angle ¢, shew that S7'. H7'cos¢=CT?— a’? —6b?, where 
C is the centre of the ellipse and S, H the foci. 


57. If the perpendicular from the centre C of an ellipse 
on the tangent at any point P meet the focal distance SP, 
produced if necessary, in &; the locus of # will be a circle. 


58. If two concentric ellipses be such that the foci of one 
lie on the other, and if e, e’ be their eccentricities, shew that 
See Be 


, 


(7 


their axes are inclined at an angle cos 


59, Shew that the angle which a diameter of an ellipse 
subtends at either end of the axis-major is supplementary to 


that which the conjugate diameter subtends at the end of the 
axis-minor, 


60. If 6, 6 be the angles subtended by the axis major of 
an ellipse at the extremities of a pair of conjugate diameters, 
shew that cot?@ + cot?6’ is constant. 


61. If the distance between the foci of an ellipse subtend 


angles 26, 26’ at the ends of a pair of conjugate diameters, shew 
that tan? + tan? @’ is constant. 
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62, If,’ be the angles which any two conjugate diame. 
ters subtend at any fixed point on an ellipse, prove that 
cot?’ + cot?’ is constant. 


63. Shew that pairs of conjugate diameters of an ellipse 
are cut in involution by any straight line. 


64. The locus of the centre of a circle which cuts the 
ellipse a°/a? + y?/b?— 1 =0 in the fixed point (a, 8) and in two 
other points at the extremities of a diameter is the ellipse 
2a*a? + 2b*y? = (a? — b°) (ax — By). 


; 65. The normals at four points on 2?/a? + ¥°/6?= 1 meet in 
the point (a, 8). Prove that the mean position of the four 
points is 
{Za%a/(a*—b*),  0°B/(b" — a*)}. 


66. <A, B, C, D are four fixed points on an ellipse, and P 
any other point on the curve; shew that the product of the 
perpendiculars from P on 4B and CD bears a constant ratio to 
the product of the perpendiculars from P on LC and DA. 


67. Find the locus of the point of intersection of two 
normals to an ellipse which are perpendicular to one another. 


68. Find the equation of the locus of the point of inter- 
section of the tangent at one end of a focal chord of an ellipse 
with the normal at the other end. 


69. Two straight lines are drawn parallel to the axis-major 
of an ellipse at a distance Hd Ge 2 from it; prove that the part 
oo 
of any tangent intercepted between them is divided by the 
point of contact into two parts which subtend equal angles at 


the centre. 


70. PG is the normal to an ellipse at P, G being in the 
major axis, GP is produced outwards to Q so that PQ = GP ; 
shew that the locus of Q is an ellipse whose eccentricity is 

2 72 s A 
os and find the equation of the locus of the intersection of 
a+ 6 
the tangents at P and Q. 
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71. The perpendicular from the point P on its polar with 
respect to an ellipse cuts the axis major in G, and any circle is 
drawn with G as centre so as to cut the ellipse in four points. 
Prove that P is equidistant from the two parallel lines through 
the four points. 


72. Prove that the circle whose diameter is the chord 
= cos} (0, + 6,) +4 sin } (0, +8.) — cos $ (0, ~ 6,)= 0 


cuts the ellipse x*/a? + 7?/6?—1=0 in two other points whose 
join is the line 


2 


a+b 
e—8 


= cos 4 (8, +4.) —¥ sin } (6, + 6.) — cos 4 (6, —6,) = 0. 


73. Prove that any tangent to either of the conics 
ala + y?/B8 =1/(a+b) and a?/a’—2/b®=1/(a—b) will meet 
a*/a? + y?/b>—1=0 in two points the normals at which are 
equidistant from the centre. 


74, A parallelogram circumscribes the ellipse 
e/a? + y?/b>-1=0 


and two of its angular points are on the lines a°—h?=0; prove 
that the other two are on the conic 


ala? + y? (1 — a?/h?)/b? -1 = 0. 


75. The sides of a triangle touch the circle 2? +7? —a?=0 
and two of the vertices are on the lines y?—6?=0. Prove 
that the locus of the third vertex is 


20? + y? — a? — 40°b*2:7/(a? — 6°)? = 0. 


CHAPTER VII. 
THE HYPERBOLA. 


Definition. The Hyperbola is the locus of a point 
which moves so that its distance from a fixed point, called 
the focus, bears a constant ratio, which is greater than 
unity, to its distance from a fixed straight line, called the 
directrix. 


140. To find the equation of an hyperbola. 
Let S be the focus and ZM the directrix. 
Draw SZ perpendicular to the directrix. 
Divide ZS in A so that SA : AZ=given ratio=e: 1 
suppose. Then A is a point on the curve. 
There will also be a point A’ in SZ produced such that 
ria en st 6 ol. 
Let C be the middle point of AA’, and let AA’ = 2a. 
Then SA=e.AZ, and SA'=e.ZA’; 
“. SA+SA’=e(AZ+ZA’); 
COSC 2ekA Os 
ACLS ON MIR Mah awa se se (i). 
Also SA’—SA =e(ZA’— AZ), 
or AA’=e(AA'—2A4Z); 
‘AC =e.Z0, 
or OD EAGT Oh win: Sea eae (ii). 
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Now let C be taken as origin, CA as the axis of #, and 
a line perpendicular to C/A as the axis of y. 

Let P be any point on the curve, and let its co- 
ordinates be w, y. 


Then, in the figure 


SP?=ePM?; 
J SNA + VP AZ 

Now SN =CN—CS=2—ae, 
and ZN=CN —CZ=2—-ale; 

. (~—aeP+y? =e (a—a/e)?, 
or yte’d—eé)=a(1—e&), 
or Se (ii). 

ve a(l—e*) 


‘Since e is greater than unity a?(1— e”) 1s negative; if 
we put —0? for a?(1—€), the equation takes the form 


2 


a 
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The latus rectum is the chord through the focus 
parallel to the directrix. To find its length we must put 
& = ae in equation (iv). 

Then 9? = 0? (e— 1) =b4/a?, since b°?=a?(e?—1); 
so that the length of the semi-latus rectum is b?/a. 


141. In equation (iv) [Art. 140] 2? cannot be less than 
a, for otherwise y? would be negative. 
Hence no part of the curve lies between 


e2=—aand «=a. 


If « be greater than a, y? will be positive; and for any 
particular value of # there will be two equal and opposite 
values of y. Therefore the axis of w divides the curve 
into two similar and equal parts. 

For any value of ¥, z? is positive; and for any particular 
value of ¥ there will be two equal and opposite values of «. 
Therefore the axis of y divides the curve into two similar 
and equal parts. From this it follows that if on the axis 
of « the points S’, Z’ be taken such that C'S’ =SC, and 
OZ’ = ZC, the point S’ will also be a focus of the curve, 
and the line through Z’ perpendicular to OZ’ will be the 
corresponding directrix. 

If (a’, y’) be any point on the curve, it is clear that the 
point (— 2’, —y') will also be on the curve. But the points 
(x’, y’) and (—z’, —y’) are on a straight line through the 
origin and are equidistant from the origin. Hence the 
origin bisects every chord which passes through rt, and is 
therefore called the centre of the curve. 

From equation (iv) [Art. 140] it is clear that if a? be 
greater than a’, y? will be positive, and will get larger and 
larger as « becomes larger and larger, and there is no 
limit to this increase of w and y. The curve is therefore 
shaped somewhat as in the figure to Art. 140, and consists 
of two infinite branches. 

AA’ is called the transverse axis of the hyperbola. 
The line through C perpendicular to AA’ does not meet 
the curve in real points; but, if B, B’ be the points on 
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this line such that BC=CB’ =6, the line BB’ is called 
the conjugate axis. 


142. To find the focal distances of any point on an 
hyperbola. 


In the figure to Art. 140, since SP =ePM, we have 
SP =eZN =e(CN—CZ)=e(a—a/e)=ex—a: 
also S’P=e.M'P=e(CN4+Z’'C)=e(«+a/e)=ex+a; 
*, S’P—SP=2a. 
143. The polar equation of the hyperbola referred to 


the centre as pole will be found by writing rcos@ for a, 
and rsin @ for y in the equation 


hed, bog 


The equation will therefore be 
r2-cos’@ sin? @ 


Gs dalwbad S 1, 
1) cost sink? : 
or hers Weis ee (i). 
The equation (1) can be written in the form 
Lipo Let a 
ata ( Sas 3) SUT" 0 arate unpare (ii) 


er 1 hae 
We see from (ii) that - — Is greatest, and therefore r is 
least, when @ is zero. at 63 increases, _ diminishes, and 


is zero when dame TG as arp 8° that for this value of 6, 


ris infinite. If sin?@ be greater than ee sara will be 


negative, so that a radius vector which makes with the 


axis an angle greater than sin ea does not meet 


the curve in real points. 
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144, Most of the results obtained in the preceding 
chapter hold good for the hyperbola, and in the proofs 
there given it is only necessary to change the sign of b*. 
We shall therefore only enumerate them. 

Let the equation of the hyperbola be 

diate ight 
ae 

(i) The line y=me« + \/(a?m?— 6b?) is a tangent for all 
values of m [Art. 114]. 


Gi) The equation of the tangent at (w’, y’) is 
#7 =1, [Art. 115] 


Set. el Arte 119, | 
(iv) The equation of the normal at (2’, y’) is 


eee RT 


ax 
a b? 
_ (v) The line la + my=n will touch the curve, if 
al? — b’m? = n? [ Art. 116]. 
(vi) The line ecosa+ ysina=p will touch the curve, 
if p*= @ cos? a — b? sin?a [Art. 116]. . 
(vii) The equation of the director-circle of the hyper- 
bola is 2+ y?=a?—b? [Art. 121]. 
The director-circle is clearly imaginary when a is less 
than b, and reduces to a point when a=6. 
(viii) The geometrical propositions proved in Art. 126 
are also true for the hyperbola. 
(ix) The locus of the middle points of all chords of 
the hyperbola which are parallel to y =mz is the straight 


line y= m/’x, where mm! =<. [Art. 128]. 
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145. The lines y= ma, y = mz are conjugate if 


Soa 


These two diameters meet the curve in points whose 
abscisse are given by the equations 


1 m* pi» sarang 7h whe 
#(4-%)ah and a*(— )ah 


The first equation gives real values of « if m be less 


than os and the second gives real values if m’ be less than 


b b? 


Pk But, since mm’ = — 


2? 


m and m’ cannot both be less 


than x nor both be greater. 


Therefore, of two conjugate diameters of an hyperbola 
one meets the curve in real points, and the other in 
imaginary points. 


The two conjugate diameters are coincident if m=+ be 


146. Let P, D be extremities of a pair of conjugate 
diameters; let the co-ordinates of P be 2’, y’, and the 
co-ordinates of D be w”, y’. We know from Art. 145 that 
if one of these two points be real the other will be 
imaginary. 


The equations of OP and CD are 


f= ond 5=<, 
ae 7 
Hence, from (ix) Art. 144, we have 
aa’ yy” 
rhe aa malO'O.. £5. Melatehbe eee (i), 
42 pp!/2 42, ,//2 
whence ga EE 
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or, since (a’, y’) and (x”, y”) are both on the curve, 


a!” y” \ a? a Hf | 
a (1+) = (Ge) 


ya ’9 
a= +t ; Dg) a Oe Re (ii), 
and .*. from (i) _s 2 a! a eae a (iii). 
From (11) and (iil) we have 
CP? + CDP =a + y?— ah — Z a’ 


So that, as in the case of the ellipse, the sum of the 
squares of two conjugate diameters is constant, 


147. Definition. An asymptote is a straight line 
which meets a curve in two points at infinity, but which 
is not altogether at infinity. 

To find the asymptotes of an hyperbola. 

To find the abscisse of the points where the straight 
line y=m« +c cuts the hyperbola, we have the equation 


a (mat+cyP 


ees Gb? a 
m2 
or (ee) pee po l= Re ceE aries: (i) 


Both roots of the equation (i) will be infinite if the 
coefficients of a? and of # are both zero; that is, if 


2 
: ae = (0, and me =:0. 


ond 
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Hence we must have c= 0, and m=+ a 
ge 2 
The hyperbola oe a 1 


has therefore two real asymptotes whose equations are 


b : : 
y=t qe expressed in one equation, 


a 

Draw lines through B, B’ parallel to the transverse 
axis, and through A, A’ parallel to the conjugate axis ; 
then we see from (ii) that the asymptotes are the diagonals 
of the rectangle so formed, 

The ellipse has no real points at infinity, and therefore 
the asymptotes of an ellipse are imaginary. 

From Art. 145 we see that each asymptote lies along a 
pair of coincident conjugate diameters. 


148. Any straight line parallel to an asymptote will 
meet the curve in one point at infinity. 


For, one root of the equation (1) Art. 146 will be in- 
finite, if the coefficient of 2? is zero. This will be the case 


if mate So that the line y=trare meets the 


curve in one point at infinity, whatever the value of c may be. 


149, The equation of the hyperbola which has BB’ for 
its transverse axis and AA’ for its conjugate axis is 


This hyperbola and the original hyperbola, whose 


equation is 


are said to be conjugate to one another. 
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We append some properties of a pair of conjugate 


hyperbolas. 


SS 
a 


a 


Soed ee 


(1) The two hyperbolas have the same asymptotes. 
(2) If two diameters be conjugate with respect to one 
of the hyperbolas, they will be conjugate with respect 
_ to the other. 
: This follows from the condition in (ix) Article 144. 
. (8) The equations of the hyperbolas (ii) and (i) can 
[Art. 143] be written in the forms 
2 Ot Gos’ OX eee 


Pr of ads 
1 cos?@ sin?@ 
v2 4 a? be € 


It is clear that if, for any value of 0, r? is positive for one 
curve it is negative for the other. 

Hence every diameter meets one curve in real points 
and the other in imaginary points; moreover the lengths 
of semi-diameters of the two curves are, for all values of 6, 
connected by the relation 7° =— r? 

(4) If two conjugate diameters cut the curves (ii) and 
(i) in P and d respectively, then CP? — Cd? = a? —b*, 

Let a’, y’ be the co-ordinates of P, and ”, y” the 
co-ordinates of d. 


8. 0. 8. 1s 
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Then the equations of CP and Cd are 
aa’ —y/y =0, and a/x” —y/y’=0. 


The condition for conjugate diameters, viz. mmv’ = b?/a?, 


gives Fe 
al fF = off! [EP =O age nanadn ance (iii), 
or ee'gf"2 [at = 4/2472 [04 
And, since (2’, y’) is on (ii), and (#”, y”) on (i), we 
have = (-1)-% (4-1), 
or wear = o/b 
09 (02 fa /O- coset Pee (iv), 
and .*. from (iii), Ola bY [Baas caesoaeasetaale ek (v). 


Hence CP? — Cd? = @? + y?— a? — 7” 


: a ee , 
pe 2 lp ee gas iB teste 2 
i ek Ww, Nod 


~ ww (2-9); 
7s (a b?) az | 
”. CP?— Cd? = a? —6"*, 
(5) The parallelogram formed by the tangents at 
P, P’, d, d’ is of constant area. 
The parallelogram is equal to 4CP.Cdsin PCd, or 


equal to 4Cd.CF, where CF is the perpendicular from C 
on the tangent at P. 


Now the equation of the tangent at P is 


oe ate “5 
a? 62 1; 
1 
. ae, 
Mi 3d = aye 


* CP and Cd must not be looked upon as conjugate semi-diameters, 
since the points P and d are not on the same hyperbola. The line dCd’ 
cuts the original hyperbola in two imaginary points; and if these points 
be D, D’, we see from (3) that CD?= — Ca. 
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And Cd? = 3 y? st a aw? = ah? G 1. 3 


eC at ' bf 
Hence Cd. CF = ab. 


(6) The asymptotes bisect Pd and Pd’. 
If x, y be the co-ordinates of the middle point of Pd, 
then 
2a =a' + 2’, and 2y=y'+y"; 
2 ota we tyafo_ a. 
“Vy ¥xty yrabla ~d? 
therefore the middle points of Pd and of Pd’ are on one 
or other of the lines 


7 pe PS) 
galt 


Also, since CPKd is a parallelogram CK bisects Pd 
or Pd’, and therefore is one of the asymptotes, so that the 
tangents at D, D’ meet those at d, d’ on the asymptotes. 


(7) The equations of the polars of (a’, y’) with respect 
to the hyperbolas (i1) and (1) respectively are 
YF 1, and Seas ait 


Hence the polars of any point with respect to the two 
curves are parallel to one another and equidistant from the 
centre. 

If (a, y’) be any point P on (ii), then its polar with 
respect to (i) is 

LL ; a(—x’ —y 

But the last equation is the tangent to (ii) at the point 
(— 2’, —y’), which is the other extremity of the diameter 
through P. 

Hence, if from any point on an hyperbola the tangents 
PQ, PQY be drawn to the conjugate hyperbola, the line 
QY will touch the original hyperbola az the other end of 
the diameter through P. 


13—2 
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150. o find the equation of an hyperbola referred tc 
any pair of conjugate diameters as ames. 


The equation of the hyperbola referred to its transverse 
and conjugate axes is 
hed a 
Nel a 
Since the origin is unaltered we substitute for x,y ex- 
pressions of the form Ja + my, l’x + m’y in order to obtain 
the transformed equation [Art. 51]. 
The equation of the hyperbola will therefore be of the 
form 


Ag + 2Hay + By =Ti oc. eee ees (i). 


By supposition the axis of # bisects the chords parallel 
to the axis of y. Therefore for any particular value of « 
the two values of y found from (i) must be equal and 
opposite. Hence H=0; the equation will therefore be 
of the form 

Ags A. BayPic le ow iinessusanetttend (ii). 

Of the two semi-conjugate diameters one is real and 
the other imaginary. If their lengths be a’ and V—10'; 
since these are the intercepts on the axes of # and y 
respectively, we obtain from (ii) 

Aa*=1=— Bb 
Hence the required equation is 
ae ye br 
: a at Lica enctanomente Sats (111). 

151. Since the equation of the curve is of the same form 
as before, all investigations in which it was not assumed 
that the axes were at right angles to one another still hold 
good. For example (1), (ii), (ili), (v) and (ix) of Art. 144 
require no change. Art. 147 will also apply without change, 
so that the equation of the asymptotes of the hyperbola 

AMM ne 
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Ex. 1. The polar of any point on 22/a2+y2/b2—1=0 with respect to 
x?/a? ~y?/b2=1 will touch 22/a? + y2/b2=1. 

‘Ex. 2. If the polars of (21, y1), (v2, ya) with respect to x2/a? — y?/b2=1 
are at right angles, then will x; x9/y;y.+a4/b!=0. 

Ex. 3. If the polar of (a, 8) with respect to y?—4ar=0 touches 
a?4+72—4a2=0, the point (a, 8) is on the rectangular hyperbola 
a? —y2—4a2=0. 

Ex. 4. A circle cuts two fixed perpendicular lines so that each 
intercept is of given length. Prove that the locus of the centre of the 
circle is a rectangular hyperbola. 

Hx. 5. The poles with respect to y?—4axr=0 of tangents to 
«w2+y2—a?2=0 are on the hyperbola 4x?—y?=4a2. 

Also the poles with respect to y?—4az of tangents to 4”? — y2=4a2 are 
on the circle x?+ y2=a?, 


152. To find the equation of an hyperbola when referred 
to its asymptotes as axes of co-ordinates. 
Let the asymptotes be the lines CK, CK’ in the 


figure, and let the angle ACK’ =a, so that tan a =". 


Let P be any point (a, y) of the curve, and let 2’, 7’ 
be the co-ordinates of P when referred to CK, CK’. Draw 
PM parallel to CK’ to meet CK in M, and draw PN 


perpendicular to the transverse axis. 
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Then COM=2', MP=y', CN=a, NP=y. 


Now CN = CM cosa+ MP cosa, 
or a = (a + 4’) COS G.....-2-0-crennene (1). 
Also NP = MPsina—CM sina, 
or y = (y — 2") SIN A oo deve eee eee eee (ii). 
Hence, by substituting in the equation 
a ae 
i AsOn 
we obtain 
cost (Oice Y) 1 SNMA pore ooryyiy Cool (iii, 
a? b? 
But tana= : , therefore sa ine on te = pa 


Hence, suppressing the accents, we have from (ii1) 
Axy =a? + 6, 
which is the required equation. 


The equation of the conjugate hyperbola, when referred 
to the asymptotes, will be 


Any = — (a? + b°). 


153. The equations of an hyperbola, of the asymptotes, 
and of the conjugate hyperbola are 


x y? ee 


respectively. 


If the axes of co-ordinates be changed in any manner, 
we should, in order to obtainthe new equations, have 
to make the same substitutions in all three cases. 


Hence, for all positions of the axes of co-ordinates, the 
equations of an hyperbola and of the conjugate hyperbola 
will only differ from the equation of the asymptotes by 


constants, and the two constants will be equal and opposite 
for the two hyperbolas. 
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_ 154 When the angle between the asymptotes of an 
hyperbola is a right angle it is called a rectangular 
hyperbola. 


The angle between the asymptotes is equal to 2 tan— : ; 


and therefore when the angle is a right angle we have 
b=a. On this account the curve is sometimes called an 
equilateral hyperbola. 


155. To find the equation of the tangent at any point 
of the hyperbola whose equation 1s xy =c?. 

The point (cp, c/p) is clearly on wy—c?=0 for all 
values of p. Call this the point ‘p.’ 

Then the join of the two points p,, p, is 


ae 2 1/=0, 
CDy eC) Dyrre L 
ea en 
Le. a(—-—) +y(p,-p) +0(#—”) <0, 
Pint Ps Pz pr 
Whence, after division by p,—p,, we have 
L AYP Pz — C( Pr + Ps) =0....0ccecereene (i). 


Now put p.=p, in (i) and we have the equation of 
the tangent at p,, namely 
BE YD — ACP, =0...ccccrccoereeces (ii). 
From (ii) we have 
xe/p, + Ycp; = 2c’, 
Le. Apis AEWA OR ES RE (ii1). 
Using equation (iii) we find as in Art. 118, that the 
polar of (x, yi), with respect to xy —c¢ = 0, 1s 
HY; + ya, = 20°. 
From equation (ii) we see that, if the conic is a rect- 
angular hyperbola the normal at ‘p,’ is 
(@ — cpr) pr —(y — ¢/pr) = 0, 
Le. xp — Pry — Cpr +o=0 ........0000 (iv). 


/ 
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Ex. 1. A triangle is inscribed in xy=c? and two of the sides are 
parallel to y+mcx=0, yt+mgx=0 respectively. Prove that the third 
side envelopes the hyperbola 4m mgxy =c? (my + 112)*. 

The join of py, pg is 

+ YD po — ¢ (p+ p2) =9. 

This is parallel to y+m,c=0, if mpi po=1. 

The join of p;, p3 is parallel to y+ mga =0, if mgp;p3=1. 

Hence we have MDs = Ng Ps ....p5 eWeek ces 00a idee aae el (i). 

Now the join of p,, p3 is 

+ YP2 p3— ¢ (p2+p3)=0, 
or, from (i), mx + ym2p3" — Cc (mz+m}) p3=0, 
the envelope of which for different values of ps3 is 
Amy mary =c? (my +mbe)?. 

Ex. 2. Any straight line cuts a hyperbola in the points Q, Q’ and its 
asymptotes in the points R, R’. Prove that QQ’ and RR’ have the same 
middle points. 


Ex. 3. The portion of any tangent to a hyperbola intercepted by the 
asymptotes is bisected at the point of contact. 


Ex. 4. Any tangent to a hyperbola cuts off from the asymptotes a 
triangle of constant area, 


Ex. 5. Prove that y-ma=0 and y+mx=0 are conjugate diameters 
of xy =c?, for all values of m. 


Ex. 6. Shew that the line «=0 is an asymptote of the hyperbola 
Qay +3a2+4e=9, 

What is the equation of the other asymptote? 

Ex. 7. Find the asymptotes of ay — 3x —2y=0. 

What is the equation of the conjugate hyperbola? 

Kx. 8. The locus of the centre of a circle which circumscribes the 


triangle formed by the asymptotes and any tangent to a given hyperbola, 


is another hyperbola whose asymptotes are perpendicular to those of the 
given hyperbola. 


Ex, 9. If the polar of (a, 8) with respect to y?—4axr=0 touches 
a? — 4by=0, then (a, 8) must be on the rectangular hyperbola ry +2ab=0. 


Ex. 10. If tangents are drawn to a system of coaxal circles parallel 


to a given straight line, their points of contact are on a rectangular 
hyperbola. 
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Ex. 11. Prove that the locus of the poles of a given straight line 
with respect to the circles of a coaxal system is a hyperbola one asymptote 
of which ‘is perpendicular to the line of centres of the circles and the 
other asymptote is perpendicular to the given straight line. 


156. The asymptotes and any pair of conjugate dia- 
meters of an hyperbola form a harmonic pencil. 


The asymptotes are 
e/a? — y?/b? = 0. 
Any pair of conjugate diameters are 
b'a* + 2kay + a?y? = 0. 
The condition of Art. 58 is clearly satisfied. 


157. We may, as in the case of the ellipse, express the 
co-ordinates of any point on the hyperbola in terms of a 
single parameter. We may put 2=asec 0,and y=btan 6, 
since for all values of 0, sec? @— tan? 0 = 1. 

If PV be the ordinate of any point P on the curve, and 
NQ be the tangent from WV to the auxiliary circle; then 
CN=asec ACQ. Hence ACQ is the angle 0. 


The equation of the chord through the points 61, 6 is 
a ’ y , 1{=0; ..| a/a, ylb, 1 =0. 


asec6,, btan6,, 1 | 1, sin6,, cos 6, 
asec6,, btan6,, 1 | 1, sin 0), cos | 
Whence, as in Art. 123, 
= cos 4 (Oy = 02) =f sin 4 (A; -|- 02) +cos 4 (O; + i) Per RCRA (i). 
The equation of the tangent at 0, is therefore 
= =cos 6; +} sin Oy Misti (ii). 


The normal at 6; is given by 
a (x —a/cos 6) +b (y—b tan 6;)/sin 9;=0, 


. ine. az by/sin 6)= (a? +- b2)/C08 B..........0.ecceesees (iii). 


Ex. Prove that, if the normals at the four points (a sec 6), b tan 01) &c. 
meet in a point; then will 
Cal + O9+ 63+ 4= (2n+ 1) T, 
and sin (04 + 62) +sin (CP + 03) +sin (83 + 61) =0. 
[As in Art. 139.] 
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158. The equation of an ellipse or hyperbola referred 
to a vertex as origin is found by writing «—a for # in 
the equation referred to the centre as origin. The equation 
will therefore be 

(c@-aP ,¥ 
a a 1, 


or 


Now, if the distance from the vertex to the nearer focus 
remain fixed (d suppose), and the eccentricity become 
unity, the curve will become a parabola of latus rectum 4d. 


The equation of the parabola can be deduced from (1). 
For, since a(1—e)=d, a must be infinite when e=1. 
2 
Also a (1—e)=d(1+e)= 2d; therefore = = 2d, 


Hence, from (1) 


or, since a is infinite, 
af = + Sada. 
The parabola therefore is a limiting form of an ellipse 
or of an hyperbola, the latus rectum of which is finite, but 


the major and minor axes are infinite. The centre and 
the second focus are at infinity. 


It is a very instructive exercise for the student to 
deduce the properties of a parabola from those of an ellipse 
or hyperbola. 


159. Let the focus of a conic be on the directrix. 


__ Take the focus as origin, and let the directrix be the 
axis of y; then the equation of the conic will be 


a+ y? = ea, 
or e(l—é)+y=0. 
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This equation represents two straight lines which are 
real if ¢ be greater than unity, coincident if e be equal to 
unity, and imaginary if e be less than unity. 


Hence we must not only consider as conics an ellipse, 
a parabola, and an hyperbola, but also two real or imaginary 


straight lines. 


It should be noticed that the directrix of a circle is at 
an infinite distance; also that the foci and directrices of 
two parallel straight lines are all at infinity, 


EXAMPLES ON CHapTerR VII. 


1. AOB, COD are two straight lines which bisect~one 
another at right angles; shew that the locus of a point which 
moves so that PA. PB= PC. PD is a rectangular hyperbola, 


2. Through a fixed point P any straight line is drawn 
which cuts the fixed straight lines OX, OY in R, FR’ respec- 
tively ; and the point P’ is taken on the line “PA” such that 
RP=Ff'R’. Prove that the locus of P is a hyperbola of which 
OX, OY are the asymptotes. 


3. Astraight line has its extremities on two fixed straight 
lines and passes through a fixed point; find the locus of the 


~ middle point of the line. 


4. A straight line has its extremities on two fixed straight 
lines and cuts off from them a triangle of constant area; find 
the locus of the middle point of the line. 

5. OA, OB are fixed straight lines, P any point, and PM, 
PN the perpendiculars from P on OA, OB; find the locus of 
P if the quadrilateral 0. PN is of constant area. 


6. The distance of any point from the centre of a rect- 
angular hyperbola varies inversely as the perpendicular distance 
of its polar from the centre. 

7. PN is the ordinate of a point P on an hyperbola, PG 
is the normal meeting the axis in G; if VP be produced to 
meet the asymptote in Q, prove that QG' is at right angles to 
the asymptote. 
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8. Ife, é be the eccentricities of an hyperbola and of the 


; 1 
conjugate hyperbola, then will “ +e I. 


9. The two straight lines joining the points in which any 
two tangents to an hyperbola meet the asymptotes are parallel 
‘to the chord of contact of the tangents and are equidistant 
from it. 


10. Prove that the part of the tangent at any point of an 
hyperbola intercepted between the point of contact and the 
transverse axis is a harmonic mean between the lengths of the 
perpendiculars drawn from the foci on the normal at the same 
point. 


1l. If through any point O a line OPQ be drawn parallel 
to an asymptote of an hyperbola cutting the curve in P and 
the polar of O in Q, shew that P is the middle point of OQ. 


12. <A parallelogram is constructed with its sides parallel 
to the asymptotes of an hyperbola, and one of its diagonals is 
a chord of the hyperbola; shew that the direction of the other 
will pass through the centre. 


13. A, A’ are the vertices of a rectangular hyperbola, and 
P is any point on the curve; shew that the internal and external ~ 
bisectors of the angle 4P4’ are parallel to the asymptotes, 


14. <A, A’ are the extremities of a fixed diameter of a 
circle and P, P’ are the extremities of any chord perpen- 
dicular to this diameter; shew that the locus of the point of 
intersection of AP and A’P’ is a rectangular hyperbola. 


15. Shew that the co-ordinates of the point of intersection 
of two tangents to an hyperbola referred to its asymptotes as 
axes are harmonic means between the co-ordinates of the points 
of contact. 


16. From any point of one hyperbola tangents are drawn 
to another which has the same asymptotes; shew that the 
chord of contact cuts off a constant area from the asymptotes. 


17. The straight lines drawn from any point of an equi- 
lateral hyperbola to the extremities of any diameter are 
equally inclined to the asymptotes. 
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A 18. The locus of the middle points of normal chords of 
the rectangular hyperbola a? — 7? =a? is (y?— 2°) = 4a°x*y’. 


19. A system of conics have their principal axes along 
two given straight lines and they all pass through a given 
point. Prove that the poles of a given straight line with 
respect to the conics are on a rectangular hyperbola. 


20. A system of conics have their principal axes along 
two given straight lines and they all touch a given straight 
line. Prove that the envelope of the polars of a given point 
with respect to the conics of the system is a parabola. 


P 21. The two lines x—a=0, y—B=0 are conjugate with 

_ respect to the hyperbola xy =c? (that is to say each line passes 
through the pole of the other). Prove that (a, 8) is on the 
hyperbola ay—2c?=0. . 


22. A circle intersects an hyperbola in four points; prove 
that the product of the distances of the four points of inter- 
section from one asymptote is equal to the product of their 
distances from the other. 


23. Shew that if a rectangular hyperbola cut a circle in 
four points the centre of mean position of the four points is 
midway between the centres of the two curves, 


24. If four points be taken on a rectangular hyperbola 
such that the chord joining any two is perpendicular to the 
chord joining the other two, and if a, 8, y, 5 be the inclinations 
to either asymptote of the straight lines joining these points 
respectively to the centre; prove that tan a tan B tan te tand=1. 


a 
25. <A series of chords of the hyperbola a ee =1 are 


tangents to the circle described on the straight line joining 
the foci of the hyperbola as diameter ; ae that the locus of 
Sees tlodailg. 
their poles with respect to the hyperbola is as a fe 

26. If two straight lines pass through fixed points, and 
the bisector of the angle between them is valways parallel to a 
fixed line, prove that ‘the locus of the point of intersection of 
the lines is a rectangular hyperbola. 
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27. Shew that pairs of conjugate diameters of an hyper- 
bola are cut in involution by any straight line. 


28. The locus of the intersection of two equal circles, 
which are described on two sides AB, AC of a triangle as 
chords, is a rectangular hyperbola, whose centre is the middle 
point of BC, and which passes through A, B, C. 


29. A rectangular hyperbola whose centre is C is cut by 
any circle of radius r in the ape points P, Q, R, S; prove 
that CP?+ CQ? + CR?+ CS?= 


30. If the normals at sm am (225 Yo), (3, Ys) and (a%4, Y4) 
on the rectangular hyperbola xy =c? meet in the point (a, £) ; 
then will 


=, +%_+H,+%, and B=Y¥+YotYst+ Yu 
Also BH Hy Wz ls = Yr YoYs Ys = — 


3]. The normals at the three points P, Q, R on a rect- 
angular hyperbola intersect at a point Son the curve. Prove 
that the centre of the hyperbola is the centroid of the triangle 
PQR. 


32. Prove that, if the normals at P, Q, R, S on a rect- 
angular hyperbola intersect in a point, then will the circle PQR 
go through the other extremity of the diameter through S. 


33. A series of rectangular hyperbolas whose asymptotes 
are xy=0 are cut by the line y= in the points P,, Q,; 
P,, Q,; &e. Prove that the normals at P,, Q,, &c. touch the 
parabola a? — 4k (y —k)=0. 


34. An infinite number of triangles can be inscribed in 
the rectangular hyperbola wy — c?=0 whose sides all touch the 
parabola ¥? —4ax=0, 

Also an infinite number of triangles can be inscribed in 
the parabola whose sides touch the rectangular hyperbola. 


35, A point P moves so that the length of the tangent 
drawn from P to a circle varies as the perpendicular from P 
on a fixed tangent to the circle. Prove that the locus of P is 


a conic whose latus rectum is equal to the diameter of the 
circle, 
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36. Prove that the circle whose centre is at any point P 
on a rectangular hyperbola and whose radius is equal to the 
diameter of the hyperbola through P will cut the hyperbola 
- in three other points which are the vertices of an equilateral 

triangle. 


37. A, B, C, P are four points on a hyperbola, and 
through P two lines are drawn parallel to the asymptotes, 
meeting the sides of the triangle ABC in L, M, N and L’, M’, 
WV’ respectively, Prove that LM: MN=L'M': M'N’. 


»; 38. Shew that any straight line which cuts y?-— 4ax=0 
/jand x? —4by=8 in points which are harmonically conjugate, 
B77 will touch the hyperbola xy + 2ab=0. 
; yP 


39. Shew that any tangent to the circle 2?+y?—2a?=0 
is divided harmonically by the two hyperbolas «(#+y)—3a?=0 
and y (y—«) — 3a?=0. 


40. A system of concentric conics have given directrices ; 
prove (1) that the locus of the poles of a given straight line 
with respect to the conics is a parabola, and (2) that the 
envelope of the polar of a given point with respect to the 
conics is a parabola. 


208 MISCELLANEOUS EXAMPLES II 


MisceLtuaAngous Exampues II. 


1. Find the bisectors of the angles between the lines 
a + 0? 
ab 


9 


ay + y?—ab+(a—b)(«—y)=0. 
Ans. (x+y) {(a—b) (w@—y)—2ab} =0. 


bo 


Find the common chord of the circles whose equations 
are f 
r= 2asin6 and r*~2er cos 6—6?= 0. 


Ans. 2r (asin 6—ccos 6) —6?=0. 


3. Prove that the locus of the centre of a circle which 
cuts a given circle orthogonally, and also touches a given 
straight line, is a parabola. 


4,- Through a fixed point (f g) a line is drawn perpen- 
dicular to any diameter of «*/a? + ?/b>—1=0 to meet the 
conjugate diameter in Q. Prove that the locus of @ is the 
rectangular hyperbola 


(a? — b*) xy —a?fy + Box =0. 
5. Find the equation of the asymptotes of the conic of 


eccentricity ,/2 whose focus is (0, 0) and whose directrix is 
e+ty+1=0. Ans. («+1)(y+1)=0. 


6. If ZL, M are the feet of the perpendiculars from a 
fixed point (c, 0) on the lines ax? + 2hay + by?=0, shew that 
the equation of LM is (a—b) a+ 2hy+be=0. Deduce that if 
the lines are rotated about the origin so that the angle be- 
tween them remains constant, the distance of ZM from the 
point (4c, 0) is constant. 


7. Find the equation of the circle whose diameter is the 
common chord of the circles 
e+y?—4=0 and a? +y4?+ 20+ 4y—6=0. 
Ans. 5a? + 5y?—2a—4y—18=0. 


oad 
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8. If the chord PQ of the parabola y?— 4ax = 0 subtends 
a right angle at the vertex of the parabola, the normals at 
P, Q will meet on the parabola 


y° — 16a (a — 6a) = 0. 
9. Prove that the common tangents of an ellipse and of the 


circle through the extremities of its equi-conjugate diameters 
form a square. 


10. Find the equation of the conic 
(? — m?) a? — 4m ay — (P —m*) y?-1=0 
when referred to its asymptotes as axes. 
Ans. xy=1/(20 + 2m’), 


11. Shew that the feet of the perpendiculars from the 
origin to the straight lines 

w+y—4=0, #+5y—26=0 and 15a—27y—424=0 
all lie on the straight line 37+y—8=0. 


12. Shew that, if 7,;, 7, are the radii of the circles 
S,=0, S,=0 (in both of which the coefficients of a? and y? are 
unity), then the points at which the circles subtend equal 
angles are on the circle 

Sat = Be) Te 

If this circle, whose diameter is the join of the centres of 
similitude of the given circles, is called their ‘circle of simili- 
tude’; then prove that the three circles of similitude of any 
three circles when taken in pairs are co-axal. 


13. Tangents drawn at two points on v*—4ax=0, the 
sum of whose focal distances is 2c, will intersect on the 
parabola 7? = 2a (a+c-—a). ; 

14. Prove that, if the normals at the points (a, y), 
(9) Yo), (#3, Ys) and (a4, ys) on the ellipse 2?/a?+y?/b?=1 


meet in a point; then will =z,.3—=2y,. 3—=4. 
we n 


15. The circles whose diameters are a system of parallel 


x 


chords of a rectangular hyperbola intersect in two fixed points 4 


on the hyperbola, 


8..G..¢, 14 
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16. Shew that the bisectors of the angles between the 
lines 
x? — 2ay cosec 2a + y? = 0 
are x? —y?=(0 whatever may be the angle between the axes. 


17. A system of co-axal circles are cut bya given straight 
line in the points P,, Q,; P2, Q.; &e. Prove that the circles 
whose diameters are P,Q,, P.Q.,... are co-axal, the common 
radical axis being perpendicular to the given straight line. 


18. If a circle whose centre is (a, 8) cuts y°—4a”z=0 in 
four points three of which are the vertices of an equilateral 
triangle, prove (1) that the co-ordinates of the fourth point are 
(a—8a, — 3) and (2) that the centre of the circle is on the 
parabola 94? = 4ax— 32a’. 


19. Tangents from 7’ to the ellipse a?/a* + y?/b>—1=0 cut 
off a length equal to the minor axis from the tangent at (a, 0). 
Prove that 7’ is on the parabola y?/b? = 2x/a + 2. 


20. <A circle passes through the ends of a diameter of the 
ellipse 2?/a? + y°/b? — 1= 0, and also touches the curve. Prove 
that the centre of the circle is on the ellipse 


4ara? + 4b7y? = (a? — Bb"). 

21. The co-ordinates of the feet of the perpendiculars 
from the vertices of a triangle on the opposite sides are 
(20, 25), (8, 16) and (8, 9). Find the co-ordinates of the 
vertices of the triangle. 

Ans. Any three of the four points (10, 15), (5, 10), 

(50, —5) and (15, 30). 

22. The circles of the co-axal system a* +y? + 297-0? =0 
are taken in pairs which cut one another orthogonally. Prove 
that, if p,, p, are the perpendiculars from (0, c), (0,—c) on 
a common tangent of any such pair of circles, then will 
Pip, =. 

23. Pis any point on the parabola y? — 4ax =0, and Q is 
the point on the axis such that PQ= PA, where A is the 


vertex of the parabola. Prove that PQ envelopes the parabola 
x + 32ax=0. 
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24. The tangent at (a’, y') to 2*/a?+¥4°/b?-1=0, meets 
the circle a + y?—a?=Oin the points Q, Q@’. Shew that the 
' lines through the centre and Q, Q’ are ay’ =y (x' + ae). 


25. <A straight line moves in such a manner that the 
intercept made on it by the lines 2=+a subtends a right 
angle at the point (c, 0). Prove that the line touches the 
conic a*/a? + y?/(a?—c*) =1. 


26. Shew that the nine-point circle of the triangle formed 

by the lines 32+ 4y—12=0, 3a—4y—36 =0 and x=0 is 
4g? + 49? —25x+ 24y + 36=0. 
Shew also (1) that the inscribed circle of the triangle is- 
“+ y—bax+ by+9=0, 
and (2) that the circle which touches the first line and the 
other two sides produced is 
x +y?—16x%—14y+49=0, 

Prove that the nine-point circle touches the two other 

circles. Z 


27. Find the equation of the circle which cuts each of 
the circles 27+ 7?—4=0, 27+ y?—6x-—8y+10=0 and 
x+y? + 2e—4y—2=0 at the extremities of a diameter. 


Ans, «+y?—4a—6y—4=0. 
28. Tangents 7’P, TQ are drawn from the fixed point 


(h, k) to the parabola y?=4a(%+a). Prove that the normals 
at P, Q meet on the line ha+hy+h?+k?=0, for all values 


of a. o 

29, Equilateral triangles are circumscribed to the parabola 

y?—4ax=0. Prove that their angular points are on the conic 
(30+ a) (3a+x)=¥'. 


30. If P, Q are points on 27/a?+y7?/b?—-1=0 whose 
eccentric angles @ and ¢ satisfy the relation sec 6 + sec ¢ = 2, 
prove that PQ envelopes the ellipse 4a*/a* + ¥°/b? — 4x/a = 0. 
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CHAPTER VIII. 


POLAR EQUATION OF A CONIC, THE FOCUS BEING 
THE POLE. 


160. To find the polar equation of a conic, the focus 
being the pole. 


Let S be the focus and ZM the directrix of the conic, 
and let the eccentricity be e. 


Draw SZ perpendicular to the directrix, and let SZ be 
taken for initial line. 


Let LSL’ be the latus rectum, then e.SZ7=SL=1 


Suppose, 
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Let the co-ordinates of any point P on the curve be 
7, @. Let PM, PN be perpendicular respectively to the 
directrix and to SZ. 
Then we have 


SP=e.PM=e.NZ=e.NS+e.8Z, 


r=—ercos0+1; 


u 


or 
L 

“.-=1+¢ecos 6. 
Tr 


If the axis of the conic make an angle a with the 


initial line the equation of the curve will be 


as) +ecos(@—«a). 


For in this case SP makes with SZ an angle 0—a 


161. If r, @ be the co-ordinates of any point on the 
directrix, then 
rcos 0=SZ=l/e; 


therefore the equation of the directria is 
l/r =e cos 6. 


- The equation of the directrix of : =1+ecos@—ais 


l/r =e cos (0 —a). 
If PSP’ be the focal chord, and the vectorial angle of P be @, that of 


P’ will be 0+7. 
Hence, if SP=r, and SP’=r’, we have 


Ll 
paitecos 6, and pil +e cos (047) ; 


Hence 
Hence in any conic the semi-latus rectum is a harmonic mean between 


the segments of any focal chord. 
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162. Totrace the conic ‘= 1+ e cos 0 from its equation. 


(1) Let e=1, then the curve is a parabola, and the 
equation becomes 


I/r=1 + cos 0. 


At the point A, where the curve cuts the axis, 
6=0 and r= $i. 


As the angle @ increases, (1 + cos 0) decreases, that is 
i/r decreases, and therefore 7 increases: and 7 increases 
without limit until @=7, when 7 is infinite. As @ in- 
creases beyond 7, 1+cos@ increases continuously, and 
therefore r decreases continuously until when @= 27 it 
again becomes equal to J. The curve therefore is as in 
the figure going to an infinite distance in the direction AS. 


(2) Let e be less than unity, then the curve is an 
ellipse. 


At the point A, 0=0, and r=1/(1+e). 
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As @ increases cos @ decreases, and therefore J/r de- 
creases, that is 7 increases, until @ = 7, when r= i/(1 —e). 
[Since e< 1, this value of r is positive.] 


The curve therefore cuts the axis again at some point 
A’ such that SA’ =1/(1 —e). 


As 6 passes from 7 to 27, cos @ increases continuously 
from —1 to 1; hence : increases continuously, and r de- 


creases continuously from //(1 —e) to 1/(1 + e). 

Since, for any value of @, cos 6 = cos (27 — @), the curve 
is symmetrical about the axis. 

Therefore when ¢ is less than unity, the equation repre- 
sents a closed curve, symmetrical about the initial line. 


(3) Let e be greater than unity, then the curve is an 
hyperbola. 

At the point A, @=0 and r=//(1 +e). 

As @ increases cos @ decreases, and therefore 7 increases 
until l1+ecos@=0. For this value of 6, which we will 
call a (the angle ASK in the figure), the value of r will be 
infinitely great. 

As @ increases beyond the value a, (1+ ecos 0): be- 
comes negative, and when 0=7, r=—J/(e—1)=SA’ in 
the figure. (1+ecos@) will remain negative until @ is 
equal to (27 —<), the angle ASK’ in the figure. When 0 
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is equal to (27 —a), r is again infinite. If @ is somewhat 
less than this, r is very great and is negative, and if 0 
is somewhat greater, 7 is very great and is positwe. The 
values of 7 will remain positive while @ changes from 
(27 — a) to 27. 

The curve is therefore described in the following order. 

First the part ABC, then C’PA’ and A’DE, and 
lastly E’QA. 


The curve consists of two separate branches, and the 
radius vector is negative for the whole of the branch 
C'PA'DE. 

If, as in the figure, a line SQP be drawn cutting the - 
curve in the two points Q and P which are on different 
branches, the two points Q and P must not be considered 
to have the same vectorial angle. The radius vector SP 
is negative, that is to say SP is drawn in the direction 
opposite to that which bounds its vectorial angle, the 
vectorial angle must therefore be ASp, p being on PS 
produced. So that, if the vectorial angle of Q be 0, that 
of P will be 0~—m. 
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163. To find the polar equation of the straight line 
through two given points on a conic, and to find the equation 
of the tangent at any point. 


Let the vectorial angles of the two points P, Q be 
(a—) and («+ 8) respectively. 
Let the equation of the conic be 


L 
7 al +ecosé RE fn (i). 
The straight line whose equation is 
{= A 003 0+ Beos (ores oa (ii), 


will pass through any two points, since its equation con- 
tains the two independent constants A and B., 

It will pass through the two points P, Q if r has 
the same values in (ii) as in (1) when 0=a— 8, and when 
0=a+f. 

This will be the case, if 

1+ecos(a—£)=A cos(a—8)+B cos £, 
and 1+ecos(a+P)=A cos(a+P)+ Boos B; 
; A=='6, and B cos B=: 

Substituting these values of d and B in (i1) we have 

the required equation of the chord, viz. 


Ber oo 6 +sec 8 cos (9 —4)......006 (iil). 
r 
To find the equation of the tangent at the point whose 
vectorial angle is a, we must put 8=0 in (iil), and we 
obtain 
: = €C0S A+ COS (9 — @).....eveesee (iv). 


Cor. If the equation of the conic be 


F =14ec0s(0-4) 
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the chord joining the points (2—) and (a+) has for 
equation 


“= ecos (@— vy) + sec 8 cos (8 — a), 
and the tangent at a has for equation 
= ecos(6— ry) + cos (0 — a). 
164, To find the equation of the polar of a point with 
respect to a conve. 


Let the equation of the conic be 
1 =1+ec0s9 eesc kag Gales etedlin tose (i), 


and let the co-ordinates of the point be 7;, 6;. 
Let a8 be the vectorial angles of the points the tangents at which 
pass through (7, 4). 
The equation of the line through these points will be 
Ur=e cos0 + sec B COS (0 — a) .......ccececeecceseeees (ii). 
The equations of the tangents will be 
l/r=e cos 8+ cos (@-a+ 8), 
and l/r=e cos 6+cos(@-a-—8). - 
Since these pass through (7, 6,), we have 
U/rj =e cos 0; + cos (0; -—a +8); 
and l/r, =e cos 6; + cos (6, -a—8); 


whence 6,;=a, and cos p=- —ecos 6}. 
r 
Substitute for a and f in (ii), and we have 


(5 -ecos ) (--« cos 0, )= eos (O04) 43. eae (iii), 


which is the required equation. 


165. To find the polar equation of the normal at any 
point of a conic, the focus being the pole. 


Let the equation of the conic be 


POs) 
qe 


POLAR EQUATION OF A CONIC 219 
The equation of the tangent at any point @ is 
y 
7 Te COS 6+ cos (6 —a). 


The equation of any line perpendicular to the tangent 


is 

C 7 Tv 

= ecos (045) +008 (0 +5 —a), 
or C= —esin 0—sin (0 —a), 


This will be the required equation of the normal pro- 
vided C is so chosen that the point ( a) may 


1+ecosa’ 
be on the line. Hence we must have 


C = oat ae esin a, 
—lesin a 
Er. Oe 1l+ecosa’ 


Hence the equation of the normal is 


lesina 1 . : 
evga eter! 72) aa US 


Ex. 1. The equation of the tangents at two points whose vectorial 
angles are a, B respectively are 


ay cos @ +08 (0—«), 


aa 


and fae cos 6 + cos (6 — B). 


Where these meet 
cos (9 — a)=cos (4-8); 
a+B 
7° 
Hence, if T be the point of intersection of the tangents at the two 
points P, Q of a conic, ST will bisect the angle PSQ. If however the 
conic be an hyperbola, and the points be on different branches of the 


b= 
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curve, ST’ will bisect the exterior angle PSQ; for, as we have seen, the 
vectorial angle of P (if P be on the further branch) is not the angle which 
SP makes with SZ, but the angle PS produced makes with SZ. 


Ex. 2. If the tangent at any point P of a conic meet the directrix 
in K, the angle KSP is a right angle. 


If the vectorial angle of P be a, the equation of the tangent at 
P will be 
F=ecosd +005 (0-a). 
This will meet the directrix, whose equation is J=ercos@, where 
cos (9 - a)=0. 
Hence, at the point K, d-a=+ 5 
Therefore the angle KSP is a right angle. 


Ex. 3. If chords of a conic subtend a constant angle at a focus, 
the tangents at the ends of the chord will meet on a fixed conic, and 
the chord will touch another fixed conic. 


Let 28 be the angle the chord subtends at the focus. Leta— Sand 
a+ be the vectorial angles of the extremities of the chord. 


The equation of the chord will be 


Pive cos 6+ sec B cos (0 — a), 


or B _¢ cos 8. cos 9 +068 (8—a) te Bere oe (i). 


But (i) is the equation of the tangent, at the point whose vectorial 
angle is a, to the conic whose equation is 


lcos B 
r 


== Ls. € C088 08.0.5... ca scecsecsses--berns (ii). 

Hence the chord always touches a fixed conic, whose eccentricity is 
ecos B, and semi-latus rectum Jos B. 

The equations of the tangents at the ends of the chord will be 

l/r=e cos 6 +cos (8 -a+8), 

- and I/r=ecos 6 +cos (9 -a—). 

Both these lines meet the conic 

l/r=e cos 6 +cosB 

in the same point, viz. where @=a and l/r=e cos a+cos 8. 


4 
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Hence, the locus of the intersection of the tangents at the ends of the 


chord is the conic 
Epec'Sir=1'4- é SC) BICOB 0. cc..ccscs'vineodveveen tes (iii). 


Both the conics (ii) and (iii) have the same focus and directrix as the 
given conic. 
; Ex. 4. To find the equation of the circle circumscribing the triangle 
formed by three tangents to a parabola. 
Let the vectorial angles of the three points 4, B, C be a, B, y 
respectively. 
Let the equation of the parabola be 
U/r=1+cos 6. 
The equations of the tangents at 4, B, C respectively will be 
i/r=cos @+cos (0—a), 
i/r=cos 0 + cos (0 — 8), 
l/r=cos 6+ cos (0—+). 
The tangents at B and C meet where 
cos 


B 
2 


Nir 


6=3(6+y), and .. 22.08 


The tangents at C and A meet where 


if Y a 
== ji ee fist ja 
6=4 (y+), and — 2 cos, cos 5. 


And the tangents at A and B meet where 


1 a B 
= ~=92 cos— cos 
6=4 (a+ 8), and 5 = 2 cos 5 Coss 


By substitution we see that the three points of intersection are on the 
circle whose equation is 


t= (0-5-5 -2). 


Cae conee 
2 cos 5 cos 9 008 5} 


The circle always passes through the focus of the parabola. 
Ex. 5. To find the equation of the asymptotes of the conic 


Ujr=1+e cos 0. 
The tangent at a is 


Ur =6C08 0+ COB (O— a) ..c.c..cececoeesceesssneses (i). 
The point a is a point at infinity on the conic, if 
Ocal FG, COR ieee Wee dalcits Jian: os. cae deat ar hele (ii). 


The required equation is found by eliminating a between (i) and (ii). 


The equation is 
fel/r + (1 — e2) cos 8}2=e? sin?@ sin?a = (c? — 1) sin?9. 
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Exampies oN Cuaprer VIIL 


1. The exterior angle between any two tangents to a 
parabola is equal to half the difference of the vectorial angles 
of their points of contact. 


2. The locus of the point of intersection of two tangents 
to a parabola which cut one another at a constant angle is a 
hyperbola having the same focus and directrix as the original 
parabola. 


3. If PSP’ and QSQ’ be any two focal chords of a conic 
1 1 
PS.SP’ * QS. SQ 


at right angles to one another, shew that 


is constant, 


4, If A, B, C be any three points on a parabola, and the 
tangents at these points form a triangle A’B’C’, shew that 
SA.SB.SC=SA'.SB’.SC', S being the focus of the para- 
bola. 


5. Ifa focal chord of an ellipse make an angle a with the 
axis, the angle between the tangents at its extremities is 


_, 2Zesina 


t 5 
an ros 


6. By means of the equation oe 1 +ecos 6, shew that the 


ellipse might be generated by the motion of a point moving so 
that the sum of its distances from two fixed points is constant. 


7. Find the locus of the pole of a chord which subtends 
a constant angle (2a) at a focus of a conic, distinguishing the 
cases for which cos a> = <e. 


8. PQ is a chord of a conic which subtends a right angle 
at a focus. Shew that the locus of the pole of PQ and the 
locus enveloped by PQ are each conics whose latera recta are 
to that of the original conic as ,/2:1 and 1: ,/2 respectively, 
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9; Given the focus and directrix of a conic, shew that the 
polar of a given point with respect to it passes through a fixed 


~ ¢,point. 


10. If two conics have a common focus, shew that two of 
their common chords will pass through the point of intersection 
of their directrices. 


11. Two conics have a common focus and any chord is 
drawn through the focus meeting the conics in P, P’ and Q, Q’ 
respectively. Shew that the tangents at P or P’ meet those at 
Q, Q in points lying on two straight lines through the inter- 
section of the directrices, these lines being at right angles if 
the conics have the same eccentricity. 


12. Through the focus of a parabola any two chords ZSZ’, 
MSM’ are drawn ; the tangent at Z meets those at I, M’ in 
the points VV, V’ and the tangent at Z’ meets them in X’, XK. 
Shew that the lines KV, K’N’ are at right angles. 


13. Two conics have a common focus about which one is 
turned; shew that two of their common chords will touch 
conics having the fixed focus for focus. 


14. Shew that the equation of the locus of the point of 
intersection of two tangents to o = 1+ecos 6, which are at 


right angles to one another, is 7? (e?— 1) — 2/e r cos 6 + 2? = 0, 


15. If PSQ, PHR be two chords of an ellipse through the 


foci S, H, then will Tae ess be independent of the position 


SQ” HR 
OP: 


16. Two conics are described having the same focus, and 
the distance of this. focus from the corresponding directrix 
of each is the same; if the conics touch one another, prove that 
twice the sine of half the angle between the transverse axes is 
equal to the difference of the reciprocals of the eccentricities. 
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17. Accircle of given radius passing through the focus of 
a given conic intersects it in A, B, C, D; shew that y 


SA.SB.SC.SD 


is constant. 


18. A circle passing through the focus of a conic whose latus 
rectum is 22 meets the conic in four points whose distances 


LL ite 


from the focus are r,, 72, 73, 733 prove that = +. + = 
2, a ae aa 

19. A given circle whose centre is on the axis of a 

parabola passes through the focus S, and is cut in four points 

A, B, C, D by any conic of given latus rectum having S 

for focus and a tangent to the parabola for directrix ; shew 
that the sum of the distances SA, SB, SC, SD is constant. 


20. Two points P, Q are taken one on each of two conics, 
which have a common focus and their axes in the same 
direction, such that PS and QS are at right angles, S being the 
common focus. Shew that the tangents at P and @ meet ona 
conic the square of whose eccentricity is equal to the sum of 
the squares of the eccentricities of the original conics. 


21. <A series of conics are described with a common latus 
rectum ; prove that the locus of points upon them, at which 
the perpendicular from the focus on the tangent is equal to 
the semi-latus rectum, is given by the equation /=—,r cos 26. 


22. If POP’ be achord of a conic through a fixed point O, 


then will tan } P’SO tan } PSO be constant, S being a focus of 
the conic. 


23. Conics are described with equal latera recta and 
a common focus. Also the corresponding directrices en- 
velope a fixed confocal conic. Prove that these conics all touch 
two fixed conics, the reciprocals of whose latera recta are the 
sum and difference respectively of those of the variable conic 


and their fixed confocal and which have the same directrix as 
the fixed confocal. 


24. A conic is described having the same focus and 
eccentricity as the conic J/r=1+ecos@ and the two conics 
touch at the point 6=a, prove that the length of its latus 
rectum will be 27 (1 — e*)/(e? + 2e cos a + 1). 


~ 
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25. The equation of the pair of tangents which can be 


drawn to ate 1+ecos 6 from the point (r’, 6’) is given by 


{(--e cos ¢) 1H(5-¢ cos a’) i 
= [(- —e€ COs 0) (; —e cos 2) —cos (0 — 6) A 


Prove also that the asymptotes are 
el : a 
gate) cos 6+sin 6 Ve?— 1. 
26. If the normals at a, 8, y on J/r=1+cos@ meetin 
the point (p, ¢); then will 246=a+B+y. 


27. Shew that, if the normals at the points whose 
vectorial angles are 6,, 6,, @;, 6, on J/r=1+ecos@ meet in 
the point (p, $), then will a+ 62, + 03+ 6,—26 =(2n +1). 


28. Shew that, if the normals to <= 1+cos 6 at the points 


P, Q, R whose vectorial angles are 0,, 6,, 6, meet in the point 
O (p, a); then will the diameter of the circumcircle of the 
triangle formed by the tangents at P, Q, & be equal to SO, 
where S is the focus of the parabola. : 


g. 0.8, 15 


CHAPTER IX. 
GENERAL EQUATION OF THE SECOND DEGREE. 


166. We have seen in the preceding Chapters that 
the equation of a conic is always of the second degree: we 
shall now prove that every equation of the second degree 
represents a conic, and shew how to determine from any 
such equation the nature and position of the conic which 
it represents. 


167. To shew that every curve whose equation is of the 
second degree is a conic. 


We may suppose the axes of co-ordinates to be rect- 
angular; for if the equation be referred to oblique axes, 
and we change to rectangular axes, the degree of the 
equation is not altered [Art. 53]. 


Let then the equation of the curve be 
ax + 2haey + by?+ 2ga+ 2fyt+c=0......... (1). 

As this is the most general form of the equation of the 
second degree it will include all possible cases, 

We can get rid of the term containing ay by turning 
the axes through a certain angle. 

For, to turn the axes through an angle @ we have to 
substitute for # and y respectively xcos@—ysin 0, and 
xsin @+ycos @ [Art. 50], 


oe 


2 | 
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The equation (i) will become 

~ a(@ Cos 6 —ysin 0) + 2h (x cos 6—ysin 6) (asin 6+ cos 6) 


The coefficient of ay in (ii) is 
2(b — a) sin @ cos 6 + 2h (cos? 6 — sin? 6); 
and this will be zero, if 


tenes ay pitino eA! 5 tii, 


Since an angle can be found whose tangent is equal to 


any real quantity whatever, the angle 0 =4 tan oe } is 


in all cases real. . 
Equation (ii) may now be written 


Aa? + By? + 2Ga+2Py+ C0 =0......... (iv). 
If neither A nor B is zero, we can write equation (iv) 
in the form . 

2 2 2 2 
A («+4) +B(y+5) =o 40 _0=K 
or, taking the origin at the point (= fe A 3) 
? A > B > 
Aha? shay ee Os (si shies waa sesh (v). 


If the right side of (v) be zero, the equation will repre- 

sent two straight lines [ Art. 35]. 
Tf however the right side of (v) be not zero, we have the 
equation 
ae yo * 
which we know represents an ellipse if both denominators 
are positive, and an hyperbola if one denominator is posi- 
tive and the other negative. 

If both denominators are negative, it is clear that no 
real values of x and of y will satisfy the equation. In this 
case the curve is an imaginary ellipse. 

15—2 
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Next let A or B be zero, A suppose. [A and B cannot 
both be zero by Art. 53.] Equation (iv) can then be 


written 


If G@=0, this equation represents a pair of parallel 
straight lines, which are coincident if G=0 and also 
F?— BC=0. 

If G be not zero, we may write the equation 

PV A 2a WJ C 
(y+) aor anat ag): 
which represents a parabola, whose axis is parallel to the 
axis of a. 

Hence in all cases the curve represented by the general 
equation of the second degree is a conte. 

168. To find the co-ordinates of the centre of a conve. 

We have seen [Art. 110] that when the origin of co- 
ordinates is the centre of a conic its equation does not 
contain any terms involving the first power of the variables. 
To find the centre of the conic, we must therefore change 
the origin to some point (w’, 7’), and choose a’, y’, so that 
the coefficients of # and y in the transformed equation may 
be zero. 

Let the equation of the conic be 

aa? + Zhay + by? + 2ga+ 2fy+e=0. 

The equation referred to parallel axes through the 
point («’, y’) will be found by substituting 2+." for 2, and 
yt+y' for y, and will therefore be 
alo-+a'? + 2h(a+a\(y +y) +b (y-+y'P + 2g (a +e’) 

+2f(y+y)+e=0, 
or ax? + 2hay + by? + 2a (aa' + hy’ + g)+2y (ha + by’ +f) 
+ ax? + 2ha'y’ + by’? + 29x’ + 2fy’ +c¢=0. 
_. The coefficients of # and y will both be zero in the 
above, if w’ and y’ be so chosen that 
at hap Higa On, buvseutlhe saseebe (1), 
and he a bythe 0 bes wheeze ey (ii). 
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The equation referred to (x, y’) as origin will then be 
am? + 2hay + by? +c =0 ......... pe still 
Where ¢’=aw?+ Qha'y’ + by + Qga' + By’ +¢...... (iv). 
Hence the co-ordinates of the centre of the conic are the 
values of 2’ and y’ given by the equations (i) and (ii), 
The centre is therefore the point 
hf—bg gh—af ) 
(ae > ab—h?/]* 
When ab—h?=0, the co-ordinates of the centre are 
infinite, and the curve is therefore a parabola [Art. 158]. 
If however hf—by=0 and ab—h?=0; that is, if 
alh=h/b=g/f, 
the equations (i) and (ii) represent the same straight line, 
and any point of that line 1s a centre. The locus in this 
case is a pair of parallel straight lines. 
In the above investigation the axes may be either 
rectangular or oblique. 


Subsequent investigations which hold good for oblique 
axes will be distinguished by the sign (@). 


169. Multiply equations (i) and (ii) of the preceding 
Article by 2’, y’ respectively, and subtract the sum from 
the right-hand member of (iv); then we have 


CGO AS EC «snesnseocBQteres (v) 
hf—bg  ,gh-—af 
—“Iapan ts ab— kt? 
abe + 2fqgh — af? — bg? — ch? 
= 79 an e J ° (@). 
Or eliminating a’,y’ from the three equations (ji), (ii) and (v), we have 
at once 

a, h, g  !=U, t.e.)a, h, g|—c’(ab—h*)=0. 
h, b, f | h, b, f 
oe feng! % f, ¢| 


“ay Fe oo) 
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170. The expression abe+2fgh—af?—bg*—ch? is 
usually denoted by the symbol A and is called the 
discriminant of 

aa? + 2hay + by? + 2ga+ 2fy +c. 

A=0 is the condition that the conic may be two 
straight lines. 

For, if A is zero, ¢ is zero; and in that case equation 
(iii) Art. 168 will represent two straight lines. 

' This is the condition we found in Art. 37. (@). 


171. To find the position and magnitude of the axes of 
the conic whose equation is ax*+ 2hay + by? =1. 

If a conic be cut by any concentric circle, the diameters ~ 
through the points of intersection will be equally inclined 
to the axes of the conic, and will be coincident if the 
radius of the circle be equal to either of the semi-axes of 
the conic. 

Now the lines through the origin and through the 
points of intersection of the conic and the circle whose 
equation is a+ y?=7", are given by the equation 


1 1 ; 
(a-<) x + 2haey + (s-=) ipties O20. 8k (i). 


These lines will be coincident, if 


(2-5) (0 di 5) tebe. Sas (ii), 


and they will then coincide with one or other of the axes 
of the conic. 


_ Hence the lengths of the semi-axes of the conic are the 
roots of the equation (ii), that is of the equation 


t 1 
(a+b) +ab—ht=0 wa italausereerer (111). 


; 5; is either 


of the roots of the equation (ii), we get 


L\*: hg yee 
(«-5) x? +2 (a-—) ay+h y=0; 


Now multiply (i) by (a-3); then, if L 
r 
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y 


ea 


‘ 


whence (« - =i Le Et | Nereis (iv). 


__ Hence if we substitute in (iv) either root of the equation 
(11) we get the equation of the corresponding axis. 


Tn the above we have supposed the axes to be rectangular. If however 
they are inclined at an angle w the investigation must be slightly modified, 
for the equation of the circle of radius r will be x24 2ry cos w+y?=r?. 


172. To find the axis and latus rectum of a parabola. 


If the equation 
ax? + 2haey + by? + 2gx + 2fy+c=0 
represent a parabola, the terms of the second degree form 
a perfect square [Art. 104]. Hence the equation is equi- 


valent to 
(ax + By) + 2gn + 2fy+o=0 vee (i), 


where a?=a, and §?=b. 

From (i) we see that the square of the perpendicular 
on the line az+ By =0 varies as the perpendicular on the 
line 2gx+2fy+c=0. These lines may not be at right 
angles, but we may write the equation (1) in the form 

(ae + By +rY= 2x (Aa—g) + 2yAB—f)+r—«, 
and the two straight lines, whose equations are 
ax+ By+r=0, and 2a(Aa—g)+2y (AB —f)+'M-c=0, 
will be at right angles to one another, if 
a(ra—g) +B(AB—f)=9, 
or if r= (ag + Bf)/(a? + 8”). 

Now take 
ac+ By +r=0 and 2(ai—-g)v+2(BrA—f)y+M—c=0 
for new axes of x and y respectively, and we get 

y? = Apa, 
and this we know is the equation of a parabola referred to 
its axis and the tangent at the vertex. 
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To find the latus-rectum, we write the équation in 
the form 


(Spee 4 ie 2 OB : 
Wate ) Pl Vag + 4(BX—F¥ SY” 
hence 4p=/{4 (ar —g)? + 4 (BA —/f)?}/(a? + P?). 

Hence (i) is a parabola whose axis is the line 

ax+ By+r=0, . 

and whose latus-rectum is 
2 a/{ar—g) + (Sf) l(a + B) = 2 (af Agha + BE, 
since N= (ag + BS)|(@ + 8’). 


173. We will now find the nature and position of the 
conics given by the following equations. 


(1) Ta?-17ay + 6y? + 232 —2y —20=0. 
(2) 22-5xy+y?+ 8a —20y+15=0. 
(8) 36a? + 24ay + 29y?— 722+ 126y+81=0. 
(4) (5a —12y)?— 22 -29y -1=0. 
(1) The equations for finding the centres are [Art. 168, (i), (ii)] 
142’ —17y’+23=0 
— 172%! + 12y’ — of 
These give «’=2, y’=3. Therefore centre is the point (2, 3). 
The equation referred to parallel axes through the centre will be 
[Art. 169] 


Ta? ay +6y2+=>. 2-1.3-20=0, 


or Tx? —17xy + 6y?2=0. 
The equation therefore represents two straight lines which intersect 
in the point (2, 3), They cut the axis of x, where 7a?+23a2—20=0, that 


is where x= —4, and where a=. 


(2) 22—S5ay+y?2+8x-20y+15=0. 
The equations for finding the centre are 
2x’ —5y’+8=0, and —52'+2y’-20=0; 
mo et 4, a=! 
The equation referred to parallel axes through the centre will be 
x — Bay +y?2+4(—-4)+15=0, 
or a? —d5ay+y2=1. 


i 
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The semi-axes of the conic are the roots of the equation 
oe (a+b) ~ ab —h?=0- [Art. 171, (iii)]; 
es 2 1 25 


Sie abt go 
or 2174+ 8r?-4=0; 
ty mae, or ae 


The curve is therefore an hyperbola whose real semi-axis is : V14, 


eS ae 
and whose imaginary semi-axis is 5 / -6. 


The direction of the real axis is given [Art. 171, (iv)] by the equation 


ic 5 
(1-$) e-Sy=0, 


or z+y=0. 
(3) 36x? + 24ay + 29y? — 72x + 126y +81=0. 
The equations for finding the centre are 
36a’ +12y’—36=0, and 12x’ +29y’+63=0; 
Appin (yamine 3 
The equation referred to parallel axes through the centre, will be 
36a? + 2ary + 29y2 — 72 + 63 (—8) +81=0, 


a 2 29 eal 
pe Soil rit 
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The semi-axes of the conic are the roots of the equation 


1 1 
— = 73> 
7 (a+ b) at ab —h?=0. 


65 13 
And ; a+ b=755 = a6? ; 
29 1 iL 


ab Wats oe: 


“. 36 — 13724 r4=0. 
Hence the squares of the semi-axes are 9 and 4. 


.. 
‘ 
‘ 


The equation of the major axis is [Art. 171, (iv)] 


(5-5) *Fi¥=% 
or 4a + 3y ot 
(4) (5a —12y)? - 2a —29y —1=0. 
The equation may be written 


(Ba — 12y +d)2= 2a (145d) +y (29-240) +241 


— A Y 
‘VW. F ? 
; : 
% 


ASYMPTOTES . Bas 
The lines 5x -—12y+A=0 
and 2(1-+5d) a+ (29-240) y+024+1=0 


are at right angles, if 
10+50A — 348+ 288A=0 ; 


that is, ifA=1. 
The equation is therefore equivalent to 


Sa—l2y+1\?_ 1 12e+5y+2 Se 
3B °F) igs ag ieee (i); 


therefore 52 —12y+1=0 is the equation of the axis of the parabola, and 
127+ 5y+2=0 is the equation of the tangent at the vertex. 

Every point on the curve must clearly be on the positive side of the 
line 12x+5y+2=0, since the left side of equation (i) is always positive. 


174. To find the equation of the asymptotes of a conic. 


We have seen [Art. 147] that the equations of a conic 
and of the asymptotes only differ by a constant. 


Let the equation of a conic be 
ax? + 2hay + by? + 2gx+2fy+co=0 «1... (i). 
Then the equations of the asymptotes will be 
aa? + 2hay + by? + 2gx+ 2fytot+r=0...... (ii), 


provided we give to X that value which will make (ii) 
represent a pair of straight lines. 


The condition that (ii) may represent a pair of straight 
lines is [Art. 171] . 
Wp Ngee FE AN; 
i oe y- 
i ai Re 8 
. X(ab—h?) + A=0. 
Hence the equation of the asymptotes of (i) is 
au? + 2hay + by? + 2gx2+ fy +o- == 0. 


The equations of two conjugate hyperbolas differ from 
the equation of their asymptotes by constants which are 


eS ia Ml te i a Bie ee, eee el ae Ti, ee, 
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equal and opposite to one another [Art. 153]; therefore 
the equation of the hyperbola conjugate to (1) is 


2A 


Cor. The lines represented by the equation 
ax? + 2hay + by?=0 
are parallel to the asymptotes of the conic. (@). 
Ex. Find the asymptotes of the conic 
x2 — gy — 2y?+3y —2=0. 


The asymptotes will be x?— ary —2y2+3y—2+A=0, if this equation 
represents straight lines. Solving as a quadratic in 2, we haye 


enh / tiv ay +2}. 


Hence [Art. 37], the condition for straight lines is 9 (2—A)=9, or A=1. 
The asymptotes are therefore x? — xy — 2y2+3y —1=0. 


> 

175. To find the condition that the conic represented 
by the general equation of the second degree may be a rect- 
angular hyperbola. , 


If the equation of the conic be 
aa? + 2hay + by? + 2ga + 2fy +ce=0, 
the equation 
gn" + Shy EH by* = 0. 5 svesoser owaeaead (i) 


represents straight lines parallel to the asymptotes. 


_ Hence, if the conic is a rectangular hyperbola, the lines 
given by (i) must be at right angles. 


The required condition is therefore [Art. 44] 
G+b—2hceos@=0 .......scdeeees (ii). 


If the axes of co-ordinates be at right angles to one 
another the condition is 


oMibeaOire. hadi decesine (iii). 
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176. The lengths of the axes of a central conic given 
_ by the general equation of the second degree can be 
* found from the results of Art. 169 and Art. 171. 


For, by changing the origin to the centre of the conic, 
the equation 


ax + 2hay + by? + 29x + 2fy+c=0 
becomes ax + Zhay + by? + 6’ =0........c0.c00 (1), 
where CGO s Je eke ee a (ii). 


Now by Art. 171 the squares of the semi-axes of the 
conic (i) are the roots of 


r* (ab —h?)+ (a+ b)c’r? + c?=0, 
or, from (ii), 
r* (ab — h?)? + A(a +b) (ab — h?) 7? + A? =0, 


Ex. 1. Find the lengths of the axes of the conic ape 
5a? + bry + 5y? + 122 +4y—4=0, 

Here ab —h?=16 and A= —192. 

The equation for the squares of the semi-axes is yf 


163 . rt — 192 . 10 . 1672+ 1922—0 = 
“. 2r#—157?+18=0. 


1 
Hence the lengths of the semi-axes are ,/6 and 5 »/6. 


Ex. 2. Find the lengths of the axes of the conic 

a? —3ary +y?2+10"—-10y+50=0. 

5 

Here ab — h?= wf) and A= oie 

4 2 
Hence the equation for the squares of the semi-axes is ; 

rt — 4872 — 720=0, 
Fad 
whence 72=60 or 7?= —12. 
Thus the equation of the conic in its simplest form is 
pe ioe 
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ExAmMpLes on Cuaprer IX. ° 


ith 1. Find the centres of the following curves: 
(i) 30? — Bay + 6y? + Lla—17y+13=0. PYRAR: 
oe “eeensaeaneeseras 
(ii) ay + 3ax—3ay=0. 
8 (iii) 30% — Tay —6y? + 3a—9y +5 =0. 
Find also the equations of the curves referred to parallel 
axes through their centres. 


2. What do the following equations represent ? 
(i) ay—2e+y—-2=0. (ii) w—2ay + 4ax=0. 
(iii) Yraxv+ay+@=0. (iv) (w+yP=a(e—y). 
PRAL >(v) 4 (2+ 2y)+(y—2x)?=5a%, (vi) o—a?—2ax=0. 
=; Draw the following curves : 
(1) wy+ax—2ay=0. 4% (2) ately Pa 1 0. 
0 (3)¥ 2a? + Say + 2y? + B8y—2 ee eo Trae 
A (4) ot + 4ay +e? -—11=0. 
Vue se (Qa + 3y)? + Qa + Qy +2=0. sae ey 
@ (6) a—4day—2y’?+10e+4y=0. 
(7) 41a? + 24ay + 9y? —130ax- 60ay + 116a*=0 


4. Shew that if two chords of a conic bisect each other, 
their point of intersection must be the centre of the curve. 


5. Shew that the product of the semi-axes of the conic 
whose equation i Is 


(x — Qy +1)2+ (4a + 2y — 3)?—10=0, is 1. 
6. Shew that the product of the semi-axes of the ellipse 


/ whose equation is 
- Py, 2 
a — ay + 2y? — 2 isn 


2e—6y+7=0 is —z; 


7 ? 
and that the equation of its axes is 


—y? —2xy + 8y—8=0, 
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7. Find for what value of A the equation 
F ‘7 2a" + Any —y? — 3x + By —9=0 
will represent a pair of straight lines. 
9f8. Find the equation of the conic whose asymptotes are 
he lines 2a+3y—5=0 and 5a+3y—8=0, and which passes 
through the point (1, —1). 
9. Find the equation of the asymptotes of the conic 
32° — 2Qay —5y? + Tx—9y=0; 
and find the equation of the conic which has the’same asymp- 
totes and which passes through the point (2, 2). \ 
d. gp 1° Find the asymptotes of the hyperbola as 
62° — Tay — 3y?— 2a—8y—6 =0; 
find also the equation of the conjugate hyperbola. 
11. Shew that, if 
: ax’? + 2hey+by?=1, and aa?+ QWay+ b'y’=1 
; represent the same conic, and the axes are rectangular, then 
(a —b)? + 4h? = (a/ —b')? + 4h”. 

12. Shew'that for all’positions of the axes so long as they 
remain rectangular, and the origin is unchanged, the value of 
g +f? in the equation aa*+ 2hay + by? + 2gx+2fy+e=0 is 
constant. 


wae 


| 13. From any point on a given straight line tangents are 
- drawn to each of two circles: shew that the locus of the point 
‘of intersection of the chords of contact is a hyperbola whose 
_ asymptotes are perpendicular to the given line and to the line 
joining the centres of the two circles, ~ 
we 14, A variable circle always passes through a fixed point 
“ O and cuts a conic in the points P, Q, &, S; shew that 
OP .09 OR... OS 
(radius of circle)? 
is constant. 
15. If aa®+2hay+by?=1, and Aa’?+2Hay+By=1 be 
the equations of two conics, then will a4+bB+2hH be un- 
altered by any change of rectangular axes. 
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16. The locus of the vertices of the rectangular hyper- 
bolas «®—y?+ 2Avy—a?=0, for different values of 2, is the 
curve whose equation is (a? + y*)?— a? (a — y’) = 0. 


17. Shew that, if ax? + 2hay + by? + 29x + 2fy+ce=0 Y- he 
presents two straight lines, the square of the distance of their 
4 point of intersection from the origin is 


(ca — g? + be —f?)/(ab —h’). 


18. Proye that, if ax? + 2hay + by? + 2ga+ 2fy+e=O0isa 
“rectangular hyperbola, the equation referred to its asymptotes 


willbe 2 2h —ab)*xy — A=0, 


watt Prove that the equation of the \ ssymptotes oe® 


\ conic # 
~ aa? + Qhay + by? + 29a + 2fy+e=0 
is. bX?— IXY + aY*=0, 
where X=ac+hy+g and Y=her+by+f 


20, Shew that the curve given by the equations 
x=at+bt+c and y=a't+'t+e 
is a parabola whose latus-rectum is 


(a’b — ab’) /(a? + a)? 


ix 


CHAPTER X. 
MISCELLANEOUS PROPOSITIONS. 


177. Wr have proved [Art. 167] that the curve 
represented by an equation of the second degree is always 
a conic. 


We shall throughout the present chapter assume that 
the equation of the conic is 
ax? + 2hay + by? + 2gx+ 2fy+c=0, 
unless it is otherwise expressed. 
The left-hand side of this equation will be sometimes 


denoted by ¢ (a, y). 


178. To find-the equation of the straight line passing 
through two points on a come, and to find the equation of 
the tangent at any point. 


Let (a’, y’) and (#”, y”) be two points on the conic. 


The equation 
a(a—a')(a—2")+hia—a)\(y—y")+(@—2"\y—y)} 
+b(y—y')(y—y") saa? + 2hay + by’ + 2ga+ 2fy +c.. (1) 
when simplified is of the first degree, and therefore 
represents some straight line, 


8. ©. 16 
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If we put z=’ and y=y/ in (i) the left side vanishes 
identically, and the right side vanishes since (2’, y) is on 
the conic. Hence the point (2’, y’) is on the line (1). So 
also the point («”, y’”) is on the line (i). 

Hence the equation of the straight line through the 
two points (2, y’) and («”, y”) is (i) and this reduces to 


+ 2fy +e=aa'a” +h (a'y” +y'x") + by'y” ese: (ii), 
To obtain the tangent at (2’, y’) we put 2” =a’, and 
y’ =y in (ii), and we get 
Qaaa! + 2h (xy +a’'y) + Qbyy’ + 2ga + 2fy +¢=azx"? 
+ Qha'y’ + by”. 
Add 29x’ + 2fy’ +c to both sides: then, since (2’, y’) is 
on the conic, the right side will vanish; and we get for 
the equation of the tangent 
at's +h (y'e + x'y) + by'yt+g@+a’)t+fy+y)+co=0. 
It should be noticed that the equation of the tangent 
at (x’, y’) is obtained from the equation of the curve by 
writing xx for x’, y’x+x’y for Qxy, y’y for y?, x+x’ 
for 2x, and y+y’ for Qy. (o). 


179. To find the condition that a given straight line 
may be a tangent to a conic. 
Let the equation of the straight line be 
d+ my +N=0  vsccctbeosscecenes (i). 
The equation of the straight lines joining the origin to 


the points where the line (1) cuts the conic ¢(a, y)=0 
are given [Art. 38] by the equation 


aa? + Qhay + by? — 2 (ga +fy) Se 
1 2 
¢ ( ‘i me) <0 E None: (ii), 


eit the line (i) be a tangent it will cut the conic in 
coincident points, and therefore the lines (ii) must be 
coincident. The condition for this is 
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(an? — 2gin + cl*)(bn? — 2fmn + cm?) 
= (hn? — fln — gmn + elm), 
or 2 (be —f?) + m* (ca — g*) + n? (ab — h?) + 2mn (gh — fa) 
+ 2nl (hf — gb) + 2lm (fg — he) =0...... (iii). 
The equation (iii) may be written in the form 
AP + Bm? + Cr? + 2Fmn + 2Gnl + 2Hin = 0...(iv), 
where the coefficients A, B, CO, &c. are the cofactors of 
a, b, c, &c. in the determinant 


G5). By 
Vie omy aes 
g; ee c (@). 


Or thus. The tangent at (x’, y’) is 
x (ax +hy’+g)+y (ha + by’ +f) +92’ +fy'+c=0. 
This coincides with the given line, if 
az'+hy’+g—Xrl =0, 
ha’ + by’ +f—dm=0, 
gx’ + fy’ +c-)dn =0. 
And, since (’, y’) must be on the given line, we have also 
Ix’ +my’ +n=0 
Eliminating «’, y’, \ we have 


| a, h, Is 1 Sy 0, 
Ue Lip dai Bold U7 
9; is C, n 
\ Le m0 


which when expanded is 
A+ Bm? + Cn?+2Fmn+2Gnl+2Him=0. 

180. Yo find the equation of the polar of any point 
with respect to a conic. 

It may be shewn, exactly as in Articles 76, 100, or 119, 
that the equation of the polar is of the same form as the 
equation of the tangent. 

The equation of the polar of (#’, y’) is therefore 

aa'n+h(y'a+ aly) +byytg(ere)ytfyty)+o=0, 
or a(ax’ thy +g9)+y (ha + by +f)+ge +fy'+e=0. 
16—2 
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The equation of the polar of the origin is found by 
putting «’=7/ =0 in the above; the result is 


ge+fyt+tc=0. 
181. If two points P, Q be such that Q is on the polar 


of P with respect to a conic, then will P be on the polar of 
Q with respect to that conc. 


Let the co-ordinates of P be «’, y’, and those of Q 


oy. 

The equation of the polar of P is . 
ava th(y'n+a'y)+byytg(@+e)+fiyty)tc=0. 
Since (#”, y’’) is on the polar of P, we have 


ana’ +h (y/a” + x'y") + by y+ 9 (a +2") +f iy +y")+e=0. 

The symmetry of this result shews that it is also the 
condition that the polar of Q should pass thrcugh P. 

If the polars of two points P, Q meet in R, then R is 
the pole of the line PQ. 

For, since #& is on the polar of P, the polar of & will 
go through P; similarly the polar of R will go through Q; 
and therefore it must be the line PQ. 

If any chord of'a conic be drawn through a fixed point 
Q, and P be the pole of the chord; then, since Q is on the 
polar of P, the point P will always lie on a fixed straight 
line, namely on the polar of Q. 


Def. Two points are said to be conjugate with respect 
to a conic when each lies on the polar of the other. 


Def. Two straight lines are said to be conjugate 
lines with respect to a conic when each passes through 
the pole of the other. Conjugate diameters, as defined in 
Art. 127, are conjugate lines through the centre. 

We can find the condition that the two straight lines 
ha+my+n=0, 
and lou + moy +n2=0, 
may be conjugate for ¢ («, y)=0 as follows: 
The pole of 112+ my +7=0 being («;, y;), the above is the same as 
w (ax +hyi+g)+y (hm +byi+f)+9x,+fyit+e=0, 


y, 
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and therefore ax, +hy,+g — rl, =0, 


yy hay + by; +f— dm, =0, 
- and gz, +fyyte—An, =0. 
And, if the two lines are conjugate lines, (1, y1) is on 
lor + may +n2=0; 
o. Lg +mey +n2=0. 
Eliminating x,, y;, \ we have 


Gyn A eee =O 


h, b, es my, 
9, Fy  & my 
lh, Mg, M2, 0 


“. Ahle+ Bmymg+ Cnyng + F (myng + men) + E (nylg+ngly) 
+H (yma eid lym) =O; 


182. Jf any chord of a conic be drawn through a 
point O it will be cut harmonically by the curve and 
the polar of O. 


Let OPQR be any chord which cuts a conic in P, R 
and the polar of O with respect to the conic in Q. 


Take O for origin, and the line OPQR for axis of a; 
and let the equation of the conic be 


aa? + Lhay + by? + 2ga + 2fy +c=0. 
Where 7=0 cuts the conic we have 
az’ + 2gr+c= 0; 
1 x 2 ; 

OBL ORT a 000: See (i). 

The equation of the polar of O is . 
gerfy+c=9 

1 g 


From (i) and (ii) we see that 
‘ipa 
OP* OR  0Q" 
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‘ 


183. To find the locus of the middle points of a system 
of parallel chords of a conic. 
Let (a’, y’) and (a, y”) be two points on the conic. 
The equation 
a (a — a) (a— 2") + h ((@—2') (y—y") + (e— 2") (y—y) 
+b(y—y)(y — y”) = aa + 2hay + by? + 2ga + 2fy vs 
italy 
is the equation of the straight line joining the two points. 
In (i) the coefficient of # is a(a +2”)+h(y'+y")+ 29, 
and the coefficient of y is h(a’ +2”)+b(y'+y")+ 2f; 
hence if the line is parallel to the line y = ma, we have 
La@taehyty)42¢ Gs 
h(a +2")+b(y +y")+2F eeeeee le : 
Now, if (a, y) be the middle point of the chord joining 
(a, y') and (a, y”), then 2v=a'+ 2", and 2y=7/+y"; 
therefore, from (ii), we have 
| ax+hy+g+m(ha+ by+f)=0, 
or x(a+mh)+y(h+mb)+9+mf=0...... (ili), 
which is the required equation. 
If the line (aii) be written in the form y= m’x +k, then 
we have 


m= 


va eh 
» eb? 
or a+h(m+m’)+bmm' =0............ (iv). 


This is the condition that the lines y= mx and y = mz 
may be parallel to conjugate diameters of the conic given 
by the general equation of the second degree.  (@). 


184. To find the condition that the two lines given by 
the equation Aw? +2Hay+ By? =0 may be conjugate dia- 
meters of the conic. aa* + 2hay +by? =1. 


If the lines given by the equation Aa*?+ 2Hay+By?=0 
are the same as y—mx=0, and y— m’x=0; then 


Paseo and mm’ 


ee 
B eee 


. 
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But y— ma =0 and y—m'x=0 are conjugate diameters 


if a+h(m+m’) + bmm' =0. 
Therefore the required condition is 
5 Pie 
a— 2h. +by=0, 
or aB+bA = 2hH. (w). 


[The above result follows at once from Articles 156 
and 58.] 


Ex. 1. To find the equation of the equi-conjugate diameters of the conic 
az? + 2hay + by?=1. 

The straight lines through the centre of a conic and any concentric 

circle give equal diameters. Through the intersections of the conic and 


_ the circle whose equation is \ (x?+y?+ 2zy cos w) =1, the lines 


(a— ) a2 +2 (h—Ncosw) cy +(b—X) y2=0 pass. 
These are conjugate if 
b(a—X)+a(b-A)=2h(h—Acosw). 
Substituting the value of \ so found, we have the required equation 
2 (ab — h?) 


PO a ae as Hy 
ea ree +y?+ 2ry cos w)=0 


ax? + 2hay + by? — 


Ex. 2. To shew that any two concentric conics have in general one 
and only one pair of common conjugate diameters. 
Let the equations of the two conics be 
ax? + 2hay +by2=1, and a'x?+2h’ry +b'y2=1. 
The diameters Ax?+2Hzy+By?=0 are conjugate with respect to 


both conics if 
5 Ab-—2Hh+Ba=0, 


and Ab’ —2Hh’+ Ba/=0; 
2 ie a Re 
ha’ —ah’” ab’—a'b” bh’ - Wh” 
The equation of the common conjugate diameters is therefore 
(ha’ — ah’) x? — (ab’ — a’b) wy + (bh’ — b’h) y?=0. 

Since any two concentric conics have one pair of conjugate diameters 
in common, it follows that the equations of any two concentric conics 
can be reduced to the forms 

ax2+by?=1, a’x?+d’y?=1. 
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185. To find the length of a straight line drawn from 
a given point in a given direction to meet a conic. 


Let (2’, y’) be the given point, and let a line be drawn 
through it making an angle @ with the axis of « The 
point which is at a distance r along the line from (a’, y’) 
is (a +rcos6, y’ +rsin 0), the axes being supposed to be 
rectangular; and, if this point be on the conic given by 
the general equation, we have 


a(a' +r cos 6 + 2h (a+r cos 6) (y'+r sin 0) +b (y'+r sin OY 
+29 (a+r cos @)+ 2f(y'+rsiné)+c¢=90, 

or 7? (a cos? 6 + 2h sin 6 cos 6 + b sin? 8) 

+ 2r cos 6 (aa’+hy'+9)+ 2rsin @ (he' +by'+f)+¢ (2, y')=0. 


The roots of this quadratic equation are the two values. 
of r required. 


Now, if the point (z’, y’) is the middle point of the chord intercepted 
by the conic on the line, the two values of 7, given by the above 
quadratic equation, will be equal in magnitude and opposite in sign; 
hence the coefficient of 7 must vanish ; thus 

(aa’ + hy’ +g) cos 6+ (ha' + by’+f) sin 6=0. 

Thus, if the chords are always drawn in a fixed direction, so that @ is 

constant, the locus of their middle points is [Art. 183] 


ax + hy +g +(ha+ by +f) tan @=0. 


186. The rectangle of the segments of the chord which 
passes through the point (a, y’) and makes an angle @ 
with the axis of «, is the product of the two values of r 
given by the quadratic equation in Art. 185; and is equal to 

$(@, y’) 
a cos? @+ 2h sin 0 cos 8+ b sin? 0 

Cor. 1. If through the same point (2’, y’) another 
chord be drawn making an angle @’ with the axis of a, the 
rectangle of the segments of this chord will be 


d(x’, y') 


GGT), | SS Rea. a a SS . 
a cos? & + 2h sin & cos 6’ + b sin? &’ 


b eet 
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Hence we see that the ratio of the rectangles of the 
segments of two chords of a conic drawn in given directions 
through the same point is constant for all points, including 
the centre of the conic, so that the ratio is equal to the 
ratio of the squares of the parallel diameters of the conic. 


Cor. 2. The ratio of the two tangents drawn to a 
conic from any point is equal to the ratio of the parallel 
diameters of the conic. 

Cor. 3. If through the point (2, y”) a chord be drawn 
also making an angle @ with the axis of z, the rectangle 
of the segments of this chord will be 

d Ce y”) 
a cos? 6+ 2h sin @ cos 8+ b sin? 0° 


Hence the ratio of the rectangles of the segments of 
any two parallel chords drawn through two fixed points 
(a’, y’) and (x”, y”) is constant and equal to the ratio of 
(x, y') to $ (#”, y”). 

Cor. 4, Ifa circle cut a conic in four points P, Q, R, S, 
the line PQ joining any two of the points and the line RS 
joiming the other two make equal angles with an axis of 
the conic. 

For, if PQ and RS meet in 7, the rectangles TP. TQ 
and TR.TS are equal since the four points are on a circle. 
Therefore, by Cor. 1, the parallel diameters of the conic are 
equal; and hence they must be equally inclined to an axis 
of the conic [see Art. 136]. 


Ex. 1. If a triangle circumscribe a conic the three lines from the 
angular points of the triangle to the points of contact of the opposite sides 
will meet in a point. 

Let the angular points be 4, B, C and the points of contact of the 
opposite sides of the triangle be 4’, B’, C’; also let 71, 72, r3 be the semi- 
diameters of the conic parallel to the sides of the triangle. Then 
BA? : BO@=r2 : 142; CB’: CA%=722 2 112; and AC? : ABP=73? : 19%. 
Hence BACB (AG ==MC.BAGCB, 
which shews that the three lines meet in a point, for A’, B’, C’ cannot be 
on a straight line. 
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Ex. 2. If a conic cut the three sides of a triangle ABC in the points 
A’ and A”, B’ and B”, C’ and C” respectively, then will 

BA’. BA".CB’. CB”. AC’. AC” =BC’. BC” .CA’. CA”. AB’. AB", 

(Carnot’s Theorem.) 

[BA’. BA”: BC’. BC” =r? : 132, and so for the others ; 71, 72, 73 being 
the semi-diameters of the conic parallel to the sides of the triangle. ] 

Ex. 3. If a conic touch all the sides of a polygon ABCD...... the 
points of contact of the sides AB, BC...... being P, Q, R,S...... 3 then will 
AP EBO AER UDS 2.3% be equal to PB. QC.RD...... : 


187. IfS be written for shortness instead of the left- 
hand side of the equation 


ax + 2hay + by? + 2ga + 2fy+c=0, 
and S’ be written instead of the left-hand side of the 
equation 
a’a? + Qh’ay + by? + 2g/a + 2f’y+c¢ =0, 
then S—2S’ =0 is the equation of a conic which passes 
through the points common to the two conics S = 0, S’ = 0. 


For, the equation S—2S’= 0 isof the second degree, 
and therefore represents some conic. Also if any point be 
on both the given conics, its co-ordinates will satisfy both 
the equations S=0 and S’=0, and therefore also the 
equation S—2S’=0. 


By giving a suitable value to A, the conic S—rAS’=0 
can be made to satisfy any one other condition. 


Thus S—rS’=0 is the general equation of a conic 
through the points of intersection of the conics S=0 and 
S’ = 0. 


If the conic S'=0 is the two straight lines whose 


equations are la+my+n=0 and l’x@+m’y+n’ =0, which 
for shortness we will call u=0, and v=0; 


then S—ruv=0 will be the general equation of a conic 


passing through the points where S=0O is cut by the lines 
u=0 and v=0. 
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If now the line v=0 be supposed to move up to 
and ultimately coincide with the line w=0, the equation 
S—rw=0 will, for all values of 2, represent a conic 

which cuts the conic S=0 in two pairs of coincident 
points, where S=0 is met by the linew=0. That is to say 


S—Xu=0 is a conic touching S=0 at the two points 
where S=0 is cut by u=0. 


Ex. 1, All conics through the points of intersection of two rectangular 
hyperbolas are rectangular hyperbolas. 


If S=0, S’=0 be the equations of two rectangular hyperbolas, all 
conics through their points of intersection are included in the equation 
S—dS’=0. Now the sum of the coefficients of x2 and y? in S—AS’=0 
will be zero, since that sum is zero in S and also in S’, the axes being at 
right angles. This proves the proposition. [Art. 176.] 


The following are particular cases of the above. 


(i) If two rectangular hyperbolas intersect in four points, the line 
joining any two of the points is perpendicular to the line joining 
the other two. (For the pair of lines is a conic through the points 
of intersection.) (ii) If a rectangular hyperbola pass through the 
angular points of a triangle it will also pass through the orthocentre. 
(For, if 4, B, C be the angular points, and the perpendicular from A on 
BC cut the conic in D; then the pair of lines AD, BC is a rectangular 
hyperbola, since these lines are at right angles; therefore the pair BD, 
AC is also a rectangular hyperbola, that is to say the lines are at right 


angles.) 


Ex. 2.. If two conics have their axes parallel a circle will pass 
through their points of intersection. 

Take axes parallel to the axes of the conics, their equations will 
then be 

ax? + by? + 29a + 2fy+c=0, 

and a’ x2 + b’y2 + 29’a + 2f’'y+e'=0. 
The conic ax?+by?+2ga + 2fy +e+d (a'x? + b’y? + 29'x + 2f’y +¢’)=0 will 
go through their intersections. But this will be a circle, if we choose X 
so that a+Aa’=b+N0’, and this is clearly always possible. 


Ex. 3. If TP, TQ and T’P’, T’Q’ be tangents to an ellipse, a conic 
will pass through the six points T, P, Q, T’, P’, Q. 
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Let the conic be az?+by2=1, and let TF be (2’, y’) and T', be 
(x, y’). The equations of PQ and P’Q’ will be axa’ + byy’— 1=0'and 
axa!’ +byy”-1=0. The conic 

d (ax? + by? —1) — (arx’ + byy’ -1) (axa +byy” -1)=0 
will always pass through the four points P, Q, P’, Q’. It will also pass 
through ZT if \ be such that 
d (av'? + by’? —1) — (ax’2 + by’? — 1) (ax'x” + by’y” —1)=0, 
or if A=aa'a"’ + by’y” —1. 
The symmetry of this result shews that the conic will likewise pass 
through 7". 


Ex. 4. If two chords of a conic be drawn through two points on 
a diameter equidistant from the centre, any conic through the extremities 
of those chords will be cut by that diameter in points equidistant from the 
centre, 

Take the diameter and its conjugate for axes, then the equation of 
the conic will be ax?+by?=1. Let the equations of the chords be 
y—m(a—c)=0 and y—m’(x+c)=0. Then the equation of any conic 
through their extremities is given by 

ax? + by?—1— {y—m (x -c)} fy —m’' (a+c)}=0. 

The axis of x cuts this in points given by axz?—1-—)mm’ (a? —c?)=0, 
and these two values of a are clearly equal and opposite whatever d, m 
and m’ may be. 


As a particular case, if PSQ and P’S’Q’ be two focal chords of a conic, 
the lines PP’ and QQ’ cut the axis in points equidistant from the centre. 


Ex. 5. If a circle has double contact with a conic, the chord of 
contact is parallel to one or other of the axes. 

For, if ax?+by2-—1+2(le+my-+n)2=0 is a cirele, the coefficient of 
xy is zero, and therefore J or m is zero. 


Ex. 6. If two circles have double contact with a conic, and the chords 


of contact are parallel, the radical axis of the circles is midway between 
the chords of contact. 


The radical axis of the circles 
ax? + by? —1+(b-a) (x — d)?=0, 
and ax® + by? —1+ (b—a) (x—ds)2=0, 
is 2a ~— dy —dy,=0. 
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Ex. 7. If two circles have double contact with a conic, and the chords of 


_ contact are perpendicular, their point of intersection is at a limiting point 


of the coaxal system determined by the two circles. 
The equations of the two circles, when az?+ by2—1=0 is the conic, 
are ax? + by? -1+(b—a) (x—d)?=0, 
and ax? + by? —1+(a—b) (y —e)?=0. 
Hence, by subtraction, the point circle 
(x—d)2+ (y —e)2=0 
is coaxal with the two circles. ~ 
188. To find the equation of the pair of tangents drawn 
Jrom any point to a conic. 
Let the equation of the conic be 
ax? + Lhay + by? + 2gx + 2fy+ec=0...... (i). 
If (x, y') be the point from which the tangents are 
drawn, the equation of the chord of contact will be 
ann +h (ay’ + ya’) + byy' +g @ta)+fyty)+o=0. 
The equation 
ax? + 2hay + by? + 2ga+ 2fy+e 


eeveoes 


represents a conic touching the original conic at the two 
points where it is met by the chord of contact. The two 
tangents are a conic which touches at these two points 
and which also passes through the point (2’, y’) itself. The 
equation (ii) will therefore be the equation required if d 
be so chosen.that (w’, y’) is on (11); that is, if 
aa’? + 2ha'y’ + by? + 2ga’ + 2fy/ +e 

=) fax’? + Qha’y’ + by”? + 2ga’ + 2fy’ + c}?. 

Therefore 
1=) fax? + 2ha'y! + by? + 2ga’ + fy’ + ch = rd (2, y’)s 
Substituting this value of ) in (ii) we have 

(aa? + Lhay + by? + 2gn + 2fy +0) o@’, y') 
= fawn’ +h (ay + yo’) + byy +g(@t+a)+fyt+y) tc 
which is the required equation. (@). 
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The above equation may be found in the following manner. 
Let TQ, TQ’ be the two tangents from (2’, y’), let P(x, y) be any 
point on TQ, and let TN, PM be the perpendiculars from T and P on the 


chord of contact QQ’. 
PQ? PIM? 


Bieta TORT PNR eerste (i). 
But [Art. 186, Cor. 3] fan 2 qe oe 


and [Art, 31] 
PM? _ {axe +h(cy'-+ya’)+byy' +9 (o+@) +f (yty) +e}, 
TN? fax'2+ Qha'y’ + by’ + 29a’ + 2fy’ +c}? : 
therefore from (i) we have 
o (2, y) b (2's y')={aca’ +h (ay +y2’) + byy' +g (eta')+ f(y ty’) +e}. 


189. To find the equation of the tangents to a conic at 
the extremities of a given chord. 


Let lc+my+n=0 be the equation of the given 
chord. 


Then any conic which touches ¢(z, y)=0 at the 
extremities of the chord is given by the equation 


d (a, y) —rA (la + my +n =0......... (1). 


The equation (i) will be the equation required if \ be 
so chosen that (i) represents two straight lines, the con- 
dition for which is 


a—-rP, h—rAlm, g—Aln |=0, 
h—dXlm, b—Am?, f—Amn 
g—dAln, f—dAmn, c—rAn? 
which when expanded is 
A—A (AP + Bm? + Cn? + 2Fmn + 2Gnl + 2HIm) = 0. 
Hence the equation required is 
p> — A (le + my + ny =0, 


where A is the discriminant of ¢ and }=0 is the con- 
dition that lx + my +n =0 should touch 6=0, [Art. 1794 
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190. To find the equation of the director-circle of a 


- conic. 


The equation of the tangents drawn from (z’, y’) to the 
conic given by the general equation is 
(aa? + Zhay + by? + 2ga + 2fy +c) > (2, y') 
= [ara' +h (xy! + ya’) + byy'+g(e@t+e)+fiyty) +c}. 


The two tangents will be at right angles to one 
another if the sum of the coefficients of 2? and y? in the 
above equation is zero. This requires that 


(a +b) (ax? + 2ha'y’ + by’? + 2gu' + 2fy’ +c) 
— (ax’ + hy' + 9) — (ha’ + by’ + fy¥= 

The point (#’, y’) is therefore on the circle whose 
equation 1s 
(ab — h?) (a? + y’) + 2a (gb — fh) + 2y (fa —hg)+c¢ (a+b) 

pico = 9, 

or Ca? + Cy? -—2Ga—2Fy+A+B=0...... (i), 
where A, B, C, F, G, H mean the same as in Art. 179. 

If h?—ab=0, the equation reduces to 

2a (bg — fh) + 2y (fa —hg)+¢(a+b)—f?—g=0, 
or 2Ge+2Fy—-A—B=0........0... (i). 


The conic in this case is a parabola, and (11) is the 
equation of its directrix. 
Fix. 1. Shew that the equation of the director-circle of the curve 
112? + 24ay + 4y?—2r+16y+11=0 is 2?+y?+4 2x —2y=1. 
Ex. 2. Shew that the equation of the directrix of the parabola 
22+ Qary +y?— 4a +8y —6=0 is 3a —3y+8=0. 
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191. To shew that a central conic has four and only 
four foct, two of which are real and two imaginary. 


Let the equation of the conic be 
aa? + by? —1L =O. ace. sce cseoeee (1). 


Let (a’, y’) be a focus, and let ecosat+ysina—p=0 
be the equation of the corresponding directrix; then if e 
be the eccentricity of the conic, the equation will be 

(c—a P+(y—y)—e@(xcosa+ysina—p)=0...(ii). 

Since (i) and (ii) represent the same curve, and the 
coefficient of xy is zero in (i), the coefficient of zy must be 
zero in (ii); hence @ is 0 or be 

Hence a directrix is parallel to one or other of the 
axes. 

Let «=0, then since the coefficients of # and y are 
zero in (i), we have y’=0 and a’ =e*p. 

Also, by comparing the other coefficients in (i) and (ii), 
we have 


a b —1 
Toe ep” 
exe /CL sata yb). 2. hwy: than (iii), 
eipatias Ne SA as aera (iv), 
and RF me ity — LID eo nena pecs near (v). 


From (v) we see that there are two foci on the axis 
of « whose distances from the centre are + af (;-3): 
a 
From (iv) we see that a directrix is the polar of the 
corresponding focus. 


If a=, we can shew in a similar manner that there 
are two foci on the axis of y whose distances from the 
centre are + of G- *): Of the two pairs of foci one is 
clearly real and the other imaginary, whatever the yalues 


of a and b (supposed real) may be. 


THE ECCENTRICITY O57 


The eccentricity of a conic referred to a focus on the 


~ axis of aw is from (iii) equal to vi (1 — ar the eccentricity 


referred to a focus on the axis of y will similarly be 
‘A (1-2). If the curve is an ellipse a@ and b have 


the same sign, and one of these eccentricities is real 
and the other imaginary. If however the curve is an 
hyperbola, a and b have different signs and both eccen- 
tricities are real. 

In any conic, if e, and e, be the two eccentricities, we 
have 

1 Sear eae 3 b 

aaa Maly als Se 


192. To find the eccentricity of a conic given by the 
general equation of the second degree. 


7 


By changing the axes we can reduce the conic to the 
form 


acl got © ee ly dena. | Rae le (i). 
If e be one of the eccentricities of the conic, 
O = 6 (Le-Ae) bitest..6 ee [Sep (ii). 
But [Art. 52] we know that 
a+ PSH @ ON Ta (iil), 
and CS Se eS Rh ues (iv). 


(iv), we have 
(2—e) (a+b) 
1-—@ ~~ ab—i?’ 


(asd eae oot, ( 
or rs Se eg (Ca Se -\, sere anes (x): 


If the curve is an ellipse, ab — h? is positive, and one 
value of ¢? is positive and the other negative. The real 
value of ¢ is the eccentricity of the ellipse with reference 


8. C. 8 17 


258 FOCI AND DIRECTRICES FROM DEFINITION 


' 


to one of the real foci, and the imaginary value is the 

eccentricity with reference to one of the imaginary foci, 

; If the curve is an hyperbola both values of ¢ are 
positive, and therefore both eccentricities are real, as we 

found in Art. 190; we must therefore distinguish between 

the two eccentricities. 

The signs of @ and £8 in (i) are different when the 
curve is an hyperbola; and, if the sign of a be different 
from that of y, the real foci will lie on the axis of #. 
Hence to find the eccentricity with reference to a real 
focus; obtain the values of a and 8 from (ili) and (iv), 
then (ii) will give the eccentricity required, if we take for 
a that value whose sign is different from the sign of ¥. 

Ex. Find the eccentricity of the conic whose equation is 

a? —4ry —2y?+10r+4y=0. 

The equation referred to the centre is x2—4ry—2y?—1=0. This will 

become axz?+By?—1=0, where a+8=-—1 and aB=-—6. Hence a=2, 


B=-3. The eccentricity with reference to a real focus is given by 
2= —3 (1—e?); therefore e=,/§. 


193. The foci, directrices and eccentricity of a 
conic can be found immediately, from the focus and 
directrix definition of a conic, in the following manner. 


If (a, @) is a focus the conic 
as? + 2haey + by?+2gx+2fyto=0 ...... (i) 
is, by definition, equivalent to 
(w—a?lt(y—ByP—(la+my+nyP=0 ...(ii), 
where le-+my-+n=0 is the directrix corresponding to 
(a, 8) and the eccentricity is given by &=l+4+m* 
Comparing (i) and (ii) we have 
?—1l=nXa, lm = 2h, m?—1=db, 
Int+a=dg, mn+B=rAf, n2—@—B?=de. 
Hence we have 
A(aa+hB+g)= 1 (lat+mB+n) 
A(ha+bB+f)=m(la+mB+n)p ..... (A). 
A(Ga+f/B8 + c)= n(lat+mB +n) 


| 4 and AL =lm 
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Also A(a—b)=P— ah 


I. For the foci :— 
Multiply the equations (A) in order by a, 8, 1 and 


add ; 
then (la+ mB +n) =rd (4, B). 
Also 
(?—m*) (la +mB + n)=r? (az +hB+ 9g? —(ha+bB +f), 
and Im (la+mB +n)=)? (aat+hB+g)(ha+bB+f). 
Hence, from equations (B) we have 


(aa +h8+qy—(hat+bB+fy 
a—b 


_ (aathB+g)het+bB +f) 
es h 


= $ (4, B). 
Hence the foci are the points of intersection of two 
conics given by the equations 


(aw+hy +9)? — (he +by+f/y 
~ a-—b 


12 ha+bi 
sglteentis cha) t Ut dod vad apy 


II. For the directrices :— 
Eliminating « and 8 from equations (A) we have 
rAa—P , Ah—Ilm, Ag-— In |=0, 
Ah—lm, ALD—m?, Af—mn 
Ag—In, Af—mn, Ac — 2? 
that is 
MAA (2.4 +m B+ nr? + 2mnFk + 2nlG + 2ZlmH)=0, 
the coefficient of X and the constant term being zero. 
17—2 
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Hence from (B), 
PA+ &c. P—m?_ lm 
eT eae eas EY 
The above equations give the ratios 1:m:n which 
determine the directrices. 


III. For the eccentricity :— 
We have 
rA(a+b) =F + m?—2=e-2, since C=? +m’, 
and ?(ab— h?)=(1 — 2)(1—m*) —Pm? = 1 —P—m?=1-&. 

Hence (2—¢?)?(ab—h?)=(1 —e*)(a +b). 

194. The equation of a conic referred to a focus as 
origin is 2®?+y°=e?(wcosa+ysina—p), from which it 
is obvious that either of the lines e+V—1 y =0 meets 
the conic in coincident points. 

Hence the tangents from the focus to the conic are the 
imaginary lines # + y V—1=0, or as one equation 

ae + yf? _ 0, 
the chord of contact of these tangents being the corre- 
sponding directrix. 

Since the equation of the tangents from-a focus is in- 
dependent of the position of the directrix, it follows that 
af conics have one focus common they have two imaginary 


tangents common, and that confocal conics have four 
common tangents. 


Now if the origin and axes of co-ordinates be changed 
in any manner, remaining rectangular, the equation of the 
tangents from a focus will be changed from 

e+ y=0 to a+ y+ 2gn + 2fy+c=0. 

Hence the equation of the tangents to a conic from a 
focus satisfies the conditions for a circle. 

Conversely, if the equation of the tangents from a point 


to a conic satisfies the conditions for a circle, the point must 
be a focus of the conic. 
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Circular points at infinity. The lines from the 
origin to the points at infinity on any circle are given by 
the equation a?+y?=0, so that all circles have two 
imaginary common points at infinity. The points are 
called the Focoids. 


From the above we see that the tangents from the 
real foci of a conic are the sides of an imaginary quadri- 
lateral, two of the other opposite vertices of which being 
the focoids J and J, and the other two opposite vertices 
being the imaginary foci of the conic. 

The equation giving the foci and directrices of a conic 
_ may therefore be found in the following manner. 

I. To find the Foci. /\/°' Ke 

The equation of the tangents from (a’, y’) to the conic 
$ (2, y) =0 is 
(ax? + 2hay + by’ + 2ga + 2fy +c) bo, y') 

= lariat h(ay + y'a)+ byytg@+ay+fyty) +e. 

If (z’, y’) be a focus of the conic, this equation satisfies 
the conditions for a circle, viz. that the coefficients of 2? 
and y? are equal, and that the coefficient of xy is zero. 


Hence we have 
ag (a, y’) — (aa’ + hy’ +g) = bd (2, y') — (hat + by + f/, 
and ho (a', y/) =(aa' + hy’ +g) (ha! + by +f). 
The foci are therefore the points given by 
(ax + hy +9) —(he +by +f) 
a—b 
_ (ant oie ateeg of) ie emeprere’ 


The equations giving the foci may be written 


cobalt 
Es Gah a in aaablON TOA I 


262 FOCI AND DIRECTRICES 


II. To find the Directrices. 
The tangents at the extremities of the chord 
l~e+my +n=0 
are [Art. 189] 
b (a, y). 2 —-A(la+my + np= 9. 

If la+my+n=0 is a directrix, these lines pass 

through the focoids; and therefore 
(a—b) 2—A(P—m’*)=0 

and hS — Alm =0, 


from which the ratios 1: m:n which determine the — 
directrices can be found. 


Ex. Find the foci and directrices of the conic whose equation is 
x2 + 120y —4y?-62+4y+9=0. 
The equations for the foci are 


6y —8)2 — (62 —4y+2)2. (w+6y—3) (Ga—4y +2 
(a+ 6y ae y +2) _ (e+ y eo 7] 6 (2,.9)- 


From the first equation we have 


3 (x +6y —3)+2 (6a —4y+4+2)=0, 


or 2 («+ 6y —3)—3 (62 —4y+2)=0. 
Hence 3a+2y—1=0 or 4x-—Cy+3=0. 
Now if we substitute 1-3 for 2y in 
(+ Gy — 3) (Ga —4y +2) =G6¢ (a, Y).....cece eee vesees (i), 


we have after reduction x2—1=0. 
When #=1, y=—-1, and when x= ~-1, y=2. 
Thus the real foci are (1, —1) and (—1, 2). 


' The imaginary foci are the points of intersection of the conic (i) and 
the line 4% -—6y +3. 


The directrices are the polars of the foci, and the equations of the 
real directrices will be found to be 


2a — 8y—-1=0 and 22 —3y+4=0. 


The equations of the directrices can however be found by the above 
formulae without first finding the foci. 
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It will be found that 


A4=-—40, H=-60, B=0, G=0, F=-20, C=-—40 and A= — 400. 


Hence we have 
2—m2 _ Im _ 402 +120Im+ 40mn+ 40n? 


5 6 400 


Z m t. Sa 


H a= Sohn 2 igs 
ence Gs gh eg Sys 


and 20Im=127? + 361m + 12mn + 12n2. 
When 31+ 2m=0, we have 
12/2 — 24/2 — 18In + 12n?=0, 
whence ahicsee ogous. 
The equations of the real directrices are therefore 
20 —3y+4=0 and 2x -3y—-1=0. 
When 3m —2l1=0, the directrices are imaginary. 


It is easily seen from the equations 2*/a?+ y°/b?-1=0 
and «?+7?=a?+0? of an ellipse and its director-circle, 
that a pair of directrices of a conic are parallel lines 
through the intersections of the conic and its director-circle. 


Hence the directrices of the conic ¢(a, y)=0 are 


given by the equation 


p (a, y) +r (Cx? + Cy? — 2Ga — 2Fy + A +B) =0, 


where X is such that the terms of the second degree are a 


perfect square. 
Hence X is given by the equation 
(a+ AC) (b+ AC) =F’, 
or 14+rA(a+b)+VC=0. 


In the above example, we have 


1+2r(-8)+(—40) 2=0, whence 8\—1=0 or 54+1=06. 


The director-circle of the conic is 
— 40x? — 40y?2 + 407 —40=0. 
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Hence, when \=4, the directrices are given by 
8 (a2 + 122y — 4y2- 62+ 4y +9) +40 (—2?-y?+y—-1)=0, 

or 4x? —12xry + 9y?+ 6x —-9y —4=0, 
Le; (2a —3y +4) (2a -3y —1)=0. 

When \= —}, the equation of the directrices is 

5 (a2 + 12ay —4y? — 6x + 4y +9) +40 (2? +9?-y+1)=0, 

or 9x? + 122y + 4y? — 6a —4y+17=0, 
i.e. (3a -+2y —14+4/—1) (a4 2y-1-4/—1)=0. 


nie 195. To find the equation of the ames of a conte. 


The axes of a conic bisect the angles between the 
asymptotes, and the asymptotes are parallel to the lines 
given by the equation aa*+2hay +by? =0 [Art. 174]. Hence 
[ Art. 39] the axes are the straight lines through the centre 
of the conic parallel to the lines given by the equation 

aon? Be 


a—b he 


We may also find the equation of the axes as follows. 


If a point P be on an axis of the conic, the line joining 
P to the centre of the conic is perpendicular to the polar 
Grew ee 


Let 2’, y’ be the co-ordinates of P, then the equation 
of the polar of P is 


a (aa' +hy'+ 9)+ y (he'+by'+f)+gx' +fy +c=0...(). 


The equation of any line through the centre of the 
conic is 


ax +hy+g+nr(hat by +f)=0......04. (ii). 
Since (ii) is perpendicular to (i), we have 
(a+rh) (ae +hy' +g)+(h+nrb)(ha’ + by +f)=0...(iii). 
Since (11) passes through (a’, y’), we have 

ax’ + hy! + g+nr (ha! + by’ + f)=0...... (iv). 
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Eliminate » from (iii) and (iv), and we see that (a’, y’) 
- must be on the conic 


(aet+hy+gy—(hetbyt+ fy _(aethy+g) (hat by+f) 
gb “i h 


which is the equation required. 


The equation of the axes may also be deduced from 
Article 193 or 194; for one of the conics on which we have 
found that the foci lie is a pair of straight lines through 
the centre, and therefore must be the axes. 


Ex. 1. Shew that all conics through the four foci of a conic ar 
rectangular hyperbolas. P 
Ex. 2. Prove that the foci of the conic whose equation is 
ax? + 2hry + by2=1 
lie on the-curves 
Cee ey aes 
a—b- h h?=ab" 


Ex. 3. Shew that the real foci of the conic 
a? —bxy + y? — 2x —2y+5=0 are (1, 1) and (-2, —2). 
Ex. 4. The co-ordinates of the real foci of 27? — 8xy —4y?—4y+1=0 


are 
1 2 5 
(0. 3) and (-3 3 -5): 


Ex. 5. The focus of the parabola #?+2zxy +y?- 4x + 8y—6=0 is the 
point (—4, —#). 

Ex. 6. Shew that the product of the perpendiculars from the two 
imaginary foci of an ellipse on any tangent to the curve is equal to the 
square of the semi-major axis. 


Ex. 7. Shew that the foot of the perpendicular from an imaginary 
focus of an ellipse on the tangent at any point lies on the circle 
described on the minor axis as diameter. 


Ex. 8. If a circle have double contact with an ellipse, shew that the 
tangent to the circle from any point on the ellipse varies as the distance 
of that point from the chord of contact. 
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196. To find the equation of a conic when the axes of 
co-ordinates are the tangent and normal at any povnt. 


The most general form of the equation of a conic is 
ax? + 2hay + by? + 2gx+ 2fy +e=0. 


Since the origin is on the curve, the co-ordinates (0, 0) 
will satisfy the equation, and therefore c = 0. 


The line y=0 meets the curve where az*+ 2gr=0. 
If y =0 is the tangent at the origin, both the values of «# 
given by the equation aa*+ 2g7=0 must be zero; there- 
fore g = 0. 


Hence the most general form of the equation of a conic, 
when referred to a tangent and the correspending normal 


as axes of w and y respectively, is 


ax? + 2hay + by? + 2fy = 0. 


Ex, 1. All chords of a conic which subtend a right angle at a fixed 
point O on the conic, cut the normal at O in a fixed point. 


Take the tangent and normal at O for axes; then the equation of 
the conic will be 
ax* + 2hay + by?+ 2fy=0. 


Let the equation of PQ, one of the chords, be la+my—1=0. The 
equation of the lines OP, OQ will be [Art. 38] 


ax? + Qhay + by? + 2fy (la + my) =O......ccceereeeees (i). 


But OP, OQ are at right angles to one another, therefore the sum of 
the coefficients of x? and y? in (i) is zero. Hence we havea+b+2fm=0; 
which shews that m is constant, and m is the reciprocal of the intercept 
made by PQ on the normal. ’ 


Ex. 2. If any two chords OP, OQ of a conic make equal angles with 
the tangent at O, the line PQ will cut that tangent in a fixed point. 
As in Bx. 1, the equation of the lines OP, OQ will be 
ax? +-Qhay + by? + 2fy (le -+my)=0. 


If OP, 0Q make equal angles with the axes, the coefficient of ay is 
zero. Hence &e. 


meee 
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197. The equation of the normal at any point (2’, y') 
__ of the conic whose equation is az* + by? =1 is 


reno 9 
ax’ by’ * 
This will pass through the point (h, k) if 
h—-«w k-y 
an’ ae by ? 
ne if < a'y’ (a —b) + bhy’ — aka’ =0, 


Therefore the feet of the normals which pass through a 
particular point (A, &) are on the conic 
xy (a—b)+ bhy—ake=0  c.ccceeeves. (1). 
The four real or imaginary points of intersection of the 


conic (i) and the original conic are the points the normals 
at which pass through the point (h, £). 


The conic (i) is clearly a rectangular hyperbola whose 
asymptotes are parallel to the axes of co-ordinates, that is 
to the axes of the original conic. It also passes through 
the centre of that conic, and through the point (A, x) itself. 


| 198. If the normals at the extremities of the two 
chords la+my—1=0 and l’x+m'y—1=0 mect in the 
point (h, k), then, for some value of 2, the conic 


ax? + by? —-1—2 (la +my—1) (Va + m'y —1)=0...(4), 
which, for all values of X, passes through the four extremities 
of the two chords, will [Art. 197] be the same as 
. ay (a —b) + bhy — aha =0 weececeseeee (ii). 
The coefficients of # and y?, and the constant term are 
all zero in this last equation, and therefore they must be 
-zero in the preceding. 
We have therefore 
a—nvll’ =0, b—Amm’ =0, and 1+rA=0. 
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Hence, the necessary and sufficient conditions that the 
normals at the ends of the chords le+my—1=0 and 
Va +m'y—1=0 should meet in a point, are 


Ufa = min’ [6 = 1... csesen ssc oeee (iii). 
199. By the preceding Article we see that normals to 


the ellipse whose axes are 2a, 2b at the extremities of the 
chords whose equations are 


le+my —1=0, and l’a# + m'y —1=0, 
will meet in a point, if 
eli= Vinmias Tg Se (i). 


If the eccentric angles of these four points be a, 8 and 
y, 6, the equations of the chords will be 


& a+B y.a+Bp a—£ 
Prac mS a SPAT 7a BSTAD & 
& yt U, yto _ y—6 
and qo +5 sin a eNeakait a Wee 


We have therefore, by comparing with (i), 
cos $(a+ 8) cos 4(y+5)+ cos }(a—)cos4(y—8)=0, 
and sin (a+) sin $(y +68) +cos $(a—) cos $(y—8)=0. 


By subtraction, we have cos $(a+8+7+5)=0; 
whence at Bt+ytbs(Qn4 1) 7... (i1). 
Also the first equation gives 
cos} (a+ B+ +8) + cos $ (a+ B—y—8) 
+cos$(at+y—B—5)+cos$(a+5-—8—vy)=0, 
and, using the condition (ii), this becomes 
sin (a+ 8)+sin (8 +) +sin (y+ 4)=0...(iii). 
[See also Art. 139.] | 
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Ex. 1. If ABC be a maximum triangle inscribed in an ellipse, the 


_ normals at A, B, GC will meet in a point. 


= 


The ecceniric angles will be a, ho , and a 7 [Art. 138]. The 
condition that the normals meet in a point is [Art. is (iii)] 
sin 2a+sin (20+) + sin (20 + a) =0, 
which is clearly true. 


Ex. 2. The normals to a central conic at the four points P, Q, R, S 
meet in a point, and the circle through P, Q, R cuts the conic again in 8’ ; 
shew that SS’ is a diameter of the conic. 

SS’ will be a diameter of the conic if KS and RS’ are parallel to 
conjugate diameters [Art. 134]. ; 

Now if PQ be lv+my —1=0, RS will be + a+? y+1=0 [Art. 197]; 
also RS’ will be parallel to lz —my =0, since = Q, R, S’ are on a circle; 


hence SS’ is a diameter, for [Art. 182] ies my =0, and ~ T ae Es 0 are 
conjugate diameters of ax?+ by?=1. 

[The proposition may also be obtained from Art. 199 (ii), and 
Art. 136 .] 


Ex. 3. If the normals to an ellipse at A, B, C, D meet in a point, the 
axis of a parabola through A, B, C, D is parallel to one or other of the 
equi-conjugates. 

If h, k be the point where the normals meet, A, B, C, D are the four 
points of intersection of the conics 


se es Boer hy kz 
+ig=1 and ay (aa 78 - 


Bo a 
All conics ame! the intersections are included in the equation 
v2 yj? 1 og Bi igo ka) 
ae t fou (Ge - BR had REE) =0, 
If this be a parabola the terms of the second degree must be a perfect 


square, and therefore must be the square of ~ a i. The equation of every 


2 - 
such parabola is therefore of the form (é & #) +da+By+C=0. Their 


Sie? et 
axes are therefore [Art. 172] parallel to one or other of the lines at 5 =0, 
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aed ee 


Ex. 4. The perpendicular from a point P on its polar with respect to 


a conic passes through a fixed point O; prove (a) that the locus of P is a 
rectangular hyberbola, (8) that the circle circumscribing the triangle whieh 
the polar of P cuts off from the axes always passes through a fixed point OF 
(y) that a parabola whose focus is O' will touch the axes and atl such 
polars, (8) that the directrix of this parabola is CO, where C is the centre 
of the conic, and (e) that O and O' are interchangeable. 


2 2 
Let the equation of the conic be = + eS, and let (i, k) be the co- 
iS : 
ordinates of the fixed point O. 


If the co-ordinates of any point P be (2’, y’), the equation of the line 
through P perpendicular to its polar with respect to the conic will be 


az’ _y-y' 
pr as 


‘ y 


& 
a? b2 


? 


ie Ee 

ax - UV) 

or SF ree ee 
x y 


If this line pass through the point (h, k), we have 


From (i) we see that (x’, y’) is on a rectangular hyperbola 


The equation of the circle circumscribing the triangle cut off from the 
axes by the polar of (x’, y’) will be 


The circle will pass through the point (Ah, —)k) if 


2 2] 
SB ake is oe 
Oey) 
Hence, if («’, y’) satisfies the relation (i), we have 


ae 
=F" 
Hence the circles all pass through the point O’ whose co-ordinates are 


a? —b? v2 — @2 k 
124 h2 ty Jee Wize Daae eb Eee (8). 
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The point O’ is on the circle circumscribing the triangle formed by the 


__ axes and any one of the polars ; hence the parabola whose focus is O’ and 


- which touches the axes will touch every one of the polars ............ (y). 
The parabola touches the axes of the original conic, therefore the centre 
C is a point on the directrix of the parabola. Also the lines CO and 
CO’ make equal angles with the axis of x, which is a tangent to the 
parabola; therefore O’ being the focus, CO is the directrix.,.......... (6). 
Since CO’. CO=a?—b?, and CO, CO’ make equal angles with the 
axis of x, and are on the same side of the axis of y, the points O and O’ 
ARE SEDUCE ofa (e20 9) CRG Say eee Re ae See ee (e). 


200. Definition. Two curves are said to be similar 
and similarly situated when radii vectores drawn to the 
first from a certain point O are in a constant ratio to 
parallel radii vectores drawn to the second from another 
point 0". 

Two curves are similar when radii drawn from two 
fixed points O and O’ making a constant angle with one 
another are proportional. 

The two fixed points O and O’ may be called centres 
of similarity. 


201. Lf one pair of centres of similarity eaist for two 
curves, then there will be an infinite number of such pairs. 


Let O, O’ be the given centres of similarity, and let 
OP, O’P’ be any pair of parallel radi. Take C any point 
whatever, and draw O’C’ parallel to OC and in the ratio 
O'P’ : OP. Then, from the similar triangles COP and 
C’0O'P’, we see that CP is parallel to C’P’ and in a 
constant ratio to it; which proves that C, CO’ are centres of 
similarity. 

202. If two central conics be similar the centres of the 
two curves will be centres of similarity. 

Let O and 0’ be two centres of similarity. Draw 
any chord POQ of the one, and the corresponding chord 
P’O'”Y of the other. Then by supposition PO. OQ: P’0’.0'Q 


is constant for every pair of corresponding chords. But 
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since O is a fixed point PO. OQ is always in a constant 
ratio to the square of the diameter of the first conic which 
is parallel to it. The same applies to the other conic. 
Therefore corresponding diameters of the two conics are 
in a constant ratio to one another; this shews that the 
centres of the curves are centres of similarity. 


203. To find the conditions that two conics may be 
similar and similarly situated. 
By the preceding Article, their respective centres are 
centres of similarity. 
Let the equations of the conics referred to those 
centres and parallel axes be 
ax* + 2hry + by? +c¢ =0, 
and a'a? + Qh’ay + b’y?+¢ =0; 
or, in polar co-ordinates, 
7? (a cos? @ + 2hsin @cos@ +bsin?0) +¢ =0, 
and 7” {a’ cos? @ + 2h’ sin @ cos 6 + b’ sin? 6} + c’ =0, 
If therefore r? : r? be constant, we must have 
acos?@+2hsin 6 cos @+b sin? 6 
a’ cos? 6 + 2h’ sin @ cos 0 + 0’ sin? 0 
the same for all values of 0. 
Bit ed 


‘ ‘ a ‘ 
This requires that i ES Hence the asymptotes 


of the two conics are parallel. [This result may be obtained 
in the following manner: since 7: r’ is constant, when one 
of the two becomes infinite, the other will also be infinite, 
which shews that the asymptotes are parallel.] 

_ Conversely, if these conditions be satisfied, and if each 
fraction be equal to i, then 


Ligne UNG eS 

Gf ee 
therefore the ratio of corresponding radii is constant, and 
therefore the curves are similar. 
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. Ife and Ac’ have not the same sign the constant ratio 
_ 1s tmaginary, and is zero or infinite if ¢ or c’ be zero. 
; The conditions of similarity are satisfied by the three 
curves whose equations are 
ay=c, ey=0, and zy=—¢, 

Therefore an hyperbola, the conjugate hyperbola, and 
their asymptotes are three similar and similarly situated 
‘curves; the constant ratio being /—1 for the conjugate 
hyperbola, and zero for the straight lines. 

These curves have not however the same shape. For 
similar curves to have the same shape the constant ratio 
must be real and finite. 


204. To find the condition that two conies may be 
similar although not similarly situated. 
We have seen that the centres of the two curves must 
be centres of similarity. 
Let the equations of the curves referred to their 
respective centres be 
aa? + Dhay + by? +6 =O wrccececess (1), 
Wa? + Way + Oy? +0 =0 eee ees (i1), 
and let the chord which makes an angle @ with the axis of 
z in the first be proportional, for all values of 0, to that which 
makes an angle (9 + a) in the second. If the axes of the 
second conic be turned through the angle a, we shall then 
have radii of the two conics which make the same angle 
with the respective axes in a constant ratio. 


Let the equation of the second conic become 
A's? + 2H'ay + By? +c =0. 
Then, by the preceding Article, we must have 


pees 
“ar a OBE) 
A’+ Bo (AB -H”) 
therefore each Gh 


8. C. 8. 18 


KS 


af 
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But (Art. 52] 4’ + B’=a'+U, and A’B’—H=a'b' —h, 
therefore the condition of similarity is 
ab—h? _ab’—h? 
(a+by (da +b" 
The above shews that the angles between the asymp- 
totes of similar conics are equal. [See Art. 174.] 


This result may also be obtained in the following 
manner: since radii vectores of the two curves which are 
inclined to one another at a certain constant angle are ina 
constant ratio, it follows that the angle between the two 
directions which give infinite values for the one curve 
must be equal to the corresponding angle for the other, 
that is to say the angle between the asymptotes of the one 
conic is equal to the angle between the asymptotes of the 
other. 


205. Triangles inscribed in one conic and circumscribed 
about a coaxal conve. 


Let a, 8, y be the eccentric angles of the points 
A, B, C on the conic a*/a* + y?/b?=1, and let the tangents 
at these points form the triangle A’B’O", 


The tangents at B, C meet in the point A’ where 
w_cost(Bt+y) y_sin$(@+¥) 
a@ cost(B—y)’ b cost(B—y)* 


The point 4’ is on 8’= “4 ¥ 1-0, if 


a? brut 
qi 8 3 (8 +) + Fa sin’ £ (8 +7) =cos*$(B —y), 


ie. if L+ Mcos 8 cosy+N sin Bsiny =0 
where 


a? b2 ae b2 b2 2 
The point B’ is on S’ if 
L+Mcosycosa+Nsinysina=0 
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From (i) and (11) 
L _ Mcosy — WNsiny 


sin(a—8) sin8—sina cosa—cosP’ 


or 


L < M cos y Nsiny _ 
cos$(a—f) cos} (a+A) —sing(a+py 
Hence 


1 
Fa00't (a — 8) = Fra cos" sacar. aie A 


Hence the locus of C’ is the conic 
2a 2 
Staal Sn Perens sates (iv). 
The locus of C’ is the conic 9’ itself, if 
GM’? =a?L? and b°N*? =6b"L?, 
which are equivalent to 
b¢ a?b? a? b? 


a 
get at 2 aya aa Apa 


Since the above condition is independent of a and £8, 
it follows that if one triangle ts inscribed in S’ and circum- 
scribed to S, there are an infinite number of such triangles. 


We will suppose that Sone I then it will be 


found that 
= and 5; ry 
a 


bi 


wy 


‘re 

at 

and then (i) becomes 
14 cos cos y +5, sin Bsiny=0 Lee (A), 


and we have two similar equations. 
18—2 
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Then from (ii1) 


cos$(a+B) WM ake. 

aerate) Sales aden 

sing(a+@)__ No _v 
and Ene Fe ap ey 


Thus C’ is given by =—a' cosy, y=—O' sin y, and 
so for A’ and B’. 
Hence the eccentric angles of the points A’, B’, C’ on S’ 


are wa, w+, w+y, where «a, B, y are the eccentric 
angles of A, B, C. 


To find the locus of the centroid of A’B’C’. 
From the equations 
a’ rede 
1+ 7 cosB cos y+; sing sin y=0, &c., 
we see that a, 8, 7 are three of the roots of 


a cosacosBcosy  b’ sinasin#siny 
a : 
a cos 6 b sin 0 


+1=0, 
and from 
av 2 b’2 . : 
(S cos a cos 8 cos y+ Cos 0) (1 — cos? 6) — ey sin? a sin? 8 sin? y cos? 6=0, 


2a’ 
we have cosa+cos8+cosy+cosd= ~y 008 a conB cos y, 


12, 


and cos a cos 8 cos y cos 6= — o COs? a, cos? B cos? y. 
2a-a’ 
Hence cos a+cos B+ cosy= + qr 88 é, 
ate ; F ; 2b-b' . 

and similarly sin a+sin B+sin y= + yp Sin é. 

Now 3%=a' cos (+a) = —a’ (cosa +cosB+cosy), 
and 3y= — Zb'sin (r +a) = —b’ (sina+sin6+sin y). 

Hence the locus of the centroid is 

9x2 9y2 


Qa—a’2* op" 


OD?” OP? OP” 
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EXAMPLES ON CHAPTER X, 


1. If Q and P are any two points, and C the centre of a 
conic; shew that the perpendiculars from Q and C on the polar 
of P with respect to the conic, are to one another in the same 
ratio as the perpendiculars from P and C on the polar of Q. 


2. Two tangents drawn to a conic from any point are in 
sth) P 
the same ratio as the corresponding normals. 


3. Find the loci of the fixed points of the examples in 
Article 196, for different positions of O on the conic. 


4. POQ is one of a system of parallel chords of an ellipse, 


and O is the point on it such that PO?+ OQ? is constant; shew 


that, for different positions of the chord, the locus of O is a 
concentric conic. 


5. If O be any fixed point and OPP’ any chord cutting a 
conic in P, P’, and on this line a point D be taken such that 


1 1 1 


the locus of D will be a conic whose centre 
is O. 

6. If OPP’QQ’ is one of a system of parallel straight lines 
cutting one given conic in P, P’ and another in Q, Q’, and O 
is such that the ratio of the rectangles OP. OP’ and 0Q.0Q’ 


is constant; shew that the locus of O is a conic through the 
intersections of the original conics. 


7. POP’, QOQ’ are any two chords of a conic at right 
angles to one another through a fixed point 0; shew that 
1 1 
PO. OP’ Q0.0@' 


8. If a point is taken on the axis-major of an ellipse, 


2 2 


a 
whose abscissa is equal to a ab aaa ge? Prove that the sum of 


the squares of the reciprocals of the segments of any chord 
passing through that point is constant. 


is constant. 
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9, If PP’ be any one of a system of parallel chords of 
a rectangular hyperbola, and A, A’ be the extremities of the 
perpendicular diameter; PA and P’A’ will meet on a fixed 
circle. Shew also that the words rectangular hyperbola, and 
circle, can be interchanged. 


10. If PSP’ be any focal chord of a parabola and PJ/, 
P’M' be perpendiculars on a fixed straight line, then will 


rar a 
Pin iE 
be constant. 
11. Chords of a circle are drawn through a fixed point 
and circles are described on them as diameters; prove that the | 


polar of the point with regard to any one of these circles 
touches a fixed parabola. 


12. From a fixed point on a conic chords are drawn 
making equal intercepts, measured from the centre, on a fixed 
diameter ; find the locus of the point of intersection of the 
tangents at their other extremities. 


13. If (@, y’) and (x, vy’) be the co-ordinates of the 
extremities of any focal chord of an ellipse, and %, y be the 
co-ordinates of the middle point of the chord; shew that y’ y” 
will vary as % What does this become for a parabola ? 


14, S, H are two fixed points on the axis of an ellipse 
equidistant from the centre C; PSQ, PHQ’ are chords through 
. them, and the ordinate MQ is produced to &.so that MR may 
be equal to the abscissa of Q’; shew that the locus of FR is a 
rectangular hyperbola. 


15. 4S, H are two fixed points on the axis of an ellipse 
equidistant from the centre, and PSQ, PHQ’ are two chords of 
the ellipse; shew that the tangent at P and the line QQ’ make 
angles with the axis whose tangents are in a constant ratio. 


16. Two parallel chords of an ellipse, drawn through the 
foci, intersect the curve in points ?, P’ on the same side of the 
major axis, and the line through P, P’ intersects the semi-axes 


CA, CBin U, V respectively: prove that ial ye is invariable 
, UOT : 


¥ 


‘ 
a 
“ 


aS 
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17. From an external point two tangents are drawn to an 
ellipse; shew that if the four points where the tangents cut 
the axes lie on a circle, the points from which ees tangents 
are drawn will lie on a sed rectangular hyperbola. 


18. Prove that the locus of the intersection of tangents to 
an ellipse which make equal angles with the major and minor 
axes respectively, but which are not at right angles, is a rect- ~ 
angular hyperbola whose vertices are the foci of the ellipse. 


19. Ifa pair of tangents to a conic meet a fixed diameter 
in two points such that the swm of their distances from the 
centre is constant; shew that the locus of the point of intersec- 
tion is a conic. Shew also that the locus of the point of inter- 
section is a conic if the product, or if the sum of the nectpyoaals 
is constant. 


20. ‘Through O, the middle point of a chord AB of an 
ellipse, is drawn any chord POY. The tangents at P and Q 
meet AB in S and 7’ respectively. Prove that AS= BY. 


21. Pairs of tangents are drawn to the conic aa?+ By?=1 
so as to be always parallel to conjugate diameters of the conic 
ax? + 2hey + by?=1; shew that the locus of their intersection is 


a b 
: Whey =—+ =. 
aa’ + by? + 2hay eee 


22. PT, PT’ are two tangents to an ellipse which meet 
the tangent at a fixed point Y in 7, 7”; find the locus of P 
(i) when the sum of the squares of Q7 and Q7” is constant, 
and (ii) when the rectangle Q7’. Q7” is constant. 


23. 0 isa fixed point on the tangent at the vertex A of a 
conic, and P, P’ are points on that tangent equally distant 
from O; shew that the locus of the point of intersection of the 
other tangents from P and P’ is a straight line. 

24, If from any point of the circle circumscribing a given 
square tangents be drawn to the circle inscribed in the same 
square, these tangents will meet the diagonals of the square in 
four points lying on a rectangular hyperbola. 

25, Find the locus of the point of intersection of two 
tangents to a conic which intercept a constant length on a 
fixed straight line. 
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26. Two tangents to a conic meet a fixed straight line 
MN in P, Q: if P, Q be such that PQ subtends a right angle 
at a fixed point O, prove that the locus of the point of inter- 
section of the tangents will be another conic. 


27. The extremities of the diameter of a circle are joined 
to any point, and from that point two tangents are drawn to 
the circle; shew that the intercept on the perpendicular 
diameter between one line and one tangent is equal to that 
between the other line and the other tangent. 


28, Triangles are described about an ellipse on a given 
base which touches the ellipse at P; if the base angles are equi- 
distant from the centre, prove that the locus of their vertices 
is the normal at the other end of the diameter through P. 


29. A parabola slides between rectangular axes ; find the 
curve traced out by any point in its axis; and hence shew that 
the focus and vertex will describe curves of which the equations 


are ary? =a? (a + y"), 2°y? (2? + y? + 3a”) =a*, 
4a being the latus rectum of the parabola. 


30. If the axes of co-ordinates be inclined to one another 
at an angle a, and an ellipse slide between them, shew that the 
equation of the locus of the centre is 


sin? a (2° + ¥? — p*)— 4 cos’ a (a*y? sin? a — g*) = 0, 


where p* and q? denote respectively the sum of the squares. and 
the product of the semi-axes of the ellipse. 


31. If OP, OQ are two tangents to an ellipse, and 
CP’, CQ’ the parallel semi-diameters, shew that 


OP.0Q+CP’. CQ’=O08. OH, 
S, H being the foci. 


32. Through two fixed points P, Q straight lines ABP. 
CQD are drawn at right angles to one another, to meet one 
given straight line in 4d, C and another given straight line 
perpendicular to the former in B, D; find the locus of the point 
of intersection of 4D, BC; and shew that, if the line joining 
P and Q subtend a right angle at the point of intersection of 
the’ given lines, the locus will be a rectangular hyperbola, 


= 
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33. Prove that the locus of the foot of the perpendicular 


~ from a point on its polar with respect to an ellipse is a rect- 


angular hyperbola, if the point lies on a fixed diameter of the 
ellipse. 


34, The polars of a point P with respect to two concentric 
and coaxal conics intersect in a point Q; shew that if P 
moves on a fixed straight line, Q will describe a rectangular 


hyperbola. 


35. Shew that if the polars of a point with respect to two 
given conics are (1) parallel, or (2) at right angles, the locus of 
the point in either case is a conic. 


36. Prove that the locus of the centre of a conic, for 
which the polars of two given points are given straight lines, 
is a straight line. 


37. An ellipse of semi-axes a, b slides between two fixed 
perpendicular lines; prove that the locus of its foci is the curve 


(a? + y°)(a®y? + 8%) — daPaty? =0. 


38. Shew that the locus of the foci of conics which have a 
given centre and touch two given straight lines is an hyperbola. 


39. A series of conics have their foci on two adjacent 
sides of a given parallelogram and touch the other two sides ; 
shew that their centres lie on a straight line. 


40. The circles described on a system of parallel chords of 
a conic as diameters envelope another conic whose foci are the 
points of contact of tangents parallel to the chords, 


41. <A rectangular hyperbola has double contact with a 
fixed central conic. If the chord of contact always passes 
through a fixed point, the locus of the centre of the rectangular 
hyperbola is a circle passing through the centre of the fixed 


conic. 


49. A circle cuts a rectangular hyperbola in the points 
P, Q, R, S. The orthocentres of the triangles QS, ASP, 
SPQ and PQR are P’, Q’, &’, S’ respectively. Prove that 
PP’, QQ’, RR’, SS’ are diameters of the hyperbola. 
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43. Any rectangular hyperbola whose asymptotes are 
parallel to the axes of an ellipse will cut the curve in points 
whose eccentric angles a, f, y, 5 satisfy the relation 

a+ B+y+68=(2n+1)z. 

44, Having given five points on a circle of radius a; shew 
that the centres of the five rectangular hyperbolas, each of 
which passes through four of the points, will all lie on a circle 

2?) G 
of radius 3° 

45, Ifa rectangular hyperbola have its asymptotes parallel 
to the axes of a conic, the centre of mean position of the four 
points of intersection is midway between the centres of the 
curves. 


46. Three straight lines are drawn parallel respectively 
to the three sides of a triangle; shew that the six points in 
which they cut the sides lie on a conic. 


47, If the normal at P to an ellipse meet the axes in the 
2 1 1 

PO PG" PG’? 

then will any chord through O subtend a right angle at P. 


points G, G’, and O be a point on it such that 


48, Through a fixed point 0 of an ellipse two chords 
OP, OP’ are drawn; shew that, if the tangent at the other 
extremity O’ of the diameter through O cut the lines produced 
in two points Q, Q’ such that the rectangle O’Q. O’Q’ is con- 
stant, the line PP’ will cut OO’ in a fixed point. 


49. A chord LJ is drawn parallel to the tangent at any 
point P of a conic, and the line PR which bisects the angle 
LPM meets LM in Rk; prove that the locus of & is a hyperbola 
having its asymptotes parallel to the axes of the original conic, 


50. A given central conic is touched at the ends of a 
chord drawn through a given point in its transverse axis, by 
another conic which passes through the centre of the former: 
prove that the locus of the centre of the latter conic is also a 
centric conic. 


51. QQ’ is a chord of an ellipse parallel to one of the 
equi-conjugate diameters, C’ being the centre of the ellipse ; 
shew that the locus of the centre of the circle QCQ’ for 
different positions of QQ’ is an hyperbola, 
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2 


52. A eirele is drawn touching the ellipse a ae is =] at 
ra 5 


any point and passing through the centre; shew that the locus 

of the foot of the perpendicular from the centre of the ellipse 

on the chord of intersection of the ellipse and circle is the 
a‘h* 


(= BF : 
53. Find the value of ¢ in order that the hyperbola 


ellipse a?x? + b°y? = 


2 2 
_ 2xy—c=0 may touch the ellipse + RO 1=0, and shew that 
the point of contact will be at an extremity of one of the 
equi-conjugate diameters of the ellipse. 


Shew also that the polars of any point with respect to the 
two curves will meet on that diameter. 


54. Shew that, if CD, HF be parallel chords of two circles 
which intersect in A and B, a conic section can be drawn 
through the six points A, B, C, D, #, /; and give a construc- 
tion for the position of the major axis. 


55. If the intersection P of the tangents to a conic at two 
of the points of its intersection with a circle lie on the circle, 
then the intersection P’ of the tangents at the other two points 
will lie on the same circle. In this case find the relations con- 
necting the positions of Pand P’ for a central conic, and deduce 
the relative positions of P and P’ when the conic is a parabola, 


56. If Z, Z’ be any two points equidistant and on 
‘opposite sides of the directrix of a parabola, and 7'P, TQ 
be the tangents to the parabola from 7, and 7’Q', 7”P’ the 
tangents from 7’; then will 7, P, Q, 7’, P’, Q’ all lie on a 
rectangular hyperbola. 

57. If OP, OQ and O’P’, 0’Q’ are two pairs of tangents 
to a given parabola, the conic through 0, P, @, 0’, P’, Q’ will 
be a parabola if the middle point of OO’ is on the given 
parabola. 

58. With a fixed point O for centre circles are described 
cutting a conic; shew that the locus of the middle points of the 
common chords of a circle and of the conic is a rectangular 


hyperbola. 
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59. With a fixed point O for centre any circle is described 
cutting a conic in four points real or imaginary ; shew that 
the locus of the centres of all conics through these four points 
is a rectangular hyperbola, which is independent of the radius 
of the circle. 

60. From any point on 2*/a*+y'/b?—1=0 three normals 
are drawn to the curve. Prove that the centroid of the 
triangle whose vertices are the feet of these normals is on the 
ellipse 92?/a? + 97/6? = (a? + B°)?/(a? —B?)?. 

61. If from any point four normals be drawn to an ellipse 
meeting an axis in G,, @,, Gs, G,, then will 

1 1 1 te iad 4 
OG, CG, 0G, GCG, CG,+CG,+CG.+0G;, 

62. If the normals to an ellipse at A, B, C, D meet in O, 
find the equation of the conic ABCDO, and shew that the 
__locus of the centre of this conic for a fixed point O is a straight 
line if the ellipse be one of a set of coaxal ellipses. 


63. The four normals to an ellipse at P, Q, R, S meet at O. ~ 
Straight lines are drawn from P, Q, R, S such that they make 
the same angles with the axis of the ellipse as CP, CQ, CR, CS 
respectively : prove that these four lines meet in a point. 


64, The normals at P, Y, R, S meet in a point O and lines 
are drawn through P, Q, &, S making with the axis of the 
ellipse the same angles as OP, OQ, OR, OS respectively: prove 
that these four lines meet in a point. 


65. The normals at P, Q, R, S meet in a point; and 
P’, Q', RB’, S’ are the points of the auxiliary circle correspond- - 
ing to P, Q, A, S respectively. If lines be drawn through 
P, Q, &, S parallel to P’C, Y’C, R’C and S’C respectively, 
shew that they will meet in a point. 


66. If from a vertex of a conic perpendiculars be drawn 
to the four normals which meet in any point O, these lines 
will meet the conic again in four points on a circle. 

67. Tangents are drawn from any point on the conic 


2 


CO a ae 
at i =4 to the conic + a= 1; prove that the normals at 


: 2 F228 
the points of contact meet on the conic ax? + by?= € 9 f ) : 


7. ey 
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68. If ABC be a triangle inscribed in an ellipse such that 


_ the tangents at the angular points are parallel to the opposite 
‘sides, shew that the normals at A, B, C will meet in some 


point O. Shew also that for different positions of the triangle 
the locus of O will be the ellipse 4a*x + 467/? = (a? — 67), 

69. If the normals at the extremities of a chord of 
x*/a? + y?/b? — 1=0 meet at a point on the ellipse, and the chord 
is not itself a normal chord, it will touch the concentric ellipse 

i a*/a® + y?/b§ = 1/(a?— 07). 

70. Find the orthocentre of the triangle whose angular 
points are (a cosa, bsin a), (a cos 8, bsin 8) and (a cosy, bsin y); 
and prove that, if the centroid of the triangle is a fixed point, 
the locus of the orthocentre is a conic. 


71. Any tangent to the hyperbola 4ay=ab meets the 
ellipse =+ a= 1 in points P, Y; shew that the normals to the . 


2 
ellipse at P and @ meet on a fixed diameter of the ellipse. 


72. If four normals be drawn from the point O to the 
ellipse 6°x? + a*y?=a°b’, and p,, p., ps3, p, be the perpendiculars 
from the centre on the tangents to the ellipse drawn at the feet 
of these normals, then if 

didi Fo lad 


eas etae; aia eae! 
were ses fee Po 
where ¢ is a constant, the locus of O is a hyperbola. 
73. Find the locus of a point when the sum of the squares 
of the four normals from it to an ellipse is constant. 


74, The tangents to an ellipse at the feet of the normals 
which meet in (7, g) form a quadrilateral such that if (a, y’), 


(a’, y) be any pair of opposite vertices io at si =—1, and 


that the equation of the line joining the middle points of the 
diagonals of the quadrilateral is fx + gy =0. 

75, Tangents are drawn to an ellipse at four points which 
are such that the normals at those points co-intersect ; and four 
rectangles are constructed each having two adjacent sides along 
the axes of the ellipse, and one of those tangents for a diagonal. 
Prove that the distant extremities of the other diagonals lie 
in one straight line. 


=% 
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76. From a point P normals are drawn to an ellipse 
meeting it in A, B, C, D. Ifa conic can be described passing 
through Ay Bs C, D and a focus of the ellipse and touching the 
corr esponding directrix, shew that P lies on one of two fixed 
straight lines. 


77. Ifthe normals at A, B, C, D meet in a point O, then 
will SA. SB.SC.SD=F.SO?, where S is a focus. 


78. From any point four normals are drawn to a rect- 
angular hyperbola; prove that the sum of the squares on these 


normals is equal to three times the square of the distance of — 


the point from the centre of the Byperbelas 


79. A chord is drawn to the ellipse = — es = 1 meeting the 


62 
major axis in a point whose ates from the centre is 
-6b 2m F 
x a At the extremities of this chord normals are 
a 


drawn to the ellipse; prove that the locus of their point of 
intersection is a circle. 


80. The product of the four normals drawn to a conic 
from any point is equal to the continued product of the two 
tangents drawn from that point and of the distances of the 
point from the asymptotes. 

81. Find the equation of the conic to which the straight 
lines (a + Ay)? — p?=0, and (#+ py)?—9q?=0 are tangents at the 
ends of conjugate diameters. 


82. From any point 7’ on the circle 2?+y?=c*, tangents 
TP, TQ are drawn to the ellipse Z+o- 1, and the circle 
TPQ cuts the ellipse again in P’,Q’, Shew that the line P’Q’ 
always touches the ellipse 

ao” ne oe 
(FB 

83. <A. focal Rea a conic cuts the tangents at the 
ends of the major axis in 4, B; shew that the circle on AB as 
diameter has double contact with the conic, 

84. ABCD is any rectangle circumscribing an ellipse 


whose foci are S and H; shew that the circle ABS or ABH is 
equal to the auxiliary dinate, 
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85. Any circle is described having its centre on the 

_ tangent at the vertex of a parabola, and the four common 

- tangents of the circle and the parabola are drawn; shew that 

the sum of the tangents of the angles these lines make with 
the axis of the parabola is zero. 


86. Tangents to an ellipse are drawn from any point on 
the auxiliary circle and intersect the directrix in four points : 
prove that two of these lie on a straight line passing through, 
the centre, and find where the line through the other two 
points cuts the major axis. 


87. If w=0, v=0 be the equation of two central conics, 
and 2», v) the values of u, v at the centres (, 0’ of these conics 
respectively, shew that wv =v,u is the equation of the locus of 
the intersection of the lines CP, C’P’, where P, P’ are two 
points, one on each curve, such that PP’ is parallel to CO’. 
Examine the case where the conics are similar and similarly 
situated. 


88. Two circles have double internal contact with an 
ellipse and a third circle passes through the four points of 
contact. If ¢, ¢’, 7’ be the tangents drawn from any point on 
the ellipse to these three circles, prove that ¢¢’ = 7”. 


89. Find the general equation of a conic which has 
double contact with the two circles (x—a)?+7?=c’, (a—b)?+y? =a", 
and prove that the equation of the locus of the extremity of 
the latus rectum of a conic which has double contact with the 
circles (x +a)? + y?=c*, the chords of contact being parallel, is 
y? (a — a®) (a? — a? + 6?) = c8a". 

90. Shew that the lines Jx+my=1 and /a+m'y=1 
are conjugate diameters of any conic through the intersections 
of the two conics whose equations are 


(Pm! — 1?m) x? + 2 (L—U) mm'ay + (m—m’) mm'y? = 2 (lm’—Um) a, 
and 
(ml — ml) y? + 2 (m—m’) Way + (b—U) Wa? = 2 (ml’ —m'l) y. 
91. If through a fixed point chords of an ellipse be drawn, 
and on these as diameters circles be described, prove that the 


other chord of intersection of these circles with the ellipse also 
passes through a fixed point. 
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92. Prove that an infinite number of triangles can be 
inscribed in the conic ax? + b?y?= (a? —6*)?, whose sides touch 
the conic a*/a? + y?/b?—1=0. 

93. If three sides of a quadrilateral inscribed in a conic 
pass through three fixed points in the same straight line, shew 
that the fourth side will also pass through a fixed point in 
that straight line. 


94, Ifa chord PQ of an ellipse touches a given concentric 
circle, and the circle whose diameter is PQ cuts the ellipse 
again in the points P’, Q’; then P’Q’ envelopes another fixed 
circle concentric with the ellipse. 


95. A line parallel to one of the equi-conjugate diameters 
of an ellipse cuts the tangents at the ends of the major axis 
in the points P, Q, and the other tangents from P, @ to the 
ellipse meet in O; shew that the locus of O is a rectangular 
hyperbola. 


96. L, M, N, & are fixed points on a rectangular hyper- 
bola and P any other point on it, PA is perpendicular to LIZ 
and meets VF in a, PC is perpendicular to LV and meets UR 
in c, PB is perpendicular to LR and meets MN in &. Prove 
that. PA. Pa=PBAPbaE PC ile 


97. P is any point on a fixed diameter of a parabola. 
The normals from P meet the curve in A, B,C. The tangents 
parallel to PA, PB, PC intersect in A’, B’, C’. Shew that the 
ratio of the areas of the triangles ABC, A’B’C" is constant. 


98. <A point P is taken on the diameter AB of a circle 
whose centre is C. On AP, BP as diameters circles are 
described: the locus of the centre of a circle which touches 
these three circles is two ellipses having C for one focus. 


99. The straight lines from the centre and foci S, S’ of a 
conic to any point intersect the corresponding chord of contact 
in V, G, G’; prove that the radical axis of the circles described 
on SG, S’G’ as diameters passes through J. 


100. If the sides of a triangle ABC meet two given 
straight lines in a), a; b,, b,; ¢, ¢, respectively ; and if round 
the quadrilaterals bb,¢,¢,, ¢,¢,4,42, 44),b, conics be described ; 
the three other common chords of these conics will each pass 
through an angular point of ABC, and will all meet in a point, 


CHAPTER XI. 7. 4 


_— 


SYSTEMS OF CONICS. Derg ef 6) 


206. THE most general equation of a conic, viz. 
aa + 2hay + by? + 2ga+2fy+c=0, 


contains the six constants a, h, b,g, fc. But, since we 
may multiply or divide the equation by any constant 
quantity without changing the relation between # and y 
which it indicates, there are really only five constants 
which are fixed for any particular conic, viz. the five ratios 
of the six constants a, h, b, g, f, ¢ to one another. 

A conic therefore can be made to satisfy five conditions 
and no more. For example a conic can be made to pass 
through five given points, or to pass through four given 
points and to touch a given straight line. The five con- 
ditions which the conic has to satisfy give rise to five 
equations between the constants, and five independent 
equations are both necessary and sufficient to determine 
the five ratios. 

The given equations may however give more than one 
set of values of the ratios, and therefore more than one 
conic may satisfy the given conditions; but the number 
of such conics will be finite if the conditions are really 
independent. 

If there are only: four (or less than four) conditions 
given, an infinite number of conics will satisfy them. 

The five conditions which any conic can satisfy must 
be such that each gives rise to one relation among the 
constants; as, for instance, the condition of passing through 
a given point, or that of touching a given straight line. 


8. C. 8 19 


— 
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Some conditions give two or more relations between 
the constants, and any such condition must be reckoned 
as two or more of the five. For example: 

In order that a given point may be the centre of the 
conic two relations must be satisfied [Art. 168]. 

To have a focus given is equivalent to having two 
tangents given [Art. 194]. 

To have given that a line touches a conic at a given 
point is equivalent to two conditions, for we have two 
consecutive points on the curve given. 

To have the direction of an asymptote given is equiva- 
lent to having one point (at infinity) given. 

To have the position of an asymptote given is equivalent 
to two conditions, for two points (at infinity) are given. 

To have the axes given ‘in position is equivalent to 
three conditions. 

To have the eccentricity given is in general equivalent 

ee  (a—bf+4 
1-@ ab—h — 
[Art. 192], if we are given that e =0, we must have both 
a=band h=0. 


to one condition, but since we have 


207. Through five points, no four of which are in a 
straight line, one conic and only one can be drawn. 


If three of the points are in a straight line, the conic 
through the five given points must be a pair of straight 
lines; for no straight line can meet an ellipse, parabola, or 
hyperbola in three points. And the only pair of straight 
lines through the five points is the line on which the three 
points lie and the line joining the other two points. 

If however not more than two of the points are on any 
straight line, take the line joining two of the points for 
the axis of w, and the line joining two others for the 
axis of y. 

Let the co-ordinates of the four points referred to these 
axes be h,,0; ho, 0; 0,3; and 0, k, respectively. 
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The pairs of sae lines ( + ? — 1) G + E ~ 1) =0 


and ay =0 are conics which pass through the four points. 
Hence [Art. 187] all the conics given by the equation 
a ia | B agesek aS 
doy (T+ E 1) (fe parm )=0 
will pass through the four points. 
This conic will go through the fifth point, whose co- 
ordinates are 2’, y’, if X be so chosen that 


Py a’ yf! ¢ a yf al 
my + (E+E 1) +h -1)=0 

There is one and only one value of X which satisfies 
this last equation, and therefore one and only one conic 
will pass through the five points. 

It four points lie on a straight line, more than one 
conic will go through the five given points, for the straight 
line on which the four points lie and any straight line 
through the fifth is such a conic. 


Ex. 1. Find the equation of the conic passing through the five points 
(2, 1), (1, 0), (3, - 1), (—1, 0) and (3, -2). 
The pairs of lines (x —y—1) («x +4y+1)=0, and y (24+y —5)=0, pass 
through the first four points, and therefore also the conic 
(x—y—1) (@+4y+1) —dy (Q22+y-5)=0. 
The point (3, — 2) is on the latter conic if \= —8; therefore the required 
equation is 22+ 19xy +4y? -45y -1=0. 
Ex. 2. Find the equation of the conic which passes through the five 
points (0, 0), (2, 3), (0, 3), (2, 5) and (4, 5). 
Ans. 5x7 —10xy + 4y? + 20x -12y=0. 
208. To find the general equation of a conic through 
four fixed points. 
Take the line joining two of the points for axis of 
z, and the line joining the other two for axis of y, and 
let the lines whose equations are. ax+by—1=0 and 
a'x+b'y—1=0 cut the axes in the four given points. 
Then wy =0, and (ax+ by —1) (a2 +b'y —1)=0 are 
two conics through the four points, and therefore all the 
19—-2 
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conics of the system are included in the equation 
ray + (ax + by — 1) (ax + D’'y —1)=0.......(4), 
or aaa? + (ba’ + ab’ +r) xy + bby? 
—(at+a)a2—-(b4+))y+1=0......... (ii). 


209. The equation (ii), Art. 208, will represent a 
parabola, if the terms of the second degree are a perfect 
square ; that is, if 

4aa’bb' = (ba’ + ab’ +r). 

This equation has two roots, therefore two parabolas 
will pass through four given points. These parabolas 
are real if the roots of the equation are real, which 
is the case when aa’bb’ is positive. It is easy to shew 
that when aa’bb’ is negative the quadrilateral is re-en- 
trant; in that case the parabolas are imaginary, as is 
geometrically obvious. 

When the terms of the second degree in (ii), Art. 208, 
form a perfect square, the square must be (Vaa‘a + Vbb’y). 
Hence [ Art. 172], the axes of the two parabolas are parallel 
to the lines whose equations are Vaa'a2 Vv bb’'y =0, or as 
one equation aa'a? — bb'y? = 0. 

These two straight lines are parallel to conjugate dia- 
meters of any conic through the four points [ Art. 184]. 

Hence all conics through four given points have a pair 
of conjugate diameters parallel to the awes of the two 
parabolas through those points. 


210. To find the locus of the centres of the conics which 
pass through four fixed points. 


As in Art. 208, the equation of any conic of the 
system 18 
ray + (ax + by—1) (aa + b'y —1)=0. 
The co-ordinates of the centre of the conic are given 
by the equations 
Ay + a(ava+b'y—1) +a’ (av+ by —1)=0, 
and rwe+ b(wWa+b'y—1)+0' (aw + by —1)=0. 
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Multiply these by x and y respectively and subtract; 
- then we have, for all values of X, 


(ax — by) (a’a + b'y —1) + (ax — Uy) (ax + by— 1) = 0, 
or 2aa'x? — 2bb’y?— (a+ a')x+(b+v’)y=0. 

The locus of the centre is therefore a conic whose 
asymptotes are parallel to the lines aa‘x*— bb'y? =0, i.e. 
parallel to the axes of the two parabolas through the four 
points. [The two parabolas are conics of the system, and 
their centres are therefore the points at infinity on the 
centre-locus. | 


Or thus: If ¢,;=0 and ¢).=0 are any two conics through four given 
points, any conic through the four points is given by the equation 


AiP1 + Ashe=0. 
The centre is given by 
dg, dbo 
Ny ae +rz We =0 
dg; , dbo _ 
and Ny ay +g ay =), 


Hence the locus of the centres is the conic 


dp dbo _ db: doo _ 9 
Gemaypo aijradae! Vi 


211. The centre-locus in Art. 210 goes through the 
origin, that is through the point of intersection of the line 
joining two of the points and of the line joining the other 
two; and by symmetry it must go through the intersection 
of the other pairs of lines through the four points. [This 
could have been seen at once, for the pairs of lines are 
conics of the system and their centres are their points of 
intersection, and therefore these points of intersection are 
points on the centre-locus. | 

The centre-locus cuts the axis of # where x=0 and 
where =4(1/a+1/a’). Therefore the locus passes through 
the point midway between (1/a, 0) and (1/a’, 0), that is 
through the middle point of the line joining two of the 
fixed points, and therefore similarly through the middle 
point of the line joining any other two of the four points. 
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If then A, B, C, D are any four points, the three points 
of intersection of AB and CD, of AC and BD, and of AD 
and BO, together with the six middle points of AB, BC, 
CA, AD, BD and CD all lie on a conic (which may be 
called the nine-point conic of A, B, C, D), and this conic 
is the locus of the centres of the conics which pass through 
the four points A, B, C, D. 


The centre of the nine-point conic of A, B, C, D is given by 
4r=1/a+l1/a’, 4y=1/b+1/0'; 
and is therefore the centroid of the four points 4, B, C, D. 


212. If aa’ and bb’ have the same sign, we see from 
Art. 210 that the centre-locus is a hyperbola, and that if 
aa and bb’ have different signs the centre-locus is an ellipse. 
If aa‘= bb’, that is if the four points are on a circle, the 
centre-locus is a rectangular hyperbola. If aa’=— bb’, 
and the axes are at right angles, all the conics of the 
system are rectangular hyperbolas, and the centre-locus is 
a circle. In this case the line joining any two of the 
points is perpendicular to the line joining the other two, 
so that D is the ortho-centre of the triangle ABC. 

Hence a circle will pass through the feet of perpendi-: 
culars of a triangle ABC and through the middle points 
of AB, BC, CA, AD, BD, CD where D is the ortho-centre 
of the triangle ASC, and this circle is the locus of the 
centres of all the conics (which are all rectangular hyper- 
bolas) through A, B,C, D. This circle is called the nine- 
point circle. 


213. The asymptotes of any conic through the four 
points defined as in Art. 208, are parallel to the lines 
Aay + (ax + by) (a’a + W'y) = 0, 
or ad'a? + (+ ab’ +a’/b) ay + bb’y? = 0. 
And [Art. 184] these lines are parallel to conjugate dia- 
meters of the centre-locus, Hence the asymptotes of any 


conic through the four points are parallel to conjugate dia- 
meters of the centre-locus; as a particular case, the asymp- 
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_ totes of the rectangular hyperbola which passes through 
the four points are parallel to the axes of the centre-locus, 


Ex. 1. The polar of a fixed point with respect to a system of conics 
through four given points will pass through a fixed point. 

Take the fixed point for origin, and let 

S=azr?+ 2hry + by? + 292+ 2fy+c=0, 
and S'S a’x? + Qh’ry + b'y?+29'x + 2f'y+c'=0, 
be two of the conics; then any conic of the system is given by S—S’=0. 
The polar of the origin is 
get+fyte-X(g'a+fy+e)=0, 
and this, for all values of \, passes through the intersection of 
gz+fyt+e=0 and g/x+f’y+c’=0. 

Ex. 2, The locus of the poles of a given straight line with respect to 
the conics which pass through four given points is a conic. 

Take the fixed straight line for the axis of x, and let the equation 
of any conic of the system be asin Ex, 1. The polar of (2’, y’) is 
x (ax! + hy’ +9) +y (ha' + by’ +f)+ 9a’ +fy’+e 

—d{x(a'a'+Wy'+9')+y (Wa +dby' +f) +9'2' +f/y'+c}=0. 
If this is the same line as y=0, the coefficient of x and the constant 
term must be zero. Equate these to zero and eliminate ). 

Ex. 3. Shew that the locus of the pole of a given straight line with 
respect to any conic which passes through the angular points of a given 
square is a rectangular hyperbola. 

(Take for axes the lines through the centre of the square parallel 
to the sides; then the conics are given by x? — a? —) (y?— a?)=0.] 

Ex; 4. The nine-point circles of the four triangles determined by 
four given points meet in a point. 

The point is the centre of the rectangular hyperbola through the four 
given points. This follows from Art. 187, Ex. 1 and Art. 212. 

Ex. 5. Conics through four given points are cut in involution by any 
straight line. 

Let y=0 be the given straight line. This line cuts ¢,=0, ¢2.=0 
and ¢;+Ad¢2=0 in points given by 

a4a2+2g,u-+cy=0, ayu? + 299% +¢,=0, 
and (a + dag) @2 +2 (91 +Age) +e, +deg=0. 

The theorem follows from Art. 63. 
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214. If a=0 and 8=0 are the equations of one pair 
of straight lines through four given points, and y=0, 
5=0 the equations of another pair, any conic through 
the four points has an equation of the form 

aB = kry6. ! 

Now, if a=0 be the equation of a straight line and 
the co-ordinates of any point be substituted in a, the 
result is proportional to the perpendicular distance of the 


point from the line. Hence the geometrical meaning of 
the above equation is 


Pips © PsPa; 


where 1, P2, Ps, ps are the perpendiculars on the four lines 
a=0, B=0, y=0, 6=0 respectively, the perpendiculars 
being drawn from any point on the conic. 


215. If P, Q, R, S be four points on a conic, and 
QP, RS meet in A, QS, PR in B, and PS, QR in C; then 
of the three points A, B, C each ws the pole with respect to 
the conic of the line joining the other two. 


Take A for origin, and the two lines ASR, APQ for 


axes of « and y respectively. 
Let the equations of PS and QR be 


Cnty -byhaw Ls Olt pth teh Mee (i), 

and G+ OY — T= Oe Bvt areas (11). 
Then the equations of PR and QS will be 

W 20+ Dopsmes 10 slice WO. dae (iii), 

and A Diy — TO oc ceeccccepen ence (iv). 


The equation of any conic through the intersection of 
the conics #y=0 and (aex+by—1)(axe+b'y—1)=0 
will be 


ay + (ax + by —1) (aa + b’'y —1)=0. 
The polar of the origin of this conic is [Art. 180] 
(at+a)a+(b+b)y—2=0. 
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Writing this in the forms 
ax +by—1+a’r+b'y—1=0, 
and awa +by—1l+ax +b’y—1=0, 
we see that the polar of the origin goes through the point 
of intersection of the lines (i) and (ii), and also through the 
point of intersection of the lines (iii) and (iv). The polar 
of A with respect to the conic is therefore the line BC. 


It can be shewn in a similar manner that CA is the 
polar of B, and AB the polar of C. 


A e) . 
A triangle which is such that each of its angular points 


is the pole, with respect to a conic, of the opposite side, is 
called a self-conjugate, or self-polar triangle. 


216. If a conic touch the sides of a quadrilateral and 
ABC be the triangle formed by the diagonals of the quadri- 
lateral ; then will ABC be a self-polar triangle with respect 
to the conic. 


Let P, Q, R, S be the points of contact. 

Then, in the figure, Z is the pole of PQ, and V is the 
pole of SR; therefore LN is the polar of the point of 
intersection of PQ and SR. Similarly KM is the polar 
of the point of intersection of SP and RQ. 

Hence A, the point of intersection of LN and KM, 
is the pole of the line joining: the point of intersection 
of PQ, SR and the point of intersection of SP, RQ. 

But [Art. 215] the point of intersection of PR and SQ 
is the pole of this last line. 
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Hence A is the point of intersection of PR and 


So also B is the point of 
intersection of SP and RQ, 
and C is the point of inter- 
section of PQ and SR. 


Hence from Art. 215 the 
triangle ABC is self-polar. 
[See also Art. 286.] 


217. To find the general 
equation of a conicwhich touches 
the axes of co-ordinates. 


If the equation of the line 
joining the points of contact 
be az+by—1=0, the equa- 
tion of a conic having double 
contact with the conic zy =0, 
where it is met by the line 
ax + by —1=0, is [Art. 187] 


(aa + by — 1)? — 2ray= 0. Cc 


218. To find the general equation of a conic which 
touches four fixed straight lines. 


Take two of the lines for axes, and let the equations 
of the other two be lc + my —1=0, and l’x+ m'y—1=0. 
The equation of any conic touching the axes is N $6 

(ax + by —1)?— 2rAcy=O0  .........ees (i). 

The limes joining the origin to the points where 

le + my=1 cuts (i) are given by the equation 
(aa + by —la — my)? = 2H... sees (ii). 


_The line will touch the conic if the lines (ii) are 
coincident, the condition for which is 


(a — 0 (b— m= {a —1) (=m) — a; 
whence A= 2(a—1)(b—m). 
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. Hence the general equation of a conic touching the 
. four straight lines 


z=0, y=0, lx+my—1=0, and Va +m'y—1=0, 
is (az + by—1)=2ray; 
the parameters a, 6, X being connected by the two 


equations 
X= 2(a—1)(b—m)=2(a—l’)(b—m’). 
219. To find the locus of the centres of conics which 
touch four given straight lines. 
If two of the lines be taken for axes, and the equations 
of the other two lines be 
la +my—1=0, and l’x+m’'y—1=0, 
the equation of the conic will be 
(aa + by —1)— 2rxy =0, 
with the conditions 
N= 2 (A —L) (O— M) crn rerenscevecsens (i), 
A=2(a—V)(G—M) we. (ii). 
The centre of the conic is given by the equations 
a(ax+by—1)—Ay=0, and b(az+ by—1)—Ar=0; 
*, aw=by, and a(2ax—1)=Ay......: (i11). 
To obtain the required locus we must eliminate a, b 
and » from the equations (i), (ii), and (a1). 


From (i) and (111), we have 
a (2ax— 1) = 2y (a — 1) (b— m) = 2 (a—1) (by— my); 
therefore, since ax = by, 
a (2la + 2my —1) = 2my. 
Similarly, from (ii) and (aii), we have 
a (2U'a + 2m'y — 1) = 2l’m'y. 
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Eliminating a, we obtain the equation of the locus of 
centres, V1Z. 
Qla+2my—1_ 2’a+2m'y—1 
lm i Um : 


The required locus is therefore the straight line whose 
equation 1s 


U7 ful Leg t 1 1 
ae (= 7) aay < 7 lm + Um’ 0. 

This straight line can easily be shewn to pass through 
‘the middle points of the diagonals of the quadrilateral, as 
it clearly should do, for any one of the diagonals is the 
limiting form of a very thin ellipse which touches the four 
lines, and the centre of this ellipse is ultimately the middle 
point of the diagonal. Hence the middle points of the 
three diagonals of a quadrilateral are points on the centre- 


locus of the conics touching the sides of the quadrilateral. 
[See Arts. 244, 286.] 


220. All conics touching the axes at the two points 
where they are cut by the line aw+ by—1=0 are given 
by the equation 


(az + by — 1) = 2rxy. 
The conic will be a parabola if X be such that the 


terms of the second degree form a perfect square: the 
condition for this is 


ab? = (ab — 2d); 
.. XN=0, or A= Zab. 


The value X=0 gives a pair of coincident straight 
lines, viz. (aa-+ by —1) =0. 


Hence, for the parabola, 1 =2ab, and the equation 
of the curve is 


(av + by —1)? = 4abay, 
which may be written in the form 


Vax +Vby=1. 
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221. To find the equation of the tangent at any point of 
the parabola Vax + Vby = 1. 

We may rationalize the equation of the curve and then 
make use of the formula obtained in Art. 178. The result 
may however be obtained in a simpler form as follows. 

The equation of the line joining two points (2’, y’) and 
(a”, y’’) on the curve is 

tg sella 
FET 


with the conditions 
Vas’ + by’ =1 = Va0" + Vby"......... (ii). 
’ From (ii) we have 
Va (Vax — fa") =— by’ — Vy") .....- (iii). 


Multiply the corresponding sides of the equations (i) 
and (iii), and we have 


LOE ae eof jp ay Oia lhe i hccide Sy remy 
Va ie Wee (a @ ) ~~ Vy! a Vy” (y y ). 
The equation of the tangent at (w’, y’) is therefore 


Vb ES! = () 
vy y)=9, 


VE we) + 
or, since Vaa’ + Vby’ =1, 


a b 
o/S+ua/ oa 


To find the equation of the polar of any point with 
respect to the conic, we must use the rationalized form of 
the equation of the parabola. 


Ex.1. To find the condition that the line lx+my—-1=0 may touch | 
the parabola ,/ax+/by —1=0. . 
The equation of the tangent at any point (2’, y’) is 


S 4 Dae, 
xz roel ane 2 
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b 
which is the same as the given equation, if 7= +s 5 and m= NL y? 


or if = a2, and © = a/by’. 
Hence the required condition is 
a 6b 
itmah 
Ex. 2. To find the focus of the parabola whose equation is 
Jax+ J/by=1. 


The circle which touches TQ at T and which passes through P will 
also pass through the focus [see Art. 165 (4), two of the tangents being 


coincident]. The two points P, Q are G ; 0) and (°, 5) . Therefore 
the focus is on both the circles whose equations are 


£ 
224 2ry cos w+y?—- ao 


and a2 4-Qxy cosw+y2—F=0. 
Hence the focus is given by 
y 


& 
a? +y?+2zy cos ad aa 


Hence xja=y/b=1](a? + b2+ 2ab cos w). 


Kx. 3. To find the directrix of the parabola Jax+ /by= 1. 


The directrix is the locus of the intersection of tangents at right 
angles; now the line lc +my=1 will be perpendicular to y=0 if 


m—tLcos w=0, and the line will touch if ; + = 1. Therefore the inter- 


cept on the axis of « made by a tangent perpendicular to that axis is 
iven b : bay 1 
8 Y Toke tneoshage aa 


COs w ; : A 
ig oe 0) is on the directrix. 
+a COS w 


Hence the point ( 


cos w 


ite Se int oe 
imilarly the poin (0. a+bcosw 


) is on the directrix. 
Hence the required equation is 


%(b-+a cos w)-+y (a+b cos w) = cos w. - 
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Ex. 4. To find the axis of the parabola ,/ax+/by=1. 
We have (ax+ by —1)?-4abry=0; 
“. (ax — by +A)? =2ax (L+d) + 2by (1-2) +22-1. 
Now the lines az—by=0 and ax(1+)+by(1-2)=0 are at right 
angles [Art. 42] if 
a? — b? + (a2 + 02+ 2ab cos w)=0. 
Hence the equation of the axis is 
ax — by = (a? — b?) (a? +b? + 2ab cos w). 
[The tangent at the vertex will be found to be 
z](a+b cos w) +y/(b+a cos w) =1/(a? +b? + 2ab cos w).] 


Confocal Conics. 


222. Since the foci of a conic are on its axes, if two 
conics are confocal they must have the same axes. 


The equation 


a? yf? o- 
a+r Te : 
will, for different values of ), represent different conics of 
a confocal system. For the distance of a focus from the 
centre is 


V{(V+r)—G+2)} or V{a? — b4. 
223. The equation of a system of confocal conics is 
ge orion Bit Le 
GEN PEN if 
If X is positive the curve is an ellipse. 


The principal axes of the curve will increase as i 
increases, and their ratio will tend more and more to 
equality as A is increased more and more; so that a circle 
of infinite radius is a limiting form of one of the confocals. 


Tf X is negative, the principal axes will decrease as 


Mle de ae alee 
® increases, and the ratio — 5 will also decrease as A 
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increases, so that the ellipse becomes flatter and flatter, 
until X is equal to — b*, when the minor axis vanishes, and 
the major axis is equal to the distance between the foci. 
Hence the line-ellipse joining the foci is a limiting form 
of one of the confocals. 


If b? +2 is negative, the curve is a hyperbola. 


If b°?+2 is a small negative quantity the transverse 
axis of the hyperbola is very nearly equal to the distance 
between the foci; and the complement of the line joining 
the foci is a limiting form of the hyperbola. 


The angle between the asymptotes of the hyperbola 
will become greater and greater as —) becomes greater 
and greater and in the limit both branches of the curve 
coincide with the axis of y. 


If X is negative and numerically greater than a?, the 
curve 1s imaginary. 
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_ 224 Two conics of a confocal system pass through any 
— gwen point. One of these conics is an ellipse and the other 
an hyperbola. 


Let the equation of the original conic be 
w/a? + 47/6? = 1. 
The equation of any confocal conic is 
at[(a? +0) + (+ 0)=1. 
This will pass through the given point (2’, vy’), if 
xv? +2r)+ y?(P+XrA)=1. 
Inthe above put &+2rA=N; 
then wr’ + y? (XN + ate?) — d’ (N’ + are?) = 0, 
or XN? =D (a? + y? — ae?) — wey? = 0. 


The roots of this quadratic in 0’ are both real, and are 
of different signs. Therefore there are two conics, and 
b?+2 is positive for one, and negative for the other, so 
that one conic is an ellipse and the other an hyperbola, 


225. One conic of a confocal system and only one will 
touch a given straight line. 
Let the equation of the given straight line be 
la+ my —1=0. 
The line will touch the conic whose equation is 
(a? +r) +97/(? +r) =1, 
if (a2 +2)2+(4+A) m?=1 [Art. 116], 


which gives one, and only one, value of X. Hence one 
confocal will touch the given straight line. 


8. C. S 20 
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226. Two confocal conics cut one another at right 
angles at all their common points. 
Let the equations of the conics be 
ela+y/b=1 and w/a? +r)+¥7/(+r)=1, 


_ and let (a’, y’) be a common point; then the co-ordinates 
a, yf will satisfy both the above equations. 


Hence, by subtraction, we have 
a'?/a? (a? +d) + y?/b? (D2? +A) =O... eee eeees (i). 

Now the equations of the tangents to the conics at 
(a, y/) are 

aa’ Ja? + yy'/b?=1 and aa'(a?+r)+yy'[(P+A)=1 
respectively, ; 

The condition (i) shews that the tangents are at right 
angles to one another. 


227. The difference of the squares of the perpendiculars 


drawn from the centre on any two parallel tangents to two 
given confocal conics is constant. 


Let the equations of the conics be 
a? af a or 
af Loe m1 ORO os Pes Be 
Let the two straight lines 
Zcosa+ysina—p=0, xcosa+ysina—p’=0 


touch the conics respectively; then [Art: 116, Cor.] we 
have 


p= cos*a+ 6? sin? a, 
and p?=(@ +A) cos*a + (6? +2) sin?a; 
bie p” <p = Act 
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4 228. If a tangent to one of two confocal conics be 
- perpendicular to a tangent to the other, the locus of their 
point of intersection ts a circle. 


Let the equations of the confocal conics be 


ae y? a? y? 
a Be aud piace Bik k - 
Lhe lines whose equations are 
@cosa+ ysin a =4/(a? cos?a +b? sin? a) ..ne...ceceeees (i), 


“sin «— y cos a=4/{(a? + 2) sin? a + (b? +2) cos? a}...(ii) 
touch the conics respectively, and are at right angles to 
one another. 

Square both sides of the equations (i) and (i1) and add, 
then we have for the equation of the required locus 
e+y=at+b +r. y 
If we suppose the minor axis of the second ellipse 
to become indefinitely small, all tangents to it will pass 
indefinitely near to a focus; so that Art. 126 (m) is a 
particular case of the above. 


Ex. 1. Any two parabolas which have a common focus and their axes 
in opposite directions intersect at right angles. 

Ex. 2. Two parabolas have a common focus and their axes in the 
same straight line; shew that, if TP, T'Q be tangents one to each of the 
parabolas, and 7P, TQ be at right angles to one another, the locus of T 
is a straight line. 

Ex. 3. TQ, TP are tangents one to each of two confocal conics whose 
centre is C.; shew that if the tangents are at right angles to one another 
CT will bisect PQ. 

Let the tangents be 

aa! , 
2 + fc =1, and 


the equation of CT will be 


a’ a’! y’ yf” A 
4 (~ Ss) + (ae Fe. 


aa’ yy” sie 
att ya 1, 


20—2 
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This will pass through the middle point of PQ, if 
j rs a” , 5 1 / at 
(2’ +2”) ( < =) + +y") (5 = ¥,)=03 


1 Tod Adres gael ol 
a (3- wa) +¥'0" (j3-5a)=0% 


or, since the conics are confocal, if 
ala” Aye see 
@a2t b2)'2 

That is, if the tangents are at right angles. 

Ex. 4. TP,TQ are tangents one to each of two parabolas which have 
a common focus and their axes in the same straight line; shew that, if 
a line through T parallel to the axis bisect PQ, the tangents will be at 
right angles. 

Ex. 5. If points on two confocal ellipses which have the same eccen- 
tric angles are called corresponding points, shew that, if P, Q be any 
two points on an ellipse, and p, q be the corresponding points on a 
confocal ellipse, then Pqg=Qp. 


that is, if 


229, The locus of the pole of a given straight line with 
respect to a series of confocal conics is a straight line, 


Let the equation of the confocals be 
a ee 


= Rib eds Hh Weng awed. bso EGE 
and let the equation of the given straight line be 
let ny = Lied wiles acgicrGak 


The equation of the polar of the point (a, y’) with 
respect to (i) 1s 


aa! 
ean tt x SAL Vi steels cies wii): 


If (11) and (iii) represent the same straight line, we 
must have 


weed! GOS pipe 
MEM, Veneta) PR Senne 


' 


ee oi =" p=, 
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Hence the locus of the poles is the straight line whose 
equation is 


wy 


= a? as b, 


“18 
| 
| 


This straight line is perpendicular to the line (ii). 
One confocal of the system will touch the line (ii), and-the 
point of contact will be the pole of the line with respect 
to that confocal. 


Hence the locus of the poles is a straight line perpen- 
dicular to the given straight line and through the point 
where it touches a confocal. 


230. From any point T the two tangents TP, TP’ are 
drawn to one conic, and the two tangents TQ, TQ’ to a con- 
Focal conic ; shew that the straight lines QP, QP will make 
equal angles with the tangent at P. 


Let TP and the normal at P cut QQ’ in K, L 
respectively. 


Then [Art. 229] the pole of 7'P, with respect to the 
conic on which Q, @Q lie, is on the line PZ. Also, since 
T is the pole of QQ’ with respect to that conic, the pole 
of JP is on QQ’ [Art. 181]. Therefore the pole of TPK 
is at LZ, the point of intersection of QQ’ and PL. 


Therefore [Art, 182] the range K, Q, L, Q, and the 
pencil PK, PQ, PL, PY, are harmonic. 
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Hence, since the angle K PL is a right angle, PQ and 
PQ make equal angles with PL or PK [Art. 56]. 


Cor. 1. Let the conic on which Q, Q’ lie degenerate 
into the line-ellipse joining the foci, then the proposition 
becomes—The lines joining the foci of a conic to any point P 
on the curve make equal angles with the tangent at P. 


Cor. 2. Let the conic on which P, P’ lie degenerate 
into the line-ellipse, and we have—Two tangents to a conic 
subtend equal angles at a focus. 


Cor. 3. Let the conic on which P, P’ lie pass through 
T, and we have—The two tangents drawn to a conic from 
any point T’ make equal angles with the tangent at T to 
either of the confocal conics which pass through T. 


Cor. 4. The four lines PQ, PQ, P’Q, P’Q’ touch the 
same confocal. 


231. If QQ’ be any chord of a given conic which 
touches a fixed confocal conic, then will QQ’ vary as the 
square of the parallel diameter. Also, if CH be drawn 
through the centre parallel to the tangent at Q and 
meeting QQ’ in E, then will QE be of constant length. 

Let Q, Q’ be the points 0, & on the ellipse 

v/a? + y7/b?-1=0, 
- and let QQ’ touch the conic 
aia +2) + y+) =1. 

Then , 
QQ” = a? (cos 6 — cos 6’)? + 6? (sin 6 — sin 6’)? 

= 4 sin? 4 (0— 0) {a?sin?4(0 + 6’) +b? cos? 3 (6+ 0}. 
CD? = a? sin? 4(6 + 6) + bcos? 4 (0 + 6’). 


But, since QQ touches the second conic, 
2-+X ? ; 
— cost (0-+6”) 42 7, sin’ 4 (6-+ 6”) = cos? (0-6); 


*. ob? sin? $ (0 — 0’) =d {a? sin? 4. (0 + 6’) + B? cos? £ (0 + @’)} 


MS. (i) 


as Se 
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Hence POQG2= 4x CDH ace en (ii). 


Again, # is the point of intersection of 


—cos }(0+6')+Fsin §(0-+6)— cos} (0—6')=0, 


and “cos 0 +2 sin 0 =0. 
a b 
Hence 
G2 —y _cos$(O—6’) 
asn@ beos@ sint(@—@)’ 
Hence QE? sin? 4 (60— 6’) 


=a? {sin cos $ (0 — 0’) —cos Osin $ (8 — @)}? 
+ b? {cos 8 cos} (0 — @) + sin Asin 4 (0 — 6’)? 
=a’sin?4 (6+ 6’)+ 0% cos?4 (64+ 0). 

. QH?=a7b?/r, from (i). 


Ex, TP, TQ are tangents one to each of two fixed confocal conics ; 
shew that, if the tangents are at right angles to one another, the line PQ 
will always touch a third confocal conic. 


If C be the common centre, then since the tangents are at right angles 
to one another the line CT bisects PQ [Ex. (8), Art. 228]. Therefore 
CT and QP make equal angles with the tangent at Q. If therefore CH 
be parallel to the tangent at Q, and meet QP in H, we have QH=CT. 


But CT is constant [Art. 228]. Hence Q# is constant, and therefore 
QEP touches a fixed confocal. 


Orthus: The tangents to 2/a?+ y2/b?—1=0 whose chord of contact 
lies along lx+my—1=0 are [Art. 189] 


Ue 212 4. B2m2 z 
(2+%-1) (2212 + 62m? — 1) — (la +my —1)?=0. 


These are parallel to 


x? y? : 
a (b2m? — 1) - may +75 (BRAD B02 ia. hee (i). 


The tangents to x?/(a2+) + y?2/(b?+ A) -1=0 with the same chord of 
contact are parallel to 


x2 y? = 
Bap ramet 1} — Almay +> {(a?+A)2-1}=0. 
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The lines through (0, 0) perpendicular to the latter tangents are 
y? x2 
ain 12+ A) me 1} +2lmay + 


One of the lines (i) is the same as one of the lines (ii), and this line is 
one of the lines 


{(a?+d)2-1}=0 ...(ii). 


x y? 2 (a2 24 42 p 2 | 
SP Tee 2 (52 2_ a?—p2—rb =0 
wernt een {a (a2 +) 22 + b? (b?-+d) m2 —a ; 


found by the addition of the left-hand members of (i) and (ii). 


But the directions of the tangents cannot be independent of J and m; 
hence we must have . 
a? (a2 + ) 122+ b2 (b2 +2) m?-a?—-0?-2A=0, 
The envelope of lx +my —1=0 with the above condition is 
a2/a2 (a2-+2) + y2/b2 (b2-++d) =1/(a2 + 02+), 
which is a confocal conic, since 
a? (a2 +d)/(a2-+ 2 +d) — b2 (b2 +A) /(a2 + 02+) =a? — b% 


232. When two of the points of intersection of any 
two curves are coincident, that is when the two curves 
touch, they are said to have contact of the first order 
at the point. -When three points of intersection are 
coincident the curves are said to have contact of the 
second order, and so on. 


A curve which has with a oa curve a contact of the 
highest possible order is called an osculating curve. 


A circle can only be made to pass through three given 
points; hence the circles which osculate a curve have 
contact of the second order with it. 


The circle which has contact of the second order with a 
given curve at a given point is generally called the circle 
of curvature at that point, and the radius of the circle is 
called the radius of curvature at the point. 


Two conics intersect in four points. Hence two 
conics cannot have contact with one another of higher 
order than the third. If they have contact of the second 
order they will have one other common point. 
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233. To find the general equation of a conic which has 
contact of the second order with a given conic at a given 
pornt. 


Let S=0 be the equation of the given conic, and let 
T’= 0 be the equation of the tangent to S=0 at the given 
point (2, y’). 

The equation of any straight line through (2’, 7’) is 

y—y —m(x—“’)=0. 
Hence the equation 
S—AT {(y— 7) —m(a@—-2’)} =0 oe. (i) 
is the equation of a conic passing through the points where 


the straight lines T=0 and y—y’—m(a#—2)=0 cut 
S= 0. 


Hence (i) intersects S=0 in three coincident points. 


The two constants X and m being arbitrary, the conic 
given by (i) can be made to satisfy two other conditions. 
They can for instance be so chosen that the equation (1) 
shall represent a circle. 

If the line y—y’—m(a—-2’)=0 coincides with the 
tangent, all four points of intersection are coincident. The 
conic S—AT?=0 therefore has contact of the third order 
with S=0; that is to say, is an osculating conic. 


Ex. 1. Find the equation of the circle which osculates the conic 
ax? + 2bxy +cy2+4+2dx=0 at the origin. 

All the conics included in the equation 

ax? + Qbay + cy? + 2dx — dx (y — mx)=0 

have contact of the second order. 

The conditions for a circle are 2) -A=0 and a+Am=c. 

Therefore the circle required is cx? + cy?+2dxr=0, 

Ex. 2. Find the equation of the parabola which has contact of the 
third order with the conic az?+ 2bxy + cy? + 2dx%=0 at the origin. 

The conic ax?+ 2bry +cy?+2dz —d«?=0 cuts the given conic in four 
coincident points. 
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The curve is a parabola if (a—d) c=b?, 
The equation of the required parabola is therefore 
b2x2 + Qhery + c2y? + 2Zdex=0. 
234. To find the equation of the circle of curvature at 
the point a on a?/a? + y?/b>—-1=0. 
The centre of the circle through the points (a, 8, y) is 
given by 
Aga 
a? = 52 
4fb 


pog 7 snatsn 8 +siny—sin (a+ + ry). 


=cosa+cos8+cosy+cos(a+8 ++), 


[Art. 136.] 
Hence, if a= 8B=y, we have 
ace =3cosa+cos 3a=4 cos? a 
e—Ph 


+ 2 : : 
See eee eee 
b? — a 

Thus the centre of the circle of curvature at the Ey gi 
aus given by 


and 


ax = (a? — b*) cos? a, by = (b? — a®) sin’ a. 
The square of the radius of the circle is 


a? — b? : ae ae ; 2 
> cos?a— a cos a oy Le sin'a+bsin a 


_ cos? 
ee (ae sin? a+ 6? cos? 


sin? a+ 6? cos? a)? 
= ms sin? a + b? cos? a)?/a*b%, 
Thus the required equation is 


a? — b? 2 Y—a2. 2 
( paras ee, +( +" sin’ «) 


= (a? sin? a + b? cos? a)3/a7b?, 
The locus of the centres of curvature is easily seen to be 
(az)? + (by)* = (a2 — 09)8, 


DN aire) 


. $ 
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235. Ifa, B,y,8 be the eccentric angles of four points 
on an ellipse, a circle will pass through those four points, if 


a+ B+y+8=2nr[Art. 136]. 


Hence the circle of curvature at the point « will cut 
the ellipse again at the point 8 where 


REN) 2 ge aes Co Rane | (i). 


From (i) we see that, through any particular point 6, 
three circles of curvature will pass, viz. the circles of 
curvature at the points $(27—6), 4(47—6), and 4(67—6). 
These three points are the angular points of a maximum 
triangle inscribed in the ellipse [Art. 139, Ex. 1]. Also, since 
6+4(27 —8) +4(4r—58) +4(67 — 8) = 47, the point 8 
and the three points the circles of curvature at which pass 
through 6 are on a circle. 


Ex. 1. Jf two conics have each double contact with a third, their 
chords of contact with that conic, and two of the lines through their 
common points, will meet in a point and form a harmonic pencil. 


Let S=0 be the equation of the third conic, and let a=0, B=0 be the 


~ equations of the two chords of contact, Then [Art. 187] the equations of 


the conics are 


Si NCUA! wrecctacmnoaad cds vanes (i), 

and Oe aa aoa ad thas gsi da'scsatiine (ii). 
Now the two straight lines f 

Ne OL Onsen cig sane tewee cnhnaneneaeis (iii) 


- go through the common points of (i) and (ii). The lines (iii) also go 


through the point of intersection of a=0 and B=0; and [Art. 56] the 
four lines a=0, Aa — pB=0, B=0, and ka +u48=0 form a harmonic pencil. 


Ex. 2. A circle of given radius cuts an ellipse in four points ; shew 
that the continued product of the diameters of the ellipse parallel to the 
common chords is constant. 


2 42 
Let the equation of the ellipse be = + i=, and the equation of the 


circle be (x —a)?+(y—8)2—k®=0. Then the equation of any pair of 
common chords is 


(e-a?+(y-)?- Hd (7+ 1-1) =0 Eee 
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where 2 is one of the roots of the equation 


aN So) ee pr ict ii). 
i-3, a | : 
r 
0, 1- aAWAL B . 
a, —B, A+a?+p?— 72) 
The equation of the diameters of the ellipse parallel to the lines (i) is 
2 2 see 
a2+y2—r (G+%)=0 Reta Ak LE (iii). 


The two semi-diameters given by (iii) clearly make equal angles with 
the axis, and the square of the length of one of them is equal to X. 


Hence the continued product of the six semi-diameters is equal to the 
product of the three values of d given by (ii), which is easily seen to be 
a2b2k2, 


Ex. 3. Ifa conic have any one of four given points for centre, and the 
triangle formed by the other three for a self polar triangle, its asymptotes 
will be parallel to the axes of the two parabolas which pass through the 
four points. 


Let the four points be given by the intersections of the straight lines 

xy=0 and (la+my —1) (’x+m’y-1)=0. 

The line joining the centre of a conic to any one of the angular points 
of a self polar triangle is conjugate to the line joining the other two 
angular points. Hence, for all the four conics, the three pairs of lines 
joining the four given points are parallel to conjugate diameters. 


Let the equation of one of the conics be 
ax? + 2hay + by? + 29x +2fy +6=0 .....cceceeeceeeee (i). 
The lines (la +my —1) (Ux+m’y-—1)=0 
are parallel to conjugate diameters; therefore also the lines 
Wx? + (Im! +U'm) xy +mm'y2=0 
are parallel to conjugate diameters. Hence [Art. 184], we have 
amu’ + bl =h (lm’ +Um). 


The lines zy=0 are parallel to conjugate diameters; therefore h=0, 
and we have 


amm' + b1U=0 ©... ce..ee cs gaenceieaeesss (ii). 
The asymptotes of (i) are parallel to the straight lines 
ax* + by2=0, 
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or, from (ii), the asymptotes are parallel to the lines 
U’x? — mm’'y?=0, 
which proves the theorem [Art. 209]. 
Ex. 4. The circumscribing circle of any triangle self polar with 
respect to @ conic cuts the director-circle orthogonally. 
Let the equation of the conic be ax?+by2=1; and let (2’, y’), (x”, y”) 
and (x’”’, y’”) be the angular points of the triangle. 


Since each of the points is on the polar of another, we have 


GRE yl =) 30s ANA eo. ca bo. devs (i), 

dea 7) eee es a A (ii), 

and PBs AD 1771) ees ES 8 a A a. ad RE (iii). 
The equation of the circle circumscribing the triangle is 

x+y, er neeh Li OM a oes, oe (iv). 


Ca 2s Or ae Oa 8 
x+y", 2”, y”, 
af yo!) y!”, 
Now, if the equation of a circle be 
Ax? + Ay?+2Gz+2Fy + C=0, 


the square of the tangent fo it from the origin is equal to the ratio 
of C to A. 
Hence the square of the tangent to the circle (iv) is equal to the 


ratio of 
w2ty2, ag’, y’\to-| 2, y', 1 
el2 4. y!2, x’, y” 


V4 yy", x", y’” 


The first determinant is equal to 
a2 (a”y"” = yx") +92 (x!”y’ =. aac) oe gl2 (a’y” pa y's”) 
+y"? ee Zz. ofa”) +y"2 (x!"y’ = yx’) = yf"2 (ae us y'x"’). R (a). 


Now from the equations (i), (ii), (iii) we have 


a ATIOE Gy 20H §*- -1 
yy" 2" —a" = ay" = yx" p) 
ax’ by” LA 


Valtt 2 


y’ -y"”’ a al” oe a’ = ay -y x 


and y” 2% yf a’ = a’ ay’ 54 y x 
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By means of these equations, (a) becomes 
a! ”r ar x" , as, tt a” ar a "ts 
ES el a reitaell 3 


, “” id 
+* (gn) +5 (a’” — 2) +*—(2’-2"), 


1 ;) 2S oo termed Ne 
On 3 a’ temo et 
we, o', 1 


Hence the tangent to the circumscribing circle from the centre of the 
conic is equal to af G + i) , that is equal to the radius of the director- 


circle, which proves the proposition. 


“~ 
ta p. 


EXAMPLES ON CHAPTER XI. 


1. Two straight lines of given length are moved along two 
given straight lines in such a manner that a circle will pass 
through their four extremities; shew that the locus of the 
centre of this circle is a rectangular hyperbola. 


2. OPP’, OQQ’ are two chords of a conic, and any line 
through O cuts the conic in R, &’ and the lines PQ, P’Q’ in 
S, S’; shew that 

1 i Be! t 


OR* OR OS” OS" 


3. A system of conics pass through the same four points, 
and the tangent at a given point O of one of the conics cuts 


“ia 1 2 
any other of the conics in P, P’; shew that me is 
constant, far & hor VA Akh ak~O 


4. A circle and a rectangular hyperbola intersect in four 
points, and one of their common chords isa diameter of the 
hyperbola; shew that the other chord is a diameter of the 


; \2 wr > att 
circle. (3. .a) pole) he u Ay ri ; O28. i ar 
5, Of all conics which pass through four given points that 


which has the least eccentricity has its equi-conjugate diameters 
parallel to the axes of the two parabolas through the points. 


tg 
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6. Of all conics which touch two given straight lines at 
given points the one of least eccentricity will be that in which 
one of the equi-conjugate diameters passes through the inter- 
section of the given lines. 


Pa 7. The locus of the middle point of the intercept of a 


variable tangent to a conic on two fixed tangents OA, OB is a 
conic which produced to a straight line if the “original conic is a 
parabola. 


8. Two tangents OA, OB are drawn to a conic and are 
cut in P and Q by a variable tangent; prove that the locus of 
the centre of the circle described about the triangle OPQ is an 
hyperbola. 


9. A conic is drawn touching the co-ordinate axes OX, 

OY at A, B and passing through the point D where OADB 

. is a parallelogram ; shew that if the area of the triangle OAB 
is constant, the locus of the centre of the conic is an hyperbola. 


10. Tangents are drawn from a fixed point to a system of 
conics touching two given straight lines at given points. Prove 
that the locus of the point of contact is a conic. 


11. Shew that the locus of the pole of a given straight 
line with respect to a series of conics inscribed in the same 
quadrilateral is a straight line. 


12. A conic is described touching the asymptotes of an 
hyperbola and meeting the hyperbola in four. points; shew 
that two of the common chords are parallel to the line joining 
the points of contact of the ellipse with the asymptotes, and 
are equidistant from that line. 


13. In a system of conics which have a given centre and 
their axes in a given direction, the sum of the axes is given ; 
shew that the locus of the pole of a given straight line is a 
parabola touching the axes. 


— 14. A parabola is drawn so as to touch three given straight 
lines ; shew that the chords joining the points of contact pass 
each through a fixed point. 


~ 15. Shew that, if a parabola touch two given straight 
lines, and the line joining the points of contact pass through a 
fixed point, the locus of the focus will be a circle. 


De 


De 
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16. Ifthe axis of the parabola Jaa + /by=1 pass through 
/a fixed point, the locus of the focus will be a rectangular 
hyperbola. 


17. From a fixed point 0, a pair of secants are drawn 

“ meeting a given conic in four points lying on a circle; shew 

that the locus of the centre of this circle is the perpendicular 
through O to the polar of 0. 


18. ZP, TQ are tangents to a conic, and #& any other 
point on the curve; RQ, AP meet any straight line through 7’ 
in the points X, LZ respectively ; shew that QZ and PX inter- 
sect on the curve. 


19. Any point P on a fixed straight line is joined to two 
fixed points A, B of a conic, and the lines PA, PB meet the 
conic again in Q@, R; shew that the locus of the point of inter- 
section of BQ and AAR is a conic. 


20. The confocal hyperbola through the point on the 


2 
: a : : : 
ellipse — + a 1 whose eccentric angle is a has for equation 
ae ae 

a a 2 4 
By ye se = = a a ex 
‘CcOS” a sin* a 


21, Find the locus of the points of contact of tangents to 
a series of confocal conics from a given point in the major axis. 


22. If A, » be the parameters of the confocals which pass 
through two points P, @ on a given ellipse, shew (i) that if 
P, Q be extremities of conjugate diameters then » + pw is con- 
stant, and (ii) that if the tangents at P and Q be at right angles 
then = +— is constant. 

AB 
23. Shew that the ends of the equal conjugate diameters 


of a series of confocal ellipses are on a confocal rectangular 
hyperbola, 


24, Find the angle between the two tangents to an ellipse 
from any point in terms of the parameters of the confocals 
through that point; and shew that the equation of the two 
tangents referred to the normals to the confocals as axes will be 


= a 


EXAMPLES ON CHAPTER XI Bydil 


25, The straight lines OPP’, OQQ' cut an ellipse in P, P’ 
and Q, Q respectively and touch a confocal ellipse; prove that 
Ofer . 00 =00..00- PE. 


26. The locus of the points of contact of the tangents 
drawn from a given point to a system of confocals is a cubic 
curve, which passes through the given point and through the 
foci. 


27. Shew that the locus of the points of contact of parallel 
tangents to a system of confocals is a rectangular hyperbola; 
and the locus of the vertices of these hyperbolas for all possible 
directions of the tangent is the curve whose equation is 

7? = (a? — b?) cos 20. 


28. If a triangle be inscribed in an ellipse and envelope 


-a confocal ellipse, the points of contact will lie on the escribed 


circles of the triangle. 

29. If an ellipse have double contact with each of two 
confocals, the tangents at the points of contact will form a 
rectangle. 


30. If from a fixed point tangents be drawn to one of 
a given system of confocal conics, and the normals at the 
points of contact meet in Q, shew that the locus of @ is a 
straight line. 


31. A triangle circumscribes an ellipse and two of its 
angular points lie on a confocal ellipse ; prove that the third 


- angular point lies on another confocal ellipse. 


32. An ellipse and hyperbola are confocal, and the asymp- 
totes of the hyperbola lie along the equi-conjugate diameters of 
the ellipses; prove that the hyperbola will cut at right angles 
all conics which pass through the ends of the axes of the ellipse. 


33. Four normals are drawn to an ellipse from a point P; 
prove that their product is 
., AyAe (Ar — Az) 
where ),, A, are the parameters of the confocals to the given 
ellipse which pass through P, and a, 6 the semi-axes of the 


given ellipse. 


Bo Grt8; 21 


322 EXAMPLES ON CHAPTER XI 


34, Shew that the feet of the perpendiculars of a triangle 
are a conjugate triad with respect to any equilateral hyperbola 
which circumscribes the triangle. 


35. TP, TQ are the tangents from a point 7’ to a conic, 
and the bisector of the angle PTQ meets PY in O ; shew that, 
if ROR’ be any other chord through O, the angle R7'F’ will be 
bisected by OT. 


36. Iftwo parabolas are drawn each passing through three 
points on a circle and one of them meeting the circle again in 
D, the other meeting it again in Z, prove that the angle 
between their axes is one-fourth of the angle subtended by DH 
at the centre of the circle, 


37. If ABC be a maximum triangle inscribed in an ellipse 
and the circle round ABC cut the ellipse again in D, shew 
that the locus of the point of intersection of the axes of the 
two parabolas which pass through A, B, C, D is a conic similar 
to the original conic. 


38. If any point on a circle of radius a be given by the 
co-ordinates a cos 6, asin 6, shew that the equations of the axes 
of the two parabolas through the four points a, B, y, 6 are 


Fan gee pes ey ents tae 


4 + cos (S'— 8) 
it. ow _ @ {sin (S —a) + sin (S— B) + sin (S— y) 
xz sin S y 00s sao en (G 8) \, 
where 4Ssa+B+y+6. 


If the axes of the two parabolas intersect in P, shew that 
the five points so obtained, by selecting four out of five points 


on the circle in all possible ways, lie on a circle of radius a: 

39. IfA, B,C, D be the sides of a quadrilateral inscribed 
in a conic, the ratio of the product of the perpendiculars from 
any point P of the conic on the sides A and C to the product 
of the perpendiculars on the sides B and D will be constant. 
Shew also, that if 4, B, C, D, #, F,... be the sides of a polygon 
inscribed in the conic, the number of sides being even, the 
continued product of the perpendiculars from any point on 


\ 
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the conic on the sides A, C, £,... will be to the continued 
product of the perpendiculars from the same point on the sides 
B, D, F,... in a constant ratio. 


40. O is the centre of curvature at any point of the 

2 2 
ellipse 5 + si =1; Q, # are the feet of the other two normals 
drawn from 0 to the ellipse ; prove that, if the tangents at Q 


2 


2 
and F& meet in 7, the equation of the locus of 7’ is etae 1, 


41. Shew that a circle cannot cut a parabola in four real 
points if the abscissa of its centre be less than the semi-latus 
rectum. 


A circle is described cutting a parabola in four points, 
and through the vertex of the parabola lines are drawn parallel 
to the six lines joining the pairs of points of intersection; shew 
that the sum of the abscisse of the points where these lines cut 
the parabola is constant if the abscissa of the centre of the 
circle is constant. 

42. Three straight lines form a self-polar triangle with 


respect to a rectangular hyperbola. The curve being supposed 
to vary while the lines remain fixed, find the locus of the centre. 


43. If a circle be described concentric with an ellipse, 

shew that an infinite number of triangles can be inscribed in 

: , ie byt kere 
the ellipse and circumscribed about the circle, if ee 
where c is the radius of the circle, and a, 6 the semi-axes of 
the ellipse. 

44, Find the points on an ellipse such that the osculating 
circle at P passes through @, and the osculating circle at Q 
passes through P. 

45. Prove that the locus of the centres of rectangular 
hyperbolas which have contact of the third order with a given 
parabola is an equal parabola. 

46. P, Q are two points on an ellipse: prove that if the 
normal at P bisects the angle the normal at Q subtends at P, 
the normal at @Q will bisect the angle the normal at P sub- 
tends at Q. 

21—2 
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47, Shew that the centre of curvature at any point P of 
an ellipse is the pole of the tangent at P with respect to the 
confocal hyperbola through P. 


48. ABC is a triangle inscribed in an ellipse. A confocal 
ellipse touches the sides in 4’, B’, C’.. Prove that the confocal 
hyperbola through A meets the inner ellipse in A’, 


49, Of two rectangular hyperbolas the asymptotes of one 
are parallel to the axes of the other and the centre of each lies 
on the other. Shew that an infinite number of circles can be 
drawn through the centre of one conic so as to cut the other 
conic in three other points ?, Q, & such that the triangle 
PQL is self-polar for the first conic, 


50. A circle through the centre of a rectangular hyperbola 
cuts the curve in the points A, B, C, D. Prove that the circle 
circumscribing the triangle formed by the tangents at A, B, C 
passes through the centre of the hyperbola and has its centre 
at the point on the hyperbola diametrically opposite to D, 


CHAPTER XII. 
ENVELOPES AND TANGENTIAL EQUATIONS, 


236. We have already found the envelope of a moving 
line in certain simple cases [Art. 108]. 
We proceed to find the envelope of the line 
le+my+1=0 
when Z and m are connected by any equation of the second 


degree. 


237. To find the envelope of the line la+ my+1=0, 
where 
al? + 2him + bm? + 2gl + 2fm+c=0. 


If the line pass through a particular point (2’, y’) we 
have l#’+my’+1=0. Using this to make the given 
condition homogeneous in / and m, we have the equation 


al? + 2hlm + bm? — 2 (gl + fm) (la! + my’) + ¢ (la’ + my'P = 0. 
The two values of the ratio a give the directions of 


the two lines which pass through the point (’, y’). 

If (2, y’) be a point on the curve which is touched by 
the moving line, the tangents from it must be coincident, 
and therefore the roots of the above equation must be equal. 
The condition for this is 


(a —2ga' + ox’) (b— 2fy' + cy) =(h—gy —fu' + ca'y’y, 
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which reduces to 
a!*(be — f*) + 2u'y (fg — ch) + y/*(ca—g?) 
+ 22" (fh — gb) + 2y’ (gh — fa) + ab —h? =0. 
The required envelope is therefore the conic 
Aa + 2Hay + By? + 2Ga+2Fy+C=0, 
where A, B, CO, F, G, H mean the same as in Art 179, 


The condition that lz +my+1=0 may touch 
Ax? +2Hay + By?+2Ga+2Fy+ C=0is al? + 2hlm+ bm? + 2gl + 2fm+e=9. 
Hence by comparing with the condition found in Art. 179, we see that 
a, b, c, &c. must be proportional to the minors of A, B, C, &c. in the 


determinant 
Ay HG 


ABE OE 
ipl ec. 
This is easily verified, for the minor of A is BC — F2, or 
(ca — g*) (ab — h?) - (gh —af)?, that is aA; 
and so for the others. 
It should also be noticed that 


A, H, G |= a, h, g Fe 
H, 3B, F h, b, f 
Gea: She a hte tk 


for the first determinant is 
AaA+ HhA+ GgA=A*. 
Lo find the centre of the conic }(l, m)=0. 


The two tangents which are parallel to the axis of y are given by the 
equation 


GP Pg ACO Nan tageoncdsccesssnonsete tenn (i). 
Now if the tangents parallel to y=0 are l1a+1=0 and ,2+1=0, 
Lee pes 
we have -+—=-2°*, 
l lg c 


But the centre of a conic is on a line midway between any pair of 
parallel tangents. 
Hence the centre is on the line 
nai + é =0, i.e. on cw —g=0. 
Le 
Similarly the centre is on cy — f=0. 
Thus the centre of the conic is (g/e, f]c). 
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Ex. 1. To/find the envelope of the line la +my +1=0 with the condition 


FI 4n=0, 
tom 


The directions of the two lines through (x, y) are given by 
him — (fm-+ gl) (le -+my)=0. 
They will therefore coincide if 


Afgxy = (fx + gy —h)?. 
This is equivalent to 
Weleaay NO. 


Ex. 2. Triangles are inscribed in the conic S’ =x2/a’2+y?2/b’2-1=0 
and two of the sides touch the conic S=2?/a2+y?/b2-1=0. Find the 
envelope of the third side. 


The equation of the tangents from 4 (z’, y’) on S’ to the conic S=0 is 


a2 2 w/t y’2 yy’ 2 t 
(@+%-1) (3+%-1)- cae 1 tet Bee Os seciens (i). 


Now, if BC be lx +my+n=0, 


x? 2 oa ayy’ rF. 
“at pa-1-d (+e 1) e-+-my-+n)= =I Upemoasnatea (ii) 
will for some value of \ be the same as the lines given by (i). 
if a a 
Hence ee +—j=-b ae - 
a’ Jigen 
i-n FU b a ? 
4 / , 
and mn i= wes ; 


peti y @ 
Multiply in order by 1, ye? ge then we have 
at Ay val 
amv =n! (at gaya gan) =D 
Legs dvemtel 
aula ay (ays ant aa) HY 


1 1 1 
and —2n]a’2b’2 =p (-sataua* an) =hN. 
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But 2’2/a’2+y'2/b2=1. Hence we have 


P m? n® = 
a2b4L2 23 PORE = ab =n? Coe escescoeseceens (ili). 


Hence the envelope of lz-+my-+n=0 with the condition (iii) is 


2, uM 
aa” tH 


y2=N2, 


The envelope is the conic S itself if 


a2L2 p2M2 r 
at — ya =N% 


which reduces to < as an 1=0. [Asin Art. 205.] 


238. If the equation of a straight line be 
la+my+1=0, 


then the position of the line is determined if J, m are 
known; and by changing the values of 2 and m the 
equation may be made to represent any straight line 
whatever. The quantities / and m which thus define the 
position of a line are called the co-ordinates of the line. 


The line le-+my+1=0 will pass through the fixed 
point (a, b) if la+mb+1=0, which is therefore called the 
equation of the point. 


If the co-ordinates of a straight line are connected by 
any relation, the line will envelope a curve; and the 
equation which expresses the relation is called the tan- 
gential equation of the curve. 


If the tangential equation of the curve is of the nth 
degree, then n tangents can be drawn to the curve from 
‘any point, 


Def. A curve is said to be of the nth class when n 
tangents can be drawn to it from a point. 


We have seen [ Art. 237] that every tangential equation 
of the second degree represents a conic; also [Art. 179] 
that the tangential equation of any conic is of the second 
degree. 
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If the equation of a straight line be le+my+n=0, we 

may call 1, m, n the co-ordinates of the line; and if the 

co-ordinates of the line satisfy any homogeneous equation, 

the line will envelope a curve, of which that equation is 
called the tangential equation. 


The equation of the point of contact of the tangent 1,a+myy+1=0 
to the conic whose tangential equation is ¢(J, m)=0 can be found in the 
following manner. [See Art. 178.] 

The equation 
a (L—h) (1-1) +h {(L— 1) (m — me) + (1 - 1g) (m — my)} 

+b (m—m,)(m — mg) =al? + 2hlm + bm? + 291+ 2fm-+c...(i) 
when simplified is of the first degree, and therefore is the equation of 
some point. 

If we put J=1, and m=m, in (i) the left side vanishes identically, and 
the right side vanishes since the line (1,, m;) touches the conic. Hence 
the line (/,, m) passes through the point (i). So also the line (/,, me) 
passes through the point (i). 

Hence the point (i) is the intersection of the lines (J,, my), (J2, mg). 

If we now put /,=1, and m2=my in the equation (i), we shall have the 
equation of the point of contact of the tangent lja+my+1=0. 

This equation, after reduction, will be found to be 

1 (aly + hm, +g) +m (hl, +bm, +f) +91, + fm + ¢=0. 

Now suppose that 1,2+my+1=0 is not a tangent. 

Let (Z,, My), (Le, Me) be the tangents at the extremities of the chord 
Le+tmy+1=0. 

The equations of the points of contact of these tangents are 

1(aLy+hMy+ 9) +m (kL, +bM,4+f)+9l1+fM,+¢=0, &e. 

The conditions that these two points are on the line ya+my+1=0 

are 
ly (aL + hMy +) + my (hLy +0, +f) + 9L1+fMy+e=0, &e. 
i.e. Dy (aly + hm + 9) + My (hh + bm, +f) + 94, +fm+c=0, &e. 

It therefore follows that the lines (L;, My), (Le, Ml») pass through the 

point whose equation is 
1(al,--hmy +) +m (hl, + bm, +f) +9, +f +¢=0, 
which is therefore the equation of the pole of the line jz+myy+1=0. 
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Ex ‘The centre of the conic is the pole of the line at infinity, that 
is of the line (0, 0). 
Hence the tangential equation of the centre is 
: glitfm+c=0. 


239. To find the director-circle of a conic whose 
tangential equation is given. 
Let the tangential equation of the conic be 
al? + 2him + bm? + 2g1 + 2fm+ce=0. 
As in Art, 287, the equation 
al? + 2hlm + bm? — 2 (gl + fm) (la + my) +¢(la+myyP=0 


gives the directions of the two tangents which pass 
through the particular point (a, y). These tangents will 


be at right angles to one another if be bate 1 =0, that is, 
My, Mz 


if the sum of the coefficients of J? and m? is zero, 


If therefore (z, y) be a point on the director-circle of 
the conic, we shall have 


a—2gx + ca®*+b—2fy+cy?=0 ......006 (i). 
The centre of the conic, which coincides with the centre 


of the director-circle, is the point (2,2) : 

If c=0, the equation (i) is the equation of a straight 
line. The curve is in this case a parabola, and the 
equation of its directrix is 

2ga + fy —a—b=O 20... eceeseoee (ii). 

In the above we have supposed the axes to be rect- 

angular; if, however, the axes of co-ordinates are inclined 


to one another at an angle w, the condition that the 
straight lines may be at right angles is 


a— 29x + cx? +b— 2fy +cy?+ 2 cos w(h—gy —fe+cxy)=0. 
The centre of this circle is (g/c, f/c). 
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Hence, whether the axes are rectangular or oblique, 
the centre of the conic, which coincides with the centre of 
the director-circle, is (g/c, f/c), as in Art. 237. 


240. To find the foci of a conic whose tangential 
equation 1s given. 


Let (a, y,) and (a, y.) be a pair of foci (both being 
real or both imaginary). Then the product of the perpen- 
diculars on any tangent /x+ my+1=0 is equal to the 
square of a semi-axis. 


Hence 
(lac, + my; + 1) (la + my, + 1) — 7° (PF + m?) =0...(1). 


Since this is true for all values of J and m which 
satisfy the given tangential equation, the equation (i) 
must be identical with 


al? + 2hlm + bm? + 291+ 2fm+c=0...... (ii). 
Hence 
2-7 _ Yst tr _ YiYa—M? _ Mt _ wtyo_1 
a. 2h b 29 Of nee 
Hence 


CHL. — CIyY,= a —6 and cay,y,+ cay, = 2h, 
Also CX, = 2g — cay, and cy,= 2f— cy. 


Eliminating 2, and y, from the above equations, we see 
that a focus (a, y,) is on the two conics 


on? — cy? — 290 + 2fy +a —b=0, 
and cay — fa—gy+h=0. 


In the above the axes were supposed to be rectangular. If the axes 
are inclined at an angle w, 12+m?-2lmcosw must be put for +m? 
in equation (i). 
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241. To find the lengths of the axes of the conic whose 
tangential equation is given. 

As in the preceding Article, if (7, 7), (#2, y2) are a pair 
of foci, 
¢ (la, + my, +1) (la, + my, + 1) — cr? (2 +m’) 

= al? + 2hlm + bm? + 291+ 2fm+ec. 
Hence 
(a + cr?) 2 + 2hlm + (b + cr?) m? + 2gl + 2fm +c 
is the product of linear factors, the condition for which is 
a+ cr’, h , g |\=9. 
kh ,.b+cr, 7 


Gg, Ms Tw 


Hence the equation giving the squares of the semi- 
axes 1S 
ert + cr? (be — f? +ca—g’?)+ A=0. 


242. Confocal Conics. If (x, 4), (%, y2) are the 
foci of a conic, its tangential equation is identical with 
(la, + my, +1) (lay + myo + 1) — 7? (? + m?) = 0, 
Hence, if 
al? + 2him + bm? + 2g1 + 2fm+ce=0 
is the tangential equation of a conic, the tangential 
equation of any confocal conic is 
al + 2him + bm? + 2gl + 2fm +ce+2rA(?2 +m?) =0 
To find the general equation of conics confocal with ¢ (a, y)=0 we 
therefore proceed as follows. 
The tangential equation of ¢ (x, y)=0 is 
AP+2HIlm+ Bm?+2G1+2Fm+C=0. 
Hence the tangential equation of any confocal conic is 
(A+A) 24+ 2HIlm+(B-+2) m?+2G1+2Fm+C=0. 
Hence the corresponding Cartesian equation is 
a’x? +-2h'xy + b’y? + 29'x + 2f'y +c'=0, 
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where a’, &c. are to be found from 
Max) Ue preg 
h eye Be Dgl FPck 
eon Ali ls 4g 
Hence a’=BC—F2+)C=aA+ dC, h’'=FG-—CH=hA, b'=bA+2XC, 
g =gA-)G, f’/=fA- dF and c’=cA+(A+B)A+2. 
Thus the general equation of a conic confocal with ¢ (x, y)=0 is 
Ag (x, y) +AD+=0, 
where D=C (2? +y?) —-2Gx -2Fy+A+B, 
so that D=0 is the equation of the director-circle. 

243. If S=0 and S’=0 are the tangential equations 
of two conics, then S—AS’=0 will be the general 
tangential equation of a conic touching the common 
tangents of S=0 and S’=0. 


For, if S=0 be 
al? + 2hlm + bm? + 2gl + 2fm+ce=0, 
and S’ = 0 be 
a? + 2h'lm + b’m? + 2gl’ + 2fm' +c=0, 

then S— 2S’ =0 is the tangential equation of a conic; and 
any values of / and m which satisfy both S=0 and S’=0 
will, whatever \ may be, satisfy S—2S’=0. 

Hence the conic S—AS’=0 will touch the common 
tangents of S=0 and S’=0. 


244, To find the locus of the centres of the conics 
which touch four fixed straight lines. 


Let S,;=0 and S,=0 be the tangential equations of 
any two conics which touch the four lines; then 
S,—2S,=0 will be the general equation of a conic which 
touches the lines. 


Now the centre of S,—AS,=0 is given by the equations 
(c, — ez) & — (9, — G2) = 0 and (c; — rez) y — (fi — AJ's) =O. 
Eliminating X we have the required equation, namely 
B(C fo— Oo fi) +Y (291-92) + fi92 — Sar = 9. 
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Ex. The locus of the poles of a given straight line, with respect toa 
system of conics which touch four given straight lines is a straight line. 

The equation S,;+AS2=0 is the general equation of a conic which 
touches the common tangents of the two conics whose tangential equa- 
tions are S,;=0 and S,=0. 

Now the equation of the pole of the line whose co-ordinates are U’, m’ 
with respect to the conic S,;+AS_,=0 is[Art. 238] 

L (ayl! + hym’ +93) +m (yl + dy’ +f) + gil’ + fim’ +4 
+A{L (agl’ + ham’ + go) +m (hal! + bom’ + fo) + gol’ + fam’ + eg} =0. 

The above equation shews that the pole of the line (J’, m’) for the 

conic S;+)S,=0 is on the join of the points whose equations are 
L (axl! + hym’ + gy) +m (hyl! + bym' + fy) +91!’ + firm’ +c, =0, 

and —§ 1 (agl’ + hom’ + go) +m (hgl’ + bom’ + f2) + gal’ + fam’ + c2=0. 

This proves the theorem. 


245. The director-circles of all conics which touch four 
given straight lines are coaxal. 


The general equation of a conic touching four given 
straight lines is S,—2~S,=0, where S,=0 and S,=0 are 
the tangential equations of any two conics of the system. 

Now the director-circle of S,—AS,=0 is 
a, + b, — 2q,4 — 2fy+c, (a+ y’) 

— {de + by — 2g — Way + C2 (a? + y?)} = 0, 
which clearly represents a system of coaxal circles, the 
radical axis being 
2 (9:/¢, — go/C2) % + 2 (file: —fo/C2) ¥ — (a + b;)/e, 

+ (dz + b.)/e,=0. 

One of the conics of the system is a parabola, and the 


directrix of this parabola is the radical axis of the coaxal 
system, 


246. The director-circles of all conics which touch 
three gwen straight lines are cut orthogonally by the same 
curcle, 


The general equation of a conic which touches three 
given straight lines is 


MS: + Ay ee = Oe. (i), 
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where Aj, A», As have any values, and S,=0, 8,=0, S,=0 


are any three conics which touch the lines. 


: Now from Art. 239 we see that the equation of the 
director-circle of a conic is of the first degree in a, h, b, &. 
It therefore follows that if C,=0, C,=0, C,;=0 are the 
director-circles of 8,=0, S,=0, S;=0 respectively, the 
equation of the director-circle of 

MAS, — AS, + Ass = 0 

will be - MC, + AC, +A;C; = 0. 
Now a circle will cut any three circles C,=0, 0,=0, 
C;=0 orthogonally, and from the condition found (in 
Art. 81 it is easily seen that if a circle cuts orthogonally 


the three circles C,=0, C,=0 and C,=0, it will cut 
orthogonally every circle of the system 


UC, +2.C, +2,C,=0. 


EXAMPLES ON CHAPTER XII. 


1. PWN, DM are the ordinates of an ellipse at the extremi- 
ties of a pair of conjugate diameters; find the envelope of PD. 
Find also the envelope of the line through the middle points of | 
NP and of MD. 

2. ABand A'S’ are two given finite straight lines, a line 
PP’ cuts these lines so that the ratio AP: PB is equal to 
A'P’: P’B’; shew that PP’ envelopes a parabola which touches 
the given straight lines. 

3. OAP, OBQ are two fixed straight lines, A, B are fixed 
points and P, Q are such that rectangle AP. BQ is constant ; 
shew that PQ envelopes a conic. 

4, Circles of given radius touch a given straight line. 
Prove that the polars of a given point with respect to the 
circles envelope a parabola. 

5. Prove that the envelope of the polars of a given point, 
with respect to circles of constant radius and whose centres 
are on a given circle, is a conic, 
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6. Through any point P on a given straight line a line 
PQ is drawn parallel to the polar of P with respect to a given 
conic ; prove that the envelope of these lines is a parabola. 


ee 


7. Ifa leaf of a book be folded so that one corner moves 
along an opposite side, the line of the crease will envelope a 
parabola. 


8. An ellipse turns about its centre; find the envelope of 
the chords of intersection with the initial position. 


9, An angle of constant magnitude moves so that one 
side passes through a fixed point and its summit moves along 
a fixed straight line; shew that the other side envelopes a 
parabola. 


10. The middle point of a chord PQ of an ellipse is on a 
given straight line; shew that the chord PQ envelopes a 
parabola. 


11. Any pair of conjugate diameters of an ellipse meets 
a fixed circle concentric with the ellipse in P, Q; shew that 
PQ will envelope a similar and similarly situated ellipse, 


12. Ifthe sum of the squares of the perpendiculars from 
any number of fixed points on a straight line be constant, 
shew that the line will envelope a conic. 


13. The sides of a triangle, produced if necessary, are cut 
by a straight line in the points LZ, , WV respectively ; shew 
that, if LIZ: MN be constant, the line will envelope a parabola. 


14. Through a fixed point on the axis of a parabola any 
line is drawn cutting the curve in the points P, Q and the 
circle through P, Q and the focus S cuts the parabola again 
in the points P’, Q’. Prove that P’Q’ envelopes another para- 
bola whose focus is S. 


15. Prove that, if the centroid of any triangle PQR 
inscribed in the rectangular hyperbola ay =a? is at the fixed 
point (a, 8), the sides of the triangle envelope the conic whose 
equation is 4a? (%— 3a) (y — 38) = (3Bx + 3ay —9aB —a?), 


16. Any chord PQ of a*/a? + y?/b?—1=0 isdrawn through 
the fixed point (fg). Shew that, if the circle through P, Q 
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and the centre of the ellipse cuts the ellipse again in R, 8, 
then AS will touch the parabola 


(P+ 9) (2 + ¥?) —{af—yg + 2a°b?/(a? — b)}? = 0, 


17. Triangles are inscribed in 7? — 4ax=0 and two of the 
sides touch (#—3a)?+y?=c’; find the envelope of the third 
side, and prove that the envelope is the circle itself if c= 2a. 


18. The asymptotes of all conics which touch two given 
straight lines at given points envelope a parabola. 


19. A parabola touches two fixed straight lines and 
passes through a fixed point. Prove that its directrix en- 
velopes a conic. 


20. The four normals to an ellipse at P, Q, R, S meet in 
@ point ; prove thatif the chord PQ pass through a fixed point, 
the chord #S will envelope a parabola. 


21. A rectangular hyperbola is cut by a circle of any 
radius whose centre is at a fixed point on one of the axes 
of the hyperbola; shew that the lines joining the points of 
intersection are either parallel to an axis of the hyperbola 
or are tangents to a fixed parabola. 


22. Shew that the envelope of the polar of a given point 
with respect to a system of ellipses whose axes are given in 
magnitude and direction and whose centres are on a given 
straight line is a parabola. 


23. Of two equal circles one is fixed and the other 
passes through a fixed point; shew that their radical axis 
envelopes a conic having the fixed point for focus. 


24. If pairs of radii vectores be drawn from the centre of 
an ellipse making with the major axis angles whose sum is a 
right angle, the locus of the poles of the chords joining their 
extremities is a concentric hyperbola, and the envelope of the 
chords is a rectangular hyperbola. 


25. From any point on one of the equi-conjugate dia- 
meters of a conic lines are drawn to the extremities of an axis 
and these lines cut the curve again in the points P, Q; shew 
that the envelope of PQ is a rectangular hyperbola. 


8. C. S. 22 
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26. PNP’ is the double ordinate of an ellipse which is 
equi-distant from the centre C and a vertex; shew that if 
parabolas be drawn through P, P’, C, the chords joining the 
other intersections of the parabola and ellipse will touch 
a second ellipse equal in all respects to the given one. 


27. Two given parallel straight lines are cut in the points 
P, Q by a line which passes through a fixed point; find the 
envelope of the circle on PQ as diameter. 


28. The envelope of the circles described on a system of 
parallel chords of a conic as diameters is another conic. 


29. A chord of a parabola is such that the circle described 
on the chord as diameter will touch the curve; shew that the 
chord envelopes another parabola. 


30. Shew that the envelope of the directrices of all 
parabolas which have a common vertex A, and which pass 
through a fixed point P, is a parabola the length of whose 
latus rectum is AP. 


31. Prove that, if the bisectors of the internal and exter- 
nal angles between two tangents to a conic be parallel to 
two given diameters of the conic, the chord of contact will 
envelope an hyperbola whose asymptotes are the conjugates of 
those diameters. 


32. The polar of a point P with respect to a given 
conic S meets two fixed straight lines 4B, AC in Q, Q’; shew 
that, if AP bisect QQ’, the locus of P will be a conic; shew 
also that the envelope of QQ’ will be another conic. 


33.. If two points be taken on a conic so that the har- 
monic mean of their distances from one focus S is constant, 
shew that the chord joining them will always touch a conic 
one of whose foci is S. 


34, The envelope of the chord of a parabola which sub- 
tends a right angle at the focus is the ellipse 


(2 — 3a)? + 2y? = 8a?,. 
y*?—4ax=0 being the equation of the parabola. 


35. A chord of a conic which subtends a constant angle 
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at a given point on the curve envelopes a conic having double 
contact with the given conic. 


36. Through a fixed point a pair of chords of a circle are 
drawn at right angles; prove that each side of the quadri- 
lateral formed by j joining their extremities envelopes a conic 
of which the fixed point and the centre of the circle are foci. 


37. The perpendicular from a point S on its polar with 
respect to a parabola meets the axis of the parabola in C; 
shew that chords of the parabola which subtend a right angle 
at S all touch a conic whose centre is-C. 


38. Shew that chords of a conic which subtend a right 
angle at a fixed point O envelope another conic. 


Shew also that the point 0 is a focus of the envelope and 
that the directrix corresponding to O is the polar of O with 
respect to the original conic. 


Shew that the envelopes corresponding to a system of con- 
centric similar and similarly situated conics are confocal. 


39, A fixed straight line meets one of a system of confocal 
conics in P, Q, and /S is the line joining the feet of the other 
two normals drawn from the point of intersection of the 
normals at P and Q. Prove that the envelope of FS is a 
parabola touching the axes. 


40. If a line cut two given circles so that the portions of 
the line intercepted by the circles are in a constant ratio, shew 
that it will envelope a conic, which will be a parabola if the 
ratio be one of equality. 


41. Chords of a rectangular hyperbola at right angles to 
each other subtend right angles at a fixed point O; shew that 
they intersect in the polar of O. 


42, Shew that if AP, AQ be two chords of the parabola 
—4ax=0 through the vertex. A, which make an angle 


q With one another, the line PQ will always touch the ellipse 
(2 — 12a)? + 8y? = 128a?. 


22—2 
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_ 43, Pairs of points are taken on a conic, such that the 
lines joining them to a given point are equally inclined to a 
given straight line; prove that the chord joining any such pair 
of points envelopes a conic whose director-circle passes through 
the fixed point. 


44, Chords of a conic S which subtend a right angle at a 
fixed point envelope a conic S’. Shew that, if S pass through 
four fixed points, S’ will touch four fixed straight lines, 


45. A conic passes through the four fixed points A, B, C, 
D and the tangents to it at B and C are met by CA, BA 
produced in P, Q. Shew that PQ envelopes a conic which 
touches BA, CA. 


46. If achord cut a circle in two points A, 8B which are 
such that the rectangle OA. OB is constant, O being a fixed 
point, shew that the envelope of the chord is a conic of which 
O is a focus. Shew also that if 0A?+OB? be constant, the 
chord will envelope a parabola. 


47. Ona diameter of a circle two points A, A’ are taken 
equally distant from the centre, and the lines joining any point 
P of the circle to these points cut the circle again in Q, A; 


shew that @& envelopes a conic of which the given circle is 
the auxiliary circle. 


48. Chords of ax*+by?-1=0 which subtend a right 


angle at the point (a, 8) envelope a conic the equation of 
whose major auxiliary circle is 


(a + b) (x? + y*) — 2bax — 2aBy + bo? + aB?-1=0. 


49. Points P,.@ are taken one on each of two given 
circles such that the tangents at P and Q are perpendicular. 
Prove that PQ envelopes a conic. 


50. Shew that the locus of the centre of a conic which is 
inscribed in a given triangle, and which has the sum of the 
squares of its axes constant, is a circle, 


CHAPTER XIII. 


TRILINEAR CO-ORDINATES, 


247. Ler any three straight lines be taken which do 
not meet in a point, and let ABC be the triangle formed 
by them. Let the perpendicular distances of any point P 
from the sides BC, CA, AB be a, B, y respectively; then 
a, 8, y are called the trilinear co-ordinates of the point P 
referred to the triangle ABC. We shall consider a, 8, y 
' to be positive when drawn in the same direction as the 
perpendiculars on the sides from the opposite angular 
points of the triangle of reference. 

Two of these perpendicular distances are sufficient to 
determine the position of any point, there must therefore 
be some relation counecting the three. 

The relation is 

aa+bB +cy=2A, 


where A is the area of the triangle ABC. This is 
evidently true for any point P within the triangle, since 
the triangles BPC, CPA and APB are together equal to 
the triangle ABC; and, regard being had to the signs of 
the perpendiculars, it can be easily seen to be universally 
true, by drawing figures for the different cases. 


248. By means of the relation a«+b8+cy=2A any 
equation can be made homogeneous in a, 8, vy; and when 
we have done this we may use, instead of the actual co- 
ordinates of a point, any quantities proportional to them; 
for if any values a, f, y satisfy a homogeneous equation, 
then ka, k8, ky will also satisfy that equation, 
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249. If any origin be taken within the triangle, the 
equations of the sides of the triangle referred to any 
rectangular axes through this point can be written in the 
form : 

— 2x cos 6,—ysin 6, + p,=0, 

— x cos @,—ysin 6,+ p,=0, 

— «cos #;—ysin 0;+ p;=9, 
where cos(@,—6@;)=—cosA, cos(6;— 6,)=—cos B, 
and cos (6,— 6,)=— cos C. 


[We write the equations with the constant terms posi- 
tive because the perpendiculars on the sides from a point 
within the triangle are all positive. ] 

We therefore have [ Art. 31] 

a =p; — x COS 6,—ysin 6,, 
8 =p.—«xcos 6,—ysin 6, 
Y= p;— x cos 6;— y sin 3. 

By means of the above we can change any equation in 
trilinear co-ordinates into the corresponding equation in 
common (or Cartesian) co-ordinates. 


250. very equation of the first degree represents a 
straight line. 


Let the equation be 
la+mB+ny=0. 
If we substitute the values found in the preceding 
Article for a, 8, y, the equation-in. Cartesian co-ordinates 


so found will clearly be of the first degree. Therefore the 
locus is a straight line. 


251. Every straight line can be represented by an 
equation of the first degree. 

It will be sufficient to shew that we can always find 
values of J, m,n such-that the equation la+m@ +ny=0, 
which we know represents a straight line, is satisfied by 
the co-ordinates of any two points. 

If the co-ordinates of the points be a’, 8’, »/ and 
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a”, 8B", y” we must have’ 

la’ +m’ +nr/ =0, 

la” + mB” + ny’ =0, 
and values of J, m,n can always be found to satisfy these 
two equations. 


252. To find the equation of a straight line which 
passes pecongh two given points. 
Let a » 8,973 2, B’,y” be the co-ordinates of the two 
points. 
The equation of any straight line is 
la+mB+ny=0. 
The points (@’, 8’, 7’), (2, 8”, y’”) are on the line if 
la’ +m’ +nr’ =0, 
la” + m3” + ny” =0. 
Eliminating /, m, n from these three equations we 
have 
a, 8 ) i = 0. 
Bes 
, BY” 
253. To find the condition that three given points may 
be on a straight line. 


Let the co-ordinates of the given points be a’, 8’, 7; 
a”, ie, ys and a, ce of 
If these are on he straight line whose equation is 


la+mP +ny=0, 


ae 


we must have la’ +m’ +nr’ =0, 
la” + mB” + pe = 0), 
and lol” + mB” + ny” =0. 


Eliminating J, m, » we obtain the required condition) 
Viz. 


peo Psy 
ja, Br, of 
IO ee 3 le 
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954. To find the point of intersection of two given 
straight lines. 
Let the equations of the given straight lines be 
la +mB +ny =0, 
and VatmB+n'y=0. 
At the point which is common to these, we have 
a 
mn —mn nli—nl Im’ —Vm 
The above equations give the ratios of the co-ordinates. 
If the actual values be required, multiply the nume- 
rators and denominators of the fractions in (i) by a, b,¢ 
respectively, and add; then each fraction is equal to 


az+bB8+cy is 2A 
a(mn’ —m’n) + b(nl’ —n'l) + (lm —I'm) | lL, m,n 
| I’, m’, n’ 
a be 


The lines will not meet in a point at a finite distance 
from the triangle of reference, that is to say, the lines will 
be parallel, if 


tl, m,n |=0. 


U', m’, wv 
a, b, ¢ | 

255. To find the condition that three straight lines 
may meet in a point. 

Let the equations of the straight lines be 

La+mB + ny =0, 
La + m+ ny = 0, 
la + mB + nyy = 0. 

The lines will meet in a point if the above equations 
are all satisfied by the same values of a, 8, y. The elimi- 
nation of a, 8, y gives for the required condition 

Lh, mm, m |=0. 
In, My, Ne | 
lr, Ms, Ng 


LINE AT INFINITY 845° 


_ 256. If Av+ By+C=0 be the equation of a straight 
line in Cartesian co-ordinates, the intercepts which the 


line mdkes on the axes are se eM respectively. If 


therefore A and B be very small the line will be at a very 
great distance from the origin. The equation of the line 
will, in the limit, assume the form 
0.2+0.y+C=0. 
The equation of an infinitely distant straight line, 
generally called the line at infinity, is therefore 
0.4+0.¥y+C=0. 
When the line at infinity is to be combined with other 
expressions involving # and y it is written C=0. 
The equation of the line at infinity in trilinear co-ordi- 
nates is az+bB+cy=0, 
For if ka, k8, ky be the co-ordinates of any point, the 
invariable relation gives k (ax+b8+cy)=2A, or 


aa + bB+oy="—. 


If therefore & become infinitely great, we have in the limit 
the relation aa+b8+cy=0. This is a linear relation 
which is satisfied by finite quantities which are propor- 
tional to the co-ordinates of any infinitely distant point, 
and it is not satisfied by the co-ordinates, or by quantities 
proportional to the co-ordinates, of any point at a finite 
distance from the triangle of reference. 


257. To find the condition that two given lines may be 
parallel, 

Let the equations of the lines be 

la +mB +ny =0, 
Va+mB+n'y=0. 

If the lines are parallel their point of intersection will 
be at an infinite distance from the origin and therefore its 
co-ordinates will satisfy the relation 

aa+bB+cy=0. 
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Eliminating @, 8, y from the three equations, we have 
the required condition, viz. 
l,m, n {=O e 
Ym’, a 
ans Cd 


258. To find the equation of a strarght line through a 
given point parallel to a guven straight line. 


Let the equation of the given line be 
la+mB+ny=0. 
‘The required line meets this where 
aa + b8 + cy =0. 
The equation is therefore of the form 
la+mB+ny+nr(aa+b8+cy)=0. 
If 7, g, kh be the co-ordinates of the given point, 
we must also have 
If+mg +nh+r (af + bg +ch)=0, 
la+mB+ny aat+b8+cy 
Famg+tnh aft+bg+ch’ 
A useful case is to find the equation of a straight line 
through an angular point of the triangle of reference 
arallel to a given straight line. 


If A be the angular point, its co-ordinates are 7, 0, 0, 
and the equation becomes (ma — 1b) 8 + (na —Ic) y= 


whence 


259. To find the condition of perpendicularity of two 
given straight lines. 


Let the equations of the lines be 

la +mB.+ny =0, 
Va+t+m'B+ n'y =0. 

If these be expressed in Cartesian co-ordinates by 
means of the equations found in Art. 249, they will ba 
«(bcos 0, + mcos 6,+n cos 6;) + y (Lsin 6,+msin 0,-+nsin 6;) 

—lp,— mp,—np;=0, 
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and 
x(U'cos6,+m’cos6, + n’cos6;) + y(U sin 6,+m’sin 6,+ n’sin 6,) 
; —U'p, — m'p,—n'p;=0: 
the lines will therefore be perpendicular [Art. 29] if 
(L cos 6, -+m cos 0, +2 cos 6) (I’ cos A, + nv’ cos 6, +-n' cos 65) 
+(/sin 6,+msin @, + nsin 6;) (U’ sin 8, +nv’ sin 6,+7' sin 0;) = 0; 
that is, if 
Ll’ + mm’ + nn’ + (lin’ + I'm) cos (0, ~ 62) 
+(mn’ + m’n) cos (0, -~ 03) + (nl’ +'l) cos (0; ~~ O;) = 0. 
But cos (6, — 6;) = — cos A, cos (6; — 0,) =— cos B, 
and cos (6, — 43) =— cos C; 
therefore the required condition is 
W+mm' + nn’ —(mn' + mn) cos A —(nl’ + nl) cos B 
~  —(Im’ + l’m) cos C= 0 
If the two straight lines are given by the equation 
wo? + VB? + wry? + 2u’ By + 2v'ya + 2w'aB8 =0, 
it follows from the above that the condition of perpen- 
dicularity is . 
uty+w— 2u’ cos A — 2v’ cos B— 2w’ cos C= 0. 


260. To find the perpendicular distance of a given 
point from a given straight line. 
- Let the equation of the straight line be 
la+ mB + ny =0. 
Expressed in Cartesian co-ordinates the equation will be 
2 (Leos @, + m cos 6, + ncos O;) + y (sin 8, + msin 6, + nsin@,) 
— Ip, —mp,—np;= 0. 


The perpendicular distance of any point from this line is 
found by substituting the co-ordinates of the point in the 
expression on the left of the equation and dividing by the 
square root of the sum of the squares of the coefficients 
of z and y. If this be again expressed in trilinear co- 
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ordinates, we shall have, for the length of the perpen- 
dicular from f, g, h on the given line, the value 


if+mg +nh 
V/{(lcos 8, + mcos6,-+ncos 6)? + (/sin@,+m sin 6,+nsin 65)" i 
The denominator is the square root of 
I? + m2? + n2+ 2mn cos (6, — 6) + 2nl cos (8; — 4) 
+ 21m cos (@,— 45), 
orof 2+m?+n?—2mncos A —2nl cos B— 2lm cos C. 
Hence the length of the perpendicular is equal to 
if+mg+nh ‘ 
V(? + m? + n? — 2mn cos A — 2nl cos B— 21m cos C)’ 


261. To shew that the co-ordinates of any four pownts 
may be expressed in the form +f, +9, +h, 


Let P, Q, R, S be the four points. 


¢. 
SN 


i egen( 


Q Cc 


The intersection of the line joining two of the points 
and the line joining the other two is called a diagonal- 
pot of the quadrangle. There are therefore three 
diagonal-points, viz. the points A, B, C in the figure. 

Take ABC for the triangle of reference, and let the 
co-ordinates of P be f, g, h. 


h 
The pencil AB, AS, AC, AP is harmonic [Art. 59], 
and the equations of AB, AC are y =0, 8 =0 respectively, 


Then the equation of AP will be e ey 
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- and the equation of AP is e = ri therefore the equation 


of AS will be .- Y. [Art 561] 
The equation of CP is foe é 


ra 
Therefore where AS and CP meet, i.e. at S, we shall 


have aan cee AY, 


So that the co-ordinates of S are proportional to fg, —h. 
Similarly the co-ordinates of R are proportional to — f, g, h. 
Similarly the co-ordinates of Q are proportional to f, —g,h. 


262. To shew that the equations of any four straight 
lines may be expressed in the form la + mB + ny = 0. 


Let DEF, DKG, EKH, FGH be the four straight 
lines. . 

Let ABO be the triangle formed by the diagonals 
FK, EG, and DH of the quadrilateral, and take ABC for 
the triangle of reference. 


Let the equation of DEF be 
la + m2 + ny =0. 
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Then the equation of AD is mB +ny=0. 

Since the pencil AD, AB, AH, AC is harmonic 
[Art. 59], and the equations of AD, AB, AC aremB+ny=0, 
y =0, 8 =0 respectively ; 
therefore [Art. 56] the equation of AH is mB — ny =0. 

Since # is the point given by 8 =0, la+nmy=0; and H 
is the point given by a=0, m8B—ny=0; the equation 
of HE is 

la —mB+ny=0. 

We can shew in a similar manner that the equation 

of DK is 
—la+mp + ny=90, 
and that the equation of F'H is 


lz+mB—ny=0, 


EXAMPLES. 


1. The three bisectors of the angles of the triangle of reference have 
for equations 8—-y=0, y—a=0, anda—f=0. 
, 


2. The three straight lines from the angular points of the triangle of 
reference to the middle points of the opposite sides have for equations 
bB-cy=0, cy-—aa=0, and aa—bB=0. 


3. If A’B’C’ be the middle points of the sides of the triangle of 
reference, the equations of B’C’, C’A’, A’B’ will be b8+cy—aa=0, 
cy+aa—bB=0, aa+lbB-—cy=0 respectively. 


4, The equation of the line joining the centres of the inscribed and 
circumscribed circles of a triangle is ; 


a (cos B — cos C) + B (cos C— cos A) + (cos A — cos B) =0, 


5. Find the co-ordinates of the centres of the four circles which touch 
the sides of the triangle of reference. Find also the co-ordinates of the 
six middle points of the lines joining the four centres, and shew that the 
co-ordinates of these six points all satisfy the equation 


apy +bya+ caB=0. 
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6. IfdO, BO, CO meet the sides of the triangle ABC in A’, B’, C’; 
and if B’C’ meet BC in P, C’A’ meet Cd in Q, and A’B’ meet ABin R; 
shew that P, Q, R are on a straight line. 


Shew also that BQ, CR, Ad’ meet in a point P’; CR, AP, BB’ meet 
in a point Q’; and that AP; BQ, CC’ meet in a point R’. 


7. If through the middle points d’, B’, C’ of the sides of a triangle 
ABC lines A’P, B’Q, C’R be drawn perpendicular to the sides and equal 
to them; shew that 4P, BQ, CR will meet in a point. 


8. If p, q, r be the lengths of the perpendiculars from the angular 
points of the triangle of reference on any straight line; shew that the 
equation of the line will be apa+bg8+cry=0. 


9. If there be two triangles such that the straight lines joining the 
corresponding angles meet in a point, then will the three intersections of 
corresponding sides lie on a straight line. 


[Let f, g, h be the co-ordinates of the point, referred to ABC one of the 


two triangles. Then the co-ordinates of the angular points of the other 
triangle A’B’C’ can be taken to be 7’, 9, h; f, gy’, hand f, g, h’ respectively. 


B’C’ cuts BC where a=0 and a + y=? Hence the three inter- 


4 < A . a B Py ee 
sections of corresponding sides ee on the line Ff + nae + ee =O 

10. The lines given by the equations acos A+ cos B+ cos C=0 
and aa3+6b3+4-yc3=0 are parallel. 


11. The three external bisectors of the angles of a triangle meet the 
opposite sides in three points on a straight line which is perpendicular to 
the join of the in-centre and circumcentre. 


12. The equation of the line through the middle points of the three 
diagonals of the quadrilaterals formed by the lines la+mB+ny=0 is 
Pala +mB/b + n?y/¢=0. 

13. If S, O, N, G are respectively the circumcentre, the orthocentre, 
the nine-point centre and the centroid of the triangle ABC, the equation 
of the SONG line is 

asin 2A sin (B— C)+ sin 2B sin (C — d) +7 sin 2C sin (A- B)=0. 
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263. The general equation of the second degree in 

trilinear co-ordinates, viz. 

ua? + vB? + wr? + 2u'By + 2v'ya + 2w’aB = 0, 
is the equation of a conic section; for, if the equation be 
expressed in Cartesian co-ordinates, the equation will be of 
the second degree. 

Also, since the equation contains five independent 
constants, these can be so determined that the curve 
represented by the equation will pass through five given 
points, and therefore will coincide with any given conic. 


264. To find the equation of the tangent at any point 
of a conte. 


Let the equation of the conic be 


f(a, 8, y) = Ue? + vB? + wry? + 2u’ By + 2v'ya + 2w’aB =0, 
and let a’ 9’, 7’; «’, B’, y” be the co-ordinates of two 
points on it. 


The equation 
u(a—a’)(a—a")+0(B—-B')(B—B")+u(y-y)(y-9) 
+ Qu’ (B — BY) (y— 9") + 20 (y— 7) (a— a”) 

+ 2w'(a—a')(B—B")= ¢ (a, B, ¥) 

is really of the first degree in a, 8, y, and therefore it 
is the equation of some straight line. The equation is 
satisfied by the values a=a’, B=’, y=9’, and also by 
the values a=a’, B=", y=y’. Therefore it is the 
equation of the line joining the two points (a, £’, ¥), 
(@’, B", y). Let now (a”, 8”, 9”) move up to and ulti- 
mately coincide with (a’, 9’, y’), and we have the equation 
of the tangent at (a’, 8’, y’), viz. 


wad’ + vB" + wry +u’ (By +8’) 
+0! (yal + ary’) + w’ (a8 + Ba’) =0. 


_Using the notation of the Differential Calculus we may 
write the equation of the tangent at any point (a’, 8’, 9) 


CONDITION OF TANGENCY Soo 


_ of the conic ¢(a, 8, y)=0 in either of the forms 


or a = 


265. To find the condition that a given straight line 
may touch a conic. 


The lines joining the angular point A to, the points of 
intersection of the conic and the line 
be BIG 1Y =O oi toons vo gusevsees (i) 
are given by the equation 
u(mpB + ny)? + vi? B? + wl? 
+ 2u'P?By —2(v'ly + w'lB)(mB + ny) =0. 
If the line (i) is a tangent, the lines given by the 
above equation coincide, the condition for which 1s 
(um? + vl? — 2w’lm) (un? + wi? — 2v'In) 
i —(umn + wl? —v'lm—w'nlyY =0, 
or EP (vw — u’?) +m? (wu—v”) +? (uw —w”) 
+ 2mn (v'w’ — wu’) + 2nl (w'u’ — vv’) + 2lm (uv — wu") = 0, 
or 
Ul? + Vmi+ Wn? +2U’mn + 2V'nl +2 W'lm = 0...(i1), 
where U, V, W, U’, V’, W' are the co-factors of u, v, w, 
u,v, w’ in the determinant 
byw, 
UW <P Eo 


te 


i aw 
266. To find the equation of the polar of a gwen 
pownt. 
It may be shewn, exactly as in Art. 76, 100, or 119, 


that the equation of the polar of a point with respect to 
23 


8. C0. 8. 
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a conic is of the same form as the equation we have 
found for the tangent in Art. 264. 

The conditions that the two points (a;, 81, 71), (a2, Be, 2) may be 
conjugate, and that the two lines la+mB+nyy=0, lga+moB+ngy=0 
may be conjugate for the conic can be found as in Art, 181 to be 
respectively 
Ua1a2-+ VB\B2+ wyry2+w (Bry2+ Bey) +0’ (y142+ y2a1) + w’ (4182+ a281) =0, 
and 
Ul + Vinyme+ Wnryng+ U’ (myng+mgny) + V’ (nile +ngly) 

+ W’ (lymg+lym)=0. 


267. To find the co-ordinates of the centre of a conte. 


Since the polar of the centre of a conic is altogether at 
an infinite distance, its equation is 


aa + bB + oy =O ict. tered eae (i). 
But [Art. 266], the equation of the polar of the centre is 
ats dp a s, 
ati Bs dR, +y¥ 0, 
where a, By, Yo are ee dogs of the centre. 
Hence the equations for finding the centre are 


dp db dd 
day _ dy _ dy 
7. TA pM eR 


268. To find the condition that the curve represented © 
by the general equation of the second degree may be a 
parabola. 


The co-ordinates of the centre of the curve are given 
by the equations 
Udy + WB + vy fe Wy + UB + Wy Va +W B+ wy 
a b a c i 
Put each of these equal to —), and we have 
Ua + w'B, + vy, + Aa=0, 
Wa + vB) +wy+rb =0, 
VA + UW By + Wy + rc =0. 
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Also since the centre of a parabola is at infinity, we 
have 
ad + bBy + cy = 0. 
The elimination of %, 8o, yo, X gives for the required 
condition 


| Mee 08 oa” Ue Te | =°. 
Pay) ee, BOF 
Wa? u, W, C | 
Wigs. Wiss Be AO 


We see from the above that the parabola touches the 
line at infinity. [Art. 265.] 

269. To find the condition that the conic represented 
by the general equation of the second degree may be two 
straight lines. 

The required condition may be found as in Art. 37. 
The condition is 

uvw + 2u’v'w’ — uu? — vv? — ww? =0, 
or, as a determinant, 
u, w,-v |=0. 
Bins Mak he Oh 
ORNS 7 
270. To find the asymptotes of a conic. 
The equations of the curve and of its asymptotes only 


differ by a constant. 
Hence if the equation of the curve be 


wee + YB? + wry? + Qu! Bry + Qv'ya+ 2w’as =0, 
the equation of the asymptotes will be 


Uae + VB? + wry? + Qu’ By + 2v’ya+ 2w'aB 
+2r(aa+bB + cy)? =0 ...(i). 
The value of X is to be determined from the condition 
for straight lines, viz. 
u+nra?, w'+rab, v' +aAac |=0. 
w+nrab, v +d0?, w+rbe 


v +rac, uw +rAbe, wtre’? 
23—2 
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The term independent of » is 


Ul / 
Ur, a 
é fy 
(im REE Pel: 
Pci Ul game te 


The coefficient of X is 
Ya?, ab, ac|+) uu, w, a lehu, woe 


WD, wert ab, 63, ‘be We D5. ie 
Ry Wy te 00 v, UU, w 6,6 boc 
which is equal to 
—|.0, w,. es & | 
| ww) oy wpa b 
Penmaes ap, Seth 
| Og DS Gg a 


The coefficients of \2 and of \3 are both zero. 


Hence there is a simple equation for , and therefore 
from (i) we have for the equation of the asymptotes 


p(a, B,y)\u, wv, a|+(aat+bB+oyy| wu, w’, v |=0. 


, if Ch / 
iw’, uv, w, b w,v,u 
v,uU, WiC v¥,u,w 
Gee SO 


271. To find the condition that the conic may be a 
rectangular hyperbola. 

Change to Cartesian co-ordinates. Then the conic will 
be a rectangular hyperbola, or two perpendicular straight 
lines, if the sum of the coefficients of x and 7 is zero, 


The condition becomes 
u+v+w-—2w cos A — 2v’ cos B— 2w’ cos C= 0, 


272. To find the equation of the circle circumscribing 
the triangle of reference. 

If from any point P, on the circle circumscribing a 
triangle ABC, the three perpendiculars PL, PM, PN be 
drawn to the sides of the triangle and meet the sides 
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BC, CA, AB in the points LZ, M, N respectively ; then it 
" known that these three points L, M, N are in a straight 
ine. 

Let the triangle be taken for the triangle of reference 
and let a, 8, y be the co-ordinates of P. 

The areas of the triangles MPN, NPL, and LPM 
are 4Bysin A, dyasinB, and }fa8sinC respectively. 
Since L, M, N are on a straight line, one of these triangles 
is equal to the sum of the other two. Hence, regard being 
had to sign, we have 

Sysin A +yasin B+ a8 sin C=0, 
or apy + bya+ca8=0, 
which is the equation required. 

Hx. The perpendiculars from O on the sides of a triangle meet the 
sides in D, H,F. Shew that, if the area of the triangle DEF is constant, 
the locus of O is a circle concentric with the circumscribing circle. 

273. Since the terms of the second degree are the 
same in the equations of all circles, if S=0 be the 
equation of any one circle, the equation of any other 
circle can be written in the form 

S+ra+ pS + vy=0, 
or, in the homogeneous form, 
S+(lat+mB +ny)(aa+ bB + cy) =0. 

From the above form of the general equation of a circle 
it is evident that the line at infinity cuts all circles in the 
same two (imaginary) points, as we have already seen 
[Art. 194]. 

274. To find the conditions that the curve represented 
by the general equation of the second degree may be a circle. 

The equation of the circle circumscribing the triangle 
of reference is [Art. 272] 

aby + bya + caB = 0. 

Therefore [Art. 273] the equation of any other circle 
is of the form . 

ay + bya + ca8 + (la+ mB +ny)(aa-+ bB + cy) = 0. 
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If this is the same curve as that represented by 
uo? + vB? + wy? + Qu’ Bry + 2v'ya + 2w'aB =0, 
we must have, for some value of 2X, 
Au=la, Aw=mb, AwW=nE~e, 

Dw =a+tom-+ bn, 2rv’=b+an-+ecl, and 2rAw’=c+bl+am. 

Hence 

Qbeu' — cv — b?w = 2cav’ — aw — cu = 2abw’ — bu — a’v, 

abe 


for each of these quantities is equal to x 


275. To find the condition that the conic represented 
by the general equation of the second degree may be an 
ellipse, parabola, or hyperboia. 

The equation of the lines from the angular point C to 
the points at infinity on the conic will be found by elimi- 
nating y from the equation of the curve and the equation 
aa+b8+cy=0. Hence the equation of the lines through 
C parallel to the asymptotes of the conic will be 

uca? + ve?B? + w (aa + bBY— 2u'cB (aa+ bp) 
— 2u'ca(aa+bB)+ 2w'c?aB = 0. 

The conic is an ellipse, parabola, or hyperbola accord- 
ing as these lines are imaginary, coincident, or real; and 
the lines are imaginary, coincident, or real according as 

(wab —u'ac — v'be + w'c?)? — (uc? + wa? — 2v'ac) | 
(uc? + wh? — 2u’bc) 
is negative, zero, or positive; that is, according as 
Ua? + V+ We?+2U’be+ 2V'ca+2 Wad 


is positive, zero, or negative. 


276. The equation of a pair of tangents drawn to 
a conic from any point can be found by the method of 
Art. 188, and the eqtiation of the pair of tangents at the 
extremities of any chord by the method of Art. 189, 

The equation of the director circle of the conic can 
be found by the method of Art. 190. 
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y The equations giving the foci and the directrices 
- can be found by the method of Art. 194. 


The equations for the foci will be found to be 


4 (b?w + cv — 2beu’) p (a, B, y) — (6 = = 6 sal 


d dg 
= 4(Cu + aw 2cav’) $ (4, B, y) — (c ral 


— 2, Say 22 / ome dp dd 3 

= 4(a’v + Bu — 2abw’) d (a, B, y) (a 55-558) : 

The elimination of ¢(a, 8, y) will give the equation of 
the axes of the conic. 


277. To find the lengths of the axes of the conic 
Uo? + vB? + wy? + 2u’Bry + 2v'ya + 2w’aB =0. 
The tangential equation of the conic is 
UP + Vm? + Wn? + 2U’mn + 2V'nl+2W'im = 0...(i). 


Now let (a, Bi, 1), (4, Be, ¥2) be a pair of foci and 
2r the length of the perpendicular axis. Then, if 
la+mB+ny=0 be any tangent to the conic, 


(la, + mB, + ny) (la, + mB, + Ny2) 


P+ m?+n?—2mncos A — 2nl cos B — 2lm cos C Std 


Hence 


(la, + MB, + ny) (Ldlg + MB. + Wy.) —1(P+n?+n?—2mncos A 
— 2nl cos B — 2im cos C) 


=~ (UP + Vmi+ Wn? + 2U'mn +2V'nl + 2W Im). 
In this identity put a, b, c for J, m, n respectively ; 
then : ; 
4A? =) (Ua? + Vb?+ We? + 2U'be + 2V'ca + 2W'ab)...(ii). 
And, since 
N(UP + Vi +...) + (P+ ml +...) 
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is the product of linear factors, we have 


AU +7 , AW’—rcosC, AV’ —7? cos B | =0, 
~W'—recosC, AV 47° , AU’—r*cos A 
~V’ —r?cosB, XU’ —r?cosA, AW+P7? 
where 2 is given by (il). 
The above is a quadratic equation, for the coefficient 


of r* is easily seen to be zero, and it gives the values of 
the squares of the axes of the conic. 


AREAL CO-ORDINATES. 


278. The position of any point P is determined if the 
ratios of the triangles PBC, PCA, PAB to the triangle of 
reference ABC be given. These ratios are denoted by a, y, z 
respectively, and are called the areal co-ordinates of the 
point P. 


The areal co-ordinates of any point are connected by 
the relation 


e+y+z=1, 
fide, eset sausee en 
Since att Ae and z= 5,» we at once find 


the equation in areal co-ordinates which corresponds to any 
given homogeneous equation in trilinear co-ordinates, by 
substituting in the given equation , - : for a, B, y 
respectively ; for example the equation of the line at in- 
finity is «+y+z=0. We will however find the areal 
equation of the circumscribing circle independently. 


_ 279, To find the equation in areal co-ordinates of the 
circle which circumscribes the triangle of reference. 


If P be any point on the circle circumscribing the tri- 
angle ABC, then by Ptolemy’s Theorem (Euclid vi. D.) 


we have 


PA.BC+PB.CA+PO.AB=0......... (i). 
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But since the angles BPC and BAC are equal or supple- 


mentary, we have one and similarly for y and z; 


hence, paying regard to the signs of #, y, z, we have from (i) 
PA. PB.PC ; : : ‘ 
es : p24 PB PC, PA PB.PC 
cx cay abz 
or ale + b/y + c/z=0, 
which is the equation required. 


=) 


280. If the conic represented by the general equation 
of the second degree in trilinear co-ordinates, viz. 


uc? + vB? + wry? + 2u’By + 2v’ya + 2w’aB =0, 
be the same as that represented in areal co-ordinates by 
the equation 


da? + wy? + v2? + Q’y2+ Qy'2a + 2v'xy =0; 


then, since Last DNASE , we have 
aa bB cy 
A a a eee OA 
rat pb ye? A be oa p'ab™ 
Hence we can obtain the relation between the coefficients 
in the areal equation which corresponds to any given 
relation between the coefficients in the trilinear equation. 
In most cases it is quite immaterial whether the co- 
ordinates used are trilinear or areal, but some formulae 
are different in the two cases: the most important of 
the formulae for areal co-ordinates which should be 
known are the following, which can be obtained from 
corresponding formulae for trilinear co-ordinates, or inde- 
pendently :— 


J. The two straight lines 
otmy+mz=0 and lor -+mgy +ngz=0 
are perpendicular, if 


la? + mymb? + nyngc? — (myng + myn) be cos A 
— (nylg+Mgl;) ca cos B— (lyme+ lgmy) ab cos C=0. 
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Il. The straight lines given by 
ua? + vy? + wz? + Qu'yz + 2v'za + Qw’xy =0 
are perpendicular, if 
ua? + vb2 + we2 — 2u'be cos A — 2v’ca cos B — 2w’ab cos C=0. 
III. The perpendicular distance of (21,41, 21) from lx-+my +nz=0, is 
(lay + my; +z) 2A/,/(Zl2a2 — 2=mn be cos A). 
IV. The conic 
ux? + vy? + wz? + Qu’'yz + 2v’za + Qw'xy =0 
is a rectangular hyperbola (including the special case of two perpendicular 


lines), if 
Dua? — 2Dw'be cos A=0. 


V. The conditions for a circle are 
(v+w —2u’)/a2=(w +u—2v’)/b?=(utv —2w’)/c?, 
VI. ‘The co-ordinates of the centre of the conic are given by 


ee es 
dz dy dz 
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281. To find the equation of a conic circumscribing the 
triangle of reference. 


The general equation of a conic is 
uc? + vB? + wy? + 2u’By + 2v'ya + 2w'aB = 0. 


The co-ordinates of the angular points of the triangle 
are 


2,0, 0; hoe and 0, 0, =, 


If these points are on the curve, we must have u=0, v=0 
and w= 0, as is at once seen by substitution. 


Hence the equation of a conic circumscribing the tri- 
angle of reference is 


wu By + v'ya + w'aB = 0, 
which we shall generally write in the form 
ABy + pya + vas =0. 


’ 
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282. The equation of the line joining the two points 
(4, 8&1, 1), (42; Ba, Y2) 18 
& (Biry2— Baya) + B (yrds = Yo) + (G82 — a58,) = 0:..(i). 
But, if the two points are on the conic 
3 A/a + w/B + v/y=0, 
we have 
Ale + p/Bi+v/y%,=0 and A/a + 4/B.+ v/y2= 0, 
and .*. r/o (Bry — By) = #/Bi Bs ("1 Ay — Yor ) 
= v/%1"%2(% Be — %P:). 
Hence, from (i), the equation of the chord joining the 
points (a, By, 71), (a, Bs, Y2) on the conic is 
Ae, fp py f 
—— Peer iit lash ad SABE 11). 
ma, Bi Bo WY2 ( ) 
[It is of course obvious that the line (ii) passes through the two points 
provided that they are on the conic. ] 
From (11) it follows that the equation of the tangent at 
(%, ‘oe 1) 1S 


We can now find the condition that the line whose 
equation is Ja +m8+ny= 0 should touch the conic, For, 
if it is the tangent at (a, 81,4) we have from (iii) 

la?/A= m62/m = ny?/v. 

But A/a, + 4/8, + v/y,=0, whence it follows that 

VIX + Vim fA HW =) ait non (iv). 
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283. To find the equation of a conic touching the sides 
of the triangle of reference. 
- The general equation of a conic is 
wa? + VB? + wry? + Qu’ By + 2v'ya + 2w’as = 0. 
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Where the conic cuts a=0, we have 
vp? + wy + 2u ‘By = 0. 
Hence, if the conic cut a=0 in coincident points we 
have i 
vw =u", or wu =Vow. 
Similarly, if the conic touch the other sides of the 
triangle, we have .# 
vy =Vwu, and w’ =Vuv. 
Putting 0%, ?, v? instead of u, v, w respectively, we have 
for the equation, 
Na? + w2B? + vy? F 2uvBy F 2wrAye F 2paB=0. 
In this equation either one or three of the ambiguous 
signs must be negative; for otherwise the left side of the 
equation would be a perfect square, in which case the 


conic would be two coincident straight lines. 
The equation can be written in the form 


Vra+Vu8 + Voy =0. 


284, The equation of the line joining the points 
(%, Bi, %1)s (a, Bo, 2) 1S 


a (Bry = Bey) +8 ("4 A, — "Y2%) +Y¥ (a Be ae a/8;) =0.. (a). 
But if the two points are on the conic 
vat MeL Noy me . 
we have 
Vra, + V uBR, + Voy, = 0 and Vda + Vs + +N vy. =0, 
Hence 
5 NE Ve SS ay Eee 
NV Byy2 — V Bu V V1%2 — N ryothy V 0482 —- V af, 
" Hence, from (i), the eqguation of the chord joining the 
points (a, Br, ¥:); (@, Be, ¥2) on the conic is 
a/r (V Brrys + V Boy) + Br/w (Vita + NV ryott) 
+p (NV eB. + Va08;) = 0 «..(ii). 
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o From (ii) it follows that the equation of the tangent at 
(a, Bi, 1) 1S 


an/e+8/ E+ /2=0 ee Gay 


We can now find the condition that the line whose 
equation is la+m8-+ny=0 should touch the conic. For 
if it is the tangent at (a, 81,1), we have from (iii) 


Iy/$=m,/B =n 110 
r be v 


But Vda, + VR, + Voy = 0. 


Hence the condition required is 


ee aoe ay _ 
aE SATAN. ov eeesitascinceeases iv). 
Lm af Nn Qy) 
Ti will be seen from Art. 282 and Art. 284 that the line 
LOMB My =) 8 tne tease sis eiessivenecte (i) 
touches the circumscribing conic 
XN; aa Sy 
Sechrest n= 8G Vere aie. aah oe il), 
ghig ty (ii) 
if the point (J, m, m) is on the inscribed conic 
Nh IE Eel | ee (iii). 


Also that the line (i) touches the inscribed conic (iii) if the point 
(1, m, n) is on the circumscribed conic (ii). 


CoNICS THROUGH FOUR GIVEN POINTS. 
285. To find the equation of a come which passes 
through four given points. 


If the diagonal-points of the quadrangle be the angular 
points of the triangle of reference, the co-ordinates of the 
four points are given by +f, tg, +h [Art. 261]. 


If the four points are on the conic whose equation is 
wo? + vB? +w? + 2u’Bry + 2'ya + 2w’'a8 = 0, 
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we have the equations 
uf? + vg? + wh? + Qu'gh + 2v’hf + 2u'fg =0; 
“ut =v =w =, 
Hence the equation of the conic is wa?+ v6? + wy =0, 
with the condition uf? + vg?+ wh? =0. 
Ex. 1. Find the locus of the centres of all conics which pass through 
four given points. 
Let the four points be +f, +g, +h. 
The equation of any conic will be 
ua2+ vp2+ wy2=0, 


uf? +097 wWh2=0 oii slisviskevecsassoceteceses (i). 
The co-ordinates of the centre of the conic are given by 


with the condition 


uala=vB/b=wy/c. 
Substitute for u, v, w in (i), and we have the equation of the locus, viz. 
af?By+bg?ya+ch?aB=0. [See Art. 210.] 


Ex. 2. The locus of the poles of a given straight line, with respect 
to conics through four fixed points, is a conic. 


Ex. 3. The polars of a given point with respect to a system of 
conics passing through four given points will pass through a fixed point. 


CONICS TOUCHING FOUR GIVEN STRAIGHT LINES. 
286. To find the equation of a conic touching four 
gwen straight lines. 


Let the triangle formed by the diagonals of the quadri- 
lateral be taken for the triangle of reference, then [ Art. 262] 
the equations of the four lines will be of the form 


lat+mBtny=0. 
The conic whose equation is 
ue? + VB? + wry? + Qu By + 2v'ya+ 2w'aB =0 ...(i) 
will touch the line (J, m, n) if 
UP + Vm? + Wr? + 2U'mn + 2V'nl + 2W'lm=0. 
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If therefore the conic touch all four of the lines, we 
must have 
U’=V’= W'=0, 
that is vw — uu’ =0, 
wu —v' =0, 
uv’ —ww =0; 
.u=v=w =0, 
or else (1) is a perfect square, and the conic a pair 
of coincident straight lines. 
Hence we must have uw’ = v’ =w' =0, and the condition 
of tangency is 
Pow + n?wu + n2uv = 0. 
Hence every conic touching the four straight lines is 
included in the equation 
ue + vB? + wy = 0, 
with the condition 
P/u + m?/v + n?/w =0. 
Ex.1. Find the locus of the centres of the conics which touch four 
given straight lines. 
Any conic is given by 


ua? + vp2+wy?2=0, 
with the condition 


The co-ordinates of the centre of the conic are given by 
ua vB _ wy, 
Gy ing 
therefore the equation of the locus of the centres is the straight line 
Larne pal 6! 
b c 
This straight line goes through the middle points of the three diagonals 
of the quadrilateral. [See Art. 219.] 
Ex, 2. The locus of the pole of a given line with respect to a system 
of conics inscribed in the same quadrilateral is a straight line. 
Ex. 3. The envelope of the polars of a given point, with respect to 
conics which touch four fixed straight lines, is a conic. 
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287. When the equation of a conic is of the form 
uo? + v8?+wy?=0, each angular point of the triangle of 
reference is the pole of the opposite side. This is at once 
seen if the co-ordinates of an angular point of the triangle 
be substituted in the equation of the polar of (a’, 8’, 9), 
viz. 


uaa + vB’B + wy'y = 0. 


Conversely, if the triangle of reference be self-polar, the 
equation of the conic will be of the form wa? + v8? + wy? = 0, 


For, the equation of the polar of A (= ob 0) , with respect 
to the conic given by the general equation, is 
uatwB+v'y=0. 


Hence, if BC be the polar of A, we have w’=v'=0, 
Similarly, if CA be the polar of B, we have w’=w'=0, 
Hence w’, v’, w’ are all zero. 


288. If two conics intersect in four real points, and 
we take the diagonal-points of the quadrangle formed by 
the four points for the triangle of reference, the equations 
of the two conics will [Art. 285] be of the form 


Ue + vB? +wy = 0, and u’a? + vB? + w'y? =0. 


So that, as we have seen in Art. 215, any two conics 
which intersect in four real points have a common self- 
polar triangle. 


When two of the points of intersection of two conics 
are real and the other two imaginary, two angular points 
of the common self-polar triangle are imaginary. When 
all four points of intersection of two conics are imaginary, 
they will have a real self-polar triangle. [See Ferrers’ 
Trilinears, or Salmon’s Conic Sections, Art. 282.] 


“See 
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Two TANGENTS AND THEIR CHORD oF ConTactT. 


289. When the triangle formed by two tangents and 
their chord of contact is taken for the triangle of reference, 
the equation of the conic will be of the form 


WBA Boy <2 OCS cs csoreeees (i). 


It is clear that the point (2kp, kp, 1) is on the conic 
for all values of p; and, as in Art. 107 or Art. 155, the 
point may be called the point ‘ p.’ 


The equation of the chord joining the points p,, p. is 
Paes By |= 0, 
2kp,, kp’, 1 / 
2kpo, kp’, 1 | 


whence we have, after expansion and division by p, — po, 


(pit pr.) a—28—2kpi psy =O .....00:. (ii). 
The equation of the tangent at ‘p,’ is therefore 
pie— B= kpPy =O ....s..ccecceee (ii1). 


Now the lines joining C to the points of intersection 
of lat+mB+ny=0 and «&—4k8y=0 are given by the 
equation 

ne + 4k (la+ mB) =0. 

Hence the condition that la+mB+ny=0 may touch 

the conic is 
4kmn — 4k°717=0, Le. kP=mn ......... (iv). 


Or, by comparing la+mB+ny=0 with the tangent at p,;, we have 
i 


n 
—= —m= ——,, whence ki?=mn. 
Pi kp?’ 
Ex.1. Ifa triangle is inscribed in a conic, and two of the sides pass 
through given points, the third side will envelope a conic. — 


Take the line joining the two points and the tangents at its extremities 
for the sides of the triangle of reference. 


S. G58. 24 
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Then the equation of the conic will be 
ARB Y= ii aedn.toss.cnewns er saemes sence (i), 
and the fixed points may be taken to be (0, g1, 1) and (0, go, he). 

If the angular points of the triangle are the points p;, pz, p3 on the 
conic, the equations of the sides will be 

(po + Ps) %— 28 — 2kpepsy=0, 
(p3+P1) «— 28 — 2kpspyy=0, 
and (pi+pe2) a - 28 — 2kppry=0. 
Since two of these sides pass through the given points, we have 
git kpspihy=0 and go+kpipeh2=03; 
*. gihope=ge2hip3- 
Hence the equation of the remaining side can be written 
(92h + g1he) p3a — 2g1ho8 — 2kgyhy ps*y=0, 
the envelope of which for different values of ps3 is 
16kgigzhhoB-y = (gohi + gre)? a? 

Ex. 2. If two conics are such that the tangents to one conic at two of 
their common points intersect on the second conic, an infinite number of 
quadrilaterals can be inscribed in the second conic whose sides touch the 
Jirst conic. 

Take the two tangents and their chord of contact for the sides of the 
triangle of reference; then the equations of the conics can be taken to be 

8S) =a? —4xBy=0, 
So=ABy+ wya+vaB=0. 
Let (a1, 61, y1) &c. be the angular points of any quadrilateral PORS 


inscribed in Sp such that PQ, QR and RS touch S;. Then we have to 
prove that SP also touches S,. 


Now the equations of PQ, QR, RS, SP are 
Aa HE 
ajay By Biba” ca een, 

Since PQ, QR and RS touch Sj, ..., we have 

Kn? fy KA2 py KA? py 
aag? BiByyiy2’ agrag?  BoBsyzys’ ee: asta? BsByysy4" 
Multiply the corresponding sides of the first and third equations and 
divide by the second. Then we have 


NSS SEY 
ayay? BiByyrys’ 
which is the condition that SP should also touch 8. 


Aer — 
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Ex. 3. If one quadrilateral is inscribed in one conic whose sides touch 
ed A E ° ° : 
. another conic, an infinite number of quadrilaterals can be so described. 


The four sides of the quadrilateral can be taken to be la +mB+ny=0; 
or, by putting z, y, z for la, m8 and ny respectively, the equations of the 
lines are x+y +z=0. 

The conic Sy =u? + vy?+w2z2=0 
touches the four lines if = vw wut uv=O oe.ecee eee eee eee eee ween (i). 

Four of the angular points of the quadrilateral are (1, 0, +1) and 
(1, £1, 0); and any conic through these four points is given by 

: Sg=a?—y? — 224 2wyz=0. 
Now the lines 
(ut+v) y?+ (wt w) 22 — Quu'yz=0.... eee eee eee (ii) 


go through the intersections of S; and S2. 

If one of the lines (ii) is y+kz=0, and its pole for S; is (0, y1, x), 
then vy,y +wz,z=0 is the same as y+kz=0, and therefore k=wz,/vy,. 

Hence, from (ii), we have 

(u+v) wz)? + (w+ w) v2yy? + 2uu/vwyy2z1=0 2.0... s eee (iii). 

The two points (0, y;, 21) given by (iii) are on So=0, if (iii) is the 

same as y;2+ 2,2 —2u’y,z;=9, the conditions for which are that 
(u+v) w2=(u+w)v?= —uvw, 
and these follow from (i). 

Thus if a quadrilateral is inscribed in the conic S, whose sides touch 
the conic S;, the tangents to S; at the extremities of two of the chords of 
intersection of S; and Sz will meet on Sq. 

It then follows from Ex. 2 that an infinite number of quadrilaterals 
can be inscribed in Sz whose sides touch S,. [See also Art. 324, Ex. 7.] 
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290. We have already found the equation of the 
circle which circumscribes the triangle of reference, 


namely ? 
a C 
Sha. kage 
teint Poraty 


We proceed to find the equation of some other circles 


connected with a triangle. 
24-2 
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I. To find the equations of the circles which touch the 
sides of the triangle of reference. 


If D be the point where the inscribed circle touches 
BOC, we know that 


DC=s—c, and DB=s—b. 
Therefore the equation of AD will be 


Bis Gy x 
(s—c)sinC@ (s a b) diac eee (i). 
Now the equation of any inscribed conic is 
Vra+ VB +N oy =O cececcccneseees (ii). 


The equation of the line joining A to the point of 
contact of the conic with BC will be given by 


VuB+Vvy=0; 


Hence, if (ii) is the inscribed circle, we have from (i) 


and (111) 
p/b(s—b) =r]o(s— 0) 
Similarly, by considering the point of contact with CA, 
we have 
v/e(s—c)=r/a(s—a). 
Hence the equation of the inscribed circle is 
Va(s—a)a+Vb(s—b) B+ Ve(s—c)y=0. 
The equations of the escribed circles can be found in a 
similar manner. 


Il. Yo jind the equation of the circle with respect to 
which the triangle of reference is self-polar. 


The equations. of all conics with respect to which the 
triangle of reference is self-polar are of the form 


Ua? +- VB? + wry? = 0. 


hie 
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The equation of any circle can be written in the form 
aBy + bya+ caB+ (Aa+ B+ vy) (aa+bB +cy)=0. 
If these equations represent the same curve, we have 
U=)a, v=pb, w=r0, 
a+pct+vb=0, b+va+r>c=0, and c+rAb+pa=0. 
Whence X=—cos A, »=—cos B, and vy=—cosC, 
The required equation is therefore 
acos A .@+bcos B.8?+ccosC.9?= 
I. To find the equation of the nine-point circle. 
Let the equation of the circle be 
apy + bya+ cab —(Aa+ wB + vy) (aa+bB+ cy) =0. 
This circle cuts a=0 where 68 = cy; 
*, abe —2 (pc + vb) be =0, 


He b 6 Qabe 
“ey Pry IA 6 
Similarly Pe A Aa 

Di adh Oo 
and =o i gliaines 


Hence 2n=cos A, 2u=cos.B, and 2v=cosC; 
therefore the equation of the circle is 
2aBry + 2bya + 2caB 

—(acos A + Bcos B+ ¥ cos C) (aa + 6B + cy) =9, 
or aSy+bya+caB—acos.A — 6*b cos B— yc cos C = 0. 


The form of this equation shews that the nine-point 
circle, the circumscribed circle, and. the self-conjugate 
circle have a common radical axis, the equation of “She 
radical axis being © 


acos A + BcosB+y cos C=0. 
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EXAMPLES. 
J. Shew that the conic whose equation is 
Vaa+Nop+Vey=0 
touches the sides of the triangle of reference at their middle points. 
9. If a conic be inscribed in a triangle, the lines joining the 


angular points of the triangle to the points of contact with the opposite 
sides will meet in a point. 

3. The centre of the self-conjugate circle of a triangle is its ortho- 
centre. 


4. The locus of the centres of all rectangular hyperbolas described 
about a given triangle is the nine-point circle. : 


5. Find the centres of the conics whose equations are 
(i) Ja cos 4+ /B cos B+ n/7 cos C=0, 
(i) Jesin4+,/ysin B+./zsin C=0. 
Ans. (i) (a, b,c), (ii) (b+e, c+a, a+), 
6. A parabola circumscribes the triangle ABC and the tangents at 


A, B, C form the triangle A’B’C’. Prove that 4d’, BB’, CC’ meet ina 
point on the ellipse which touches the sides of ABC at their middle points. 


7. On each side of the triangle ABC, and on the side remote from 
the triangle, an isosceles triangle is described having each of the angles 
at the base equal to 6. If D, EH, F are the vertices of these triangles then 
will AD, BE, CF meet in a point O; and the locus of O, for different 
values of 0, is a rectangular hyperbola. 


8. Ifa conic circumscribes the triangle ABC and one of its foci is at 


the circumcentre of ABC, the corresponding directrix is one or other of 
the lines aa=bB+cy=0. 


9. If uat+vp? + wy? + 2u'By+2v’ya+2w'aB=0 is the equation of a 
circle, the power of any point with respect to it is 
¢ (a, B, 7)/(v sin? C +w sin? B —2u’ sin B sin C). 
10. Lines 40, BO, CO through the point (f, 9, h) cut BC, CA, AB 


in the points L, M, N respectively. Also MN cuts BC in P, NL cuts CA in 


Qand LM cuts ABin R. Prove that the lines MN, NL, LM and PQR 
touch the two conics 


a? /f2 (9? — h2) + B/g? (12 — f2) + 2/12 (f2— 92) =0, 
and a2 /f* (92 — 12) + Bg (12 — f2) + 42]h (72 — 92) =0. 
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11, The tangents at 4, B, C to the circle ABC meet the sides BC, 

- CA, AB respectively in the points 4’, B’, C’. Prove that the middle 

points of 4A’, BB’, CC’ are on the radical axis of the circumcircle and 
the nine-point circle. 


12, The polar of the in-centre of a triangle, with respect to any 
parabola which circumscribes the triangle, envelopes the circle through 
the centres of the three escribed circles of the triangle. 


[Any parabola is \8y+pya+va8=0 with condition 
nara POM Reo = One eet Sse (i). 
The polar of (1, 1, 1) is 
A(B+y) +H (y+4a)+y (atB)=0 oe. (ii). 
The envelope of (ii) with condition (i) is [Art. 284] 
af(8 +4) +0/(y+a) +e/(a+8)=0.] 


291. Pascal’s Theorem. If a hexagon be inscribed 
wn a conic, the three points of intersection of the three pairs 
of opposite sides will be on a straight line. 


Let the angular points of the hexagon be A, F, B, D,C,£. 
Take ABC for the triangle of reference, and let the points 


D, E, F be (a’, B; 9’), (a, ege y”), and (a, Be, 9"). 
Let the equation of the conic be 


= + B zo : gE regichlte PTR ha (1) 
The equations of BD and AE will be a and 
g = ra therefore at their intersection, a 7 = fe 
if t Ne as 
Similarly CD, AF meet in the point eae i tn) , 


And CE, BE meet in the point (1, oa a) ‘ 
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The three points will lie on a straight line if 


psa i 1 f=, or iE 1. 2. dy jere pcea (ii) 
o’ > WwW oe > rf” ? of” . 
al’ 1 yf” pe al i! 
B’ ? ? Bp” B’ > B” > Bp” 
it we 1 1 1 
Y —_—, —_, —— 
1 ? a’ ? a” | 79 ot’ ? a” 


But, since the three points D, E, F are on the conic (i), 
we have 


Tis ay gl 
5+54+—,=9, 
as S$ iy 
A fe oD 
pied oe sels ele 
at gto > 
and eo LE pul ce 
a” ots yf” 


By the elimination of 2, wu, v we see that the condition 
(ii) is satisfied, which proves the proposition. [See also 
Art. 324, Ex. 3.] 

Since six points can be taken in order in sixty different 
ways, there are sixty hexagons corresponding to six points 
on a conic; and, since Pascal’s Theorem is true for every 
one of these hexagons, there are sixty Pascal lines corre- 
sponding to six points on a conic. 


292. If a hexagon circumscribe a conic, the points of 
contact of its sides will be the angular points of a hexagon 
inscribed in the conic. Each angular point of the circum- 
scribed hexagon will be the pole of the corresponding side 
of the inscribed hexagon ; therefore a diagonal of the cir- 
cumscribing hexagon, that is a line joming a pair of 
its opposite angular points, will be the polar of the point 
of intersection of a pair of opposite sides of the inscribed 
hexagon. But the three points of intersection of pairs of 
opposite sides of the inscribed hexagon lie on a straight 
line by Pascal’s Theorem; hence their three polars, that is 
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the three diagenals of the circumscribing hexagon, will 
meet inapoint. This proves Brianchon’s Theorem :— 
uf a hexagon be described about a conic, the three diagonals 
will meet in a point. 


293. If we are given five tangents to a conic we can 
find their points of contact by Brianchon’s Theorem, For, 
let A, B, C, D, E be the angular points of a pentagon 
formed by the five given tangents; then, if K be the point 
of contact of AB, A, K, B, C, D, EF are the angular points 
of a circumscribing hexagon, two sides of which are co- 
incident. By Brianchon’s Theorem, DK passes through 
the point of intersection of AC and BH; hence K ‘is 
found. The other points of contact can be found in a 
similar manner. 

Similarly, by means of Pascal’s Theorem, we can find 
the tangents to a conic at five given points. For, let A, 
B, C, D, EF be the five given points, and let F be the point 
on the conic indefinitely near to A; then, by Pascal’s 
Theorem, the three points of intersection of AB and DE; 
of BC and EF; and of CD and FA lie on a straight line. 
Hence, if the line joining the point of intersection of AB 
and D£ to the point of intersection of BC and HA meet 
CD in H, AH will be the tangent at A. The other 


tangents can be found in a similar manner, 
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294. If l, m,n be the three constants in the trilinear 
or areal equation of any straight line, the position of the 
line will be determined when J, m and n are given; and 
by changing the values of J, m and nm the equation may 
be made to represent any straight line whatever. 

The quantities J, m and m which thus define the position 
of a straight line are called the co-ordinates of the line. 

If the equation of a straight line in areal co-ordinates 


be 
la+ my +nz=0, 
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the lengths of the perpendiculars on the line from the 
angular points of the triangle of reference will be pro- 
portional to J, m,n. This follows at once from Art. 260; 
we will however give an independent proof. 

Let the lengths of the perpendiculars from the angular 
points A, B, CU of the triangle of reference be p,q, 7 
respectively. Let the line cut BC in the point K, and let 
the co-ordinates of K be 0, y’, 2. 

Then gate: BK: Ckz:—24 « Ye 

But, since K is on the line, my’ +nz’ +0; therefore 

qos? mnie 

295. The lengths of the perpendiculars on a straight 
line from the angular points of the triangle of reference 
may be called the co-ordinates of the line. If any two of 
these perpendiculars be drawn in different directions they 
must be considered to have different signs. : 

From the preceding Article we see that the equation of 
a line whose co-ordinates are p, g, r is pe+qy+rz=0. 

When the lengths of two of the perpendiculars on 
a straight line are given, there are two and only two 
positions of the line; so that, when two of the co-ordinates 
of the line are given, the third has one of two particular 
values. Hence there must be some identical relation 
connecting the three co-ordinates of a line, and _ that 
relation must be of the second degree. 


296. To find the identical relation which exists between 
the co-ordinates of any line. 

Let @ be the angle the line makes with BA, then we 
have q—p=csin 6, and g—r=asin(6+B). The elimi- 
nation of @ gives the required relation, viz. 

a’ (q — p)— 2ac cos B(g— p)(q—r) +e (q—ry=4d%, 
i.e. Xp'a? — 2d¢qr be cos A = 4A? . 

It therefore follows [Art. 280, 111] that if p,q, 7 are 
the actual lengths of the perpendiculars from A, B, 
on the line pe+qy+rz=0, the perpendicular distance 
of any point (%, 41,2) is pat+qyt+rh. 
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297. Ifthe line pe+qy+rz=0 pass through a fixed 
point (f, g, h), then ‘i : 


PAG ToTH =). wise cos nscnsrcncevers (i). 


So that the co-ordinates of all the lines which pass 
through the point whose areal co-ordinates are f, g, h 
satisfy the relation (i). 


Hence the equation of a point is of the first degree. 


298. If the co-ordinates of a straight line are con- 
nected by any relation the line will envelope a curve, and 
the equation which expresses that relation is called the 
tangential equation of the curve. 


We have seen that the tangential equation of a conic is 
of the second degree, and that every curve whose equation 
is of the second degree is a conic. If (J, m, n)=0 be 
the tangential equation of the conic whose areal equation 
is }(a, y, z)=0, and if the coefficients in the equation 
d=0 be wu, v, w, uv’, v', w’, the corresponding coefficients in 
the equation yr =0 will be U, V, W, U’, V’, W’, the minors 
of u, v, w, u,v, w’ respectively in the determinant 

u, w, v 
WS ai, war 
v, wv, w| 


Since wu, v, w, wu’, v’, w’ are proportional to the minors of 


U, V, W, U’, V’, W’ in the determinant 


Le et Wid Sea 
W’* Vv, UT |; [see Art. 237] 
V' ; Gig P W : 


it follows that if y (J, m,n) =0 be the tangential equation 
of the conic whose areal equation is $ (a, y, 2)=9, then 
(1, m, n)=0 will be the tangential equation of the conic 
whose areal equation is (a, y, z)=0. 
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299. We can find the equation of the point of contact 
of any tangent by an investigation similar to that in 
Art, 238. 


The equation is 


dp, dp, dp _ 
P ap’ * 1 aq’ 1 ee 

=a ,dd add dd _ 
ie P ptt Raa 


where $(p, q, 7) is the equation of the conic, and D> OW yike 
are the co-ordinates of the tangent. 


if (p’, q’, 7’) be not a tangent to the curve, the above 
equation will be the equation of the pole of (p’, q’, 7’). 


The centre is the pole of the line at infinity whose 
co-ordinates are 1, 1, 1; hence the equation of the centre 


of the curve is 
BSUS Mp Sik Ny =, (i) 


300. If one triangle can be inscribed in one conic and 
circumscribed about another, an infinite number of triangles 
can be so described, and all such triangles are self-polar 
with respect to a third fixed conic. 


The triangle of reference is inscribed in the conic 


ne oe 
scalded ale Stine 


and is circumscribed to the conic 
S,=Vla+VmB + Vny =0. 
Now from any point A’ on the conic S, draw two 
tangents A’b’, A’C’ to the conic S,, cutting S, again in the 


points B’, C’, Then we have to prove that B’O’ touches 
the conic S,. 
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Let’ the co-ordinates of .A’, B’, C’ be (a » Bi; 4), &e 
Then the lines A’B’, A’C’ are see kil 
Aa HB vy 

+ = 0, 
OA, BBs N72 
Aa, wR , vy 
a, 
m4; BiB; "Ys 
Since these lines touch S,, we have [Art. 284] 


and 


t m n l m n 
ce sb ny 0, 1 yA +E as ee = Har 
et m n 
x ea z mn By i. o a 
Bos me Batya Yrs — Ys2 a 83 — 3/9, f 


Hence B’C’ may be written 


Hence 


L m n , 
eget Or ae ATU se eceosevene (i), 
and this touches S,, since “E pee eee tay 
loa mB, ny 


This proves that an infinite number of triangles can be 
inscribed in S, whose sides touch S,. 


Now the equation of B’C’ may also be writtex 
Aa  pP vy % 
203; 8283 —*YoYs me <u), 
whence Lot, 05/2 = m3, BoBs/ pu? = Nyryoy3/V? «+++: (111). 
The polar of (%, 61, 71) for the conic 
S,=La+MUB?+ NyY=0 
gg La,a+ MB, B+ Nyy =0. 
This is the same line as B’C’ whose equation is 
NA/ e245 + #B/B.Bs + vy/y2%2 = 9, 
if. Li, &%/ = MB, B2P 3/6 = Nyiyoy2/; 
Le, from (iii), if LA/l=Mp/m=Nv/n. 
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Thus all the triangles which are inscribed to the conic 
S,=r/at+ p/B +v/y=0, 
and circumscribed to the conic 
8,=Vla+V mB +V ny =; 


are self-polar for the conic 
r L m n 
S,=- @+— B?4+-77=0. 
2 Ey. i B wy! 
Let (a’, 8’, y’) be any point on S,; then its polar with respect to S3 is 


l m n 4 
= 6- =< B= y YO) Uiwtascanc: ceesseee ed iv). 
kara ad ad IAL (iv) 


The condition that (iv) should touch SQ is 


i.e.! Na’ + u/B8' +r] =0, 
which is true for any point on S,. 


Thus S, and Sg are the reciprocals of one another with respect to S3. 


Ex. If one triangle self-polar for a conic S; can be circumscribed to a 


conic Sg, then an infinite number of triangles can be inscribed in S; which 
are self-polar for So. 


The equations of the conics can be taken to be 
S)=ua?+vp2+wy2=0, 
So= J rat J uB+ a/vy=0. 


The conic Sy touches B=0, y=0 in points on the line 


= NG MBA PY =O eee octane Rosa coeer eee (i). 
Let (a1, 81, 1) be a point P where (i) cuts S; so that 
= NO By ey 4 =O oe estes pence eee (ii), 
and Wey? + UBI2 + WZ =O... eee eeseesecseceeen essere (iii). 


The polar of (a1, 8;, 71) for Se is 
Aa (Nay — “81 — v1) + MB ( — Nay + MBy — vy1) + ry (— day — wB1+r71) =0, 


i.e. from (ii) By irey B= 0 ae en eee (iv). 
Now (iv) cuts S, where a?/a;2= 6?/6,2, from (iii). 


INSCRIBED—CIRCUMSCRIBED TRIANGLES 383 


2 Hence, if the polar of P cuts S in the points Q, R, these points are 
> (#1, B1,-71)- 
Now Q, RB are conjugate for So, if 
Nay (— ay — wBy + vy1) +481 (+a, + 481 +771) — vy1(+da1— HB1— v1) =0, 
which follows from (ii). 
Hence the triangle PQR is in S; and is self-polar for S2. 
Tt now follows from Art. 300 that there are an infinite number of 
triangles in S, and self-polar for S3. 


301. Let A, B, C, D be any four points on a conic S, 
and take the diagonal triangle of the quadrangle ABCD 
for the triangle of reference. Then the four points 
A, B,C, D can be taken to be (1, +1, +1); and the 
three pairs of lines joining them are 6?— y?=0, y7—a?=0 
and a? — 8?=0. 

Also the equation of S is wa?+ v6? + wy? = 0, with the 
condition u+v+w=0. 

Hence S is given by any one of the equations 

Bt—9 y-@ ap 


U Vv WwW 


Now consider the three conics 
8, = (la + mB + ny) — (6? —°)/u =, 
S, =r (la+mB + ny)? — (7? — &)/v = 0, 
$, = (la-+mB + ny) —(a2— B)/w = 0, 
where la+m8+ny=O0 is any straight line. It is easily 
seen, from (i), that they all go through the same four 
points on S, so that i 2s possible to draw three conics, 
through the same four points on S, each of which has 
double contact with one of the line pairs (AB, CD), 
(AC, BD), (AD, BC), the chords of contact being along 
any gwen line la+mB+ny=0. 

If » be so chosen that S, is any given conic touching 
AB, CD at P,Q; then S, and S, are determined, and they 
are conics through the four points of intersection of 8 
and S, which touch AC, BD and AD, BC respectively, 
PQ being the chord of contact in each case. 


1 
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, 802. Now suppose that ABC, A’B’C’ are two triangles _ 
inscribed in the conic S such that the sides AB, BC, 
A’'B’, B’C’ touch the conic S,in the points P, Q, P’, Q 
respectively. ; 

Then, by Art. 301, 4A’ and BB’ will touch a conic 
through the points of intersection of S and S,, the points 
of contact being the points where PP’ cuts AA’, BB’ 
respectively. 


Also BB’ and CC’ will touch a conic through the 
points of intersection of S and S,, the poimts of contact 
being the points where QQ’ cuts BB’, CC" respectively. 


Now B is the pole of PQ for the conie 8S, and B’ of 
P’Q’. Hence BB’ is the polar of O the point of inter- 
section of PQ and P’Q’; and we know that PP’ and QQ’ 
meet on the polar of O, 


It follows therefore that the same conic through the 
intersections of S and S, will touch AA’, BB’ and CC’. 


Then since AA’ and CC’ touch a conic through the 
points of intersection of S and S,, it follows that AC and 
A’C” also touch a conic of the system. 


Hence 7f a triangle is inscribed in a conic S and two 
of its sides touch a conic S,, the third side will touch a 
conic Sz, all three conics having the same points of inter- 
section; and if the third side touches S, im one of tts 
positions, the third side will always touch S, [Art. 300]. 


303. Again, let the triangle ABC be inscribed in the 
conic S, and let AB touch the conic S, and BC touch the 
conic S,, the three conics S, 8,, S, passing through the 
same four points. 


Let A’B’C’ be another position of the triangle ABC, 
and let BX, B’X’ be the other tangents from B to the 
conic 8,, the points X, X’ being on 8, 

Then, by Art. 301, since AB, A’B’ touch the conic 


S,, AA’ and BB’ both touch a conic of the four-point 
system. 
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_ Similarly BB’ and CO" touch a conic of the system; 
and so also for BB’ and XX’. 

Now only two conics of the four-point system will 
touch BB’; and, if their points of contact are K, K’, the 
range {BK B’K”’, is harmonic, for K, K’ are the double 
points of an involution of which B, B' are a conjugate 
pair [Art. 213, Ex. 5]. Hence only one conic of the system 
will touch BB’ in a point between B and B’. But, if 
A and A’, B and B’, C and C’, X and X’ are near to- 
gether, the corresponding chords of contact will cut BB’ 
between B and .B’. 

It therefore follows that, if the triangle ABC be 
gradually moved round so that it takes up the position . 
A’B’C’, without any abrupt changes in the direction of 
one of the sides, the lines AA’, BB’, CC’ will all touch 
the same conic of the system. [This is also true for AA’, 
BB’ and XX’.] 

Then, since 4A’ and CC’ touch the same conic of the 
system, it follows that AC and A’C’ touch the same conic 
of the four-point system, so that the envelope of AC is 
a fixed conic. [So also the envelope of AX is another 
fixed conic. | 

Thus, if ABC is inscribed in the conic S, so that AB 
touches the conic S, and BC the conic S,, the three 
conics S, S,, S, having the same points of intersection ; 
then the side CA will touch one or other of two fixed conics 

through the same four points. 


304. Now consider the case of a polygon ABCD... 
inscribed in a conic S with all its sides but one touching 
a conic 8S, Since AB, BC touch 8, it follows that AC 
touches a conic S, through the points of intersection of S 
and §,. Then,since AC and CD touch conics of this four- 
point system, it follows that AD touches another conic of 
the system; and so on. Thus the remaining side of the 
polygon‘ will envelope a fixed conic % through the inter- 
section of S and S,; and, if the remaining side touches S, 
in any one of its positions, it will always touch §,, For 


S.C. 8. 25 
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we know that this is true for a triangle Art. 300, and for 
a quadrilateral Art. 289, Ex. 8; and when all the sides of 
ABCD... touch S,, any one of them might be considered 
as the free side, and there could not be more than four 
common tangents of S, and another conic 2 


This is the ‘Porism of the inscribed—circum- 
scribed polygon,’ namely :— 
‘If one polygon can be inscribed in a conic whose sides 


touch a second conic, there will be an infinite number of 
such polygons.’ [See also Art. 330 and Art. 340.] 


Ex. 1. The locus of a point the pairs of tangents from which to two 
given conics are harmonically conjugate is a conic. 


Refer the conics to their common self-polar triangle, and let their 
equations be 
Ux? 4 v,y2+wz2=0 and usr? + vey? + woz2=0. 
The tangents from (f, g, h) to the first conic are given by the equation 
(ux? + vyy? + w 42”) (uy f2+ v1g? + wih?) — (Uy fe+vigy + wyhz)?=0. 
They cut a=0 in points which joined to (1, 0, 0) form the lines 
Vy (ty f2 + wyh?) y? — Qvyw, ghyz + wy (uf? +0192) 22=0. 
For the other conic we have similarly 
V2 (Ug f2 + wah?) y* — Qwowoghyz + we (Ug f? + veg?) 22=0. 
Since these pairs of lines are harmonically conjugate, we have 
VW (Uf? + Wh?) (uy f? + vag?) + Wye (wf? + v1g?) (wef? + weh?) 
= Qvyvowywog?h?, 
which reduces to 
UyUlg (VjWe + VyW}) J? + VVe (Wig + WyUty) J? + Wwe (Uyv2+ Ugv}) h2=0, 
Thus the locus required is the conic 
Duytlg (vywe + Vgw,) c?=0. 
This conic is often referred to as the conic F=0. 


Since three coincident lines and any other line through a point form 
a harmonic pencil, it follows that the conic F passes through the eight 
points of contact of the common tangents of the given conics, as is easily 
verified from its equation. : 


* 
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Ex. 2. The envelope of a straight line which cuts two given conics in 
pairs of points which are harmonically conjugate is a conic. 

We may take the equations of the conics to be 

ua? + vy? +wyz2=0 and ugr?+voy2+ woz2=0. 

The line lr+my+nz=0 cuts the first conic in points which when 

joined to (1, 0, 0) form the lines 
. Uy (my +nz)2 + vyl2y? + w,l2z2=0, 

or (uym? + v1?) y? + Quymnyz + (wil? + un?) 22 =0. 

We have similarly for the other conic the lines 

(ugm? + v9l*) y? + Quomnyz + (wel? + ugn?) z2=0. 
Since these pairs of lines are harmonically conjugate, we have 
(uym? + vyl?) (wl? + ugn?) + (wil? + wyn?) (ugm? + vel?) = Quzugm?n? ; 
(vywe + V9W) 22 + (Wyug + wou) m? + (Uyve + Ugv;) n2=0. 

And the envelope of lz+my-+nz=O with the above condition is the 

conic 
2 (VyWe + Vow!) + Y?/(Wy Uy + WoUy) + 27/(UyY2 + Ugh) =0. 

This conic is often referred to as the conic F”’ = 

Since three coincident points and any other point on a straight line 
form a harmonic range, it follows that the conic F’ touches the eight 
tangents at the common points of the given conics, as is easily verified 
from its equation. 


Ex. 3. Four circles are described so that each of the four triangles, 
formed by each three of four given straight lines, is self-polar with respect 
to one of the circles; prove that these four circles and the circle circum- 
seribing the triangle formed by the diagonals of the quadrilateral have 
@ common radical axis. 

Take the triangle formed by the diagonals for the triangle of reference, 
then the equations of the four straight lines will be la+mB+ny=0. 
All conies with respect to which the lines 

lat+mB+ny=0, la—mB+ny=0, and la+mB—ny=0 

form a self-polar triangle are included in the equation 

L (la+mB +ny)?+M (la—mB+ny)?+ N (la+ mB — ny)?=0......(i). 
Tf this conic be a circle its equation can be put in the form 

aBy + bya+caB+ (a+ ph +ry) (aat+bB+cy)=0.....0006 (ii), 
and \a+pB+vy=0 is the radical axis of (ii) and of the circumscribing 
circle. Comparing coefficients of a2, 6? and +? in (i) and (ii) we have 
2/arx=m?2/bu=n?/er. 
25—2 
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Hence the equation of the radical axis is 
= +S = B+ = y=0. 

This is clearly the same for all four circles. 

Ex. 4. The director-circles of all conics which are inscribed in the 
same quadrilateral have a common radical axis. 

Let the triangle formed by the diagonals of the quadHintere be taken 
for the triangle of reference. 

Then the equations of the four lines will be Ja+mB+ny=0. [Art. 
262.] 

The equation of any one of the conics will be ua?+vf?+wy?=0. 
[Art, 286.] 

The equation of the two tangents from the point (a’B’y’) is 

(ua? + vB?+ wy?) (ua’2 + vB? + wy?) — (ua’a + vp'B + wy'y)?=0. 
The condition that these lines may be perpendicular is [Art. 259] 
u (vp’2+ wy’) +0 (wy? +ua’!) + w (ua’? + vB’) + 20wB’y' cos A 
+2wuy'a’ cos B+ 2uva B’ cos C=0. 

Hence the equation of the director-circle of the conic ua? + vf?+ wy2=0 

will be 


f2+72+2Bycos A i 72 +024 2ya cos B = a2 + 624 2a8 cos C 


a ae = =O, nt )e 

But, since the conic touches the four lines la + mB+ny=0, we have 
2 an? 2 ; 

See he Oe ee (ii). 


be) Shep 
Comparing (i) and (ii) we see that all the director-circles pass through 
the points given by 
B+y?+2BycosA  72+a2+2yacos B _ +B? +2aB8 cos C 
2 m2 nz 
[See also Art. 245 and Art. 312.] 
Ex, 5. If a conic referred to areal co-ordinates has the triangle of 
reference for & self-polar triangle, its axes are given by the equation 
TA +1? (ary q29 + V2qtq + c2xoYo) + 4A*xoy/%=0, 
where xo, Yo, 20 are the co-ordinates of its centre. 


The centre of the conic ux? +vy?+wz2=0 is given by uxy=vyo= wap. 
Hence the tangential equation of the conic is 


Pag + m2yo + n2zy=0. 
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Hence, as in Art. 277, if (71, y1, 21), (x2, yo, 2,) are the foci, 
4A? (xy + my; + nz) (larg +myg+ nzy) — 7? (Sl2a2 — 2Smnbde cos A) 
=) (xy + myo + 222). 
In this identity put 1=m=n=1; then \=4A?, and the axes [Art. 277] 
are given by the equation 


a?+4A2x/72, —abcos C, -accosB |! =0, 
—abcos C, b24 4A2y/r2, —becos A a 
—accos B, —becos A, c2 + 4A%z, 2 | 


which reduces to 
4A2 xy 0% +12Za2yyzy + 7#=0. 
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1. Shew that the minor axis of an ellipse inscribed in 
a given triangle cannot exceed the diameter of the inscribed 
circle. 

2. Find the area of a triangle in terms of the trilinear or 
areal co-ordinates of its angular points. 

3. If four conics have a common self-conjugate triangle, 
the four points of intersection of any two and the four points 
of intersection of the other two lie on a conic. 

4. Shew that the eight points of contact of two conics 
with their common tangents lie on a conic. 

5. Shew that the eight tangents to two conics at their 
common points touch a conic. 

6. Any three pairs of points which divide the three 
diagonals of a quadrilateral. harmonically are on a conic. 

7. Find the equation of the nine-point circle by considering 
it as the circle circumscribing the triangle formed by the lines 
aa—bB—cy=0, bB-—cy—aa=0, and cy—aa—bB=0. 

8. Shew that the equation of the circle concentric with 
aBy+bya+caB=0 and of ae r is 


* (aa - 68 ao cy)= 


apy + bya + ca ba 


where # is the radius of the Dies circumscribing the triangle 
of reference. 
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9, The equation of the circumscribing conic, whose 
diameters parallel to the sides of the triangle of reference 
Are 7, To) %3 18 

a b G19 
ria ss re B z rey ; 

10. ABC isa triangle inscribed in a conic, and the tangents 
to the conic at A, B, C are B'C’, C'A’, A'B’ respectively ; shew 
that AA’, BB’, and CC’ meet in a point. Shew also that, if D 
be the point of intersection of BC, B'C’; # the point of inter- 
section of CA, C’A’, and F the point of intersection of AB, 
A'B’; D, E, F will be a straight line. 


11. Lines are drawn from the angular points A, B, C of 
a triangle through a point P to meet the opposite sides in 
A’, B,C’. B'C' meets BC in K, C’A' meets CA in L, and A’B’ 
meets AB in M, Shew that X, LZ, M are on a straight line. 
Shew also (i) that if P moves on a fixed straight line then 
ALM will touch a conic inscribed in the triangle ABC; (11) 
that if P moves on a fixed conic circumscribing the triangle 
ABC, then KIM will pass through a fixed point; (iii) that if 
P moves on a fixed conic touching two sides of the triangle 
where they are met by the third, AZ will envelope a conic. 


12. Lines drawn through the angular points A, B, C’ of 
a triangle and through a point O meet the opposite sides in 
A’, B', C’; and those drawn through a point O’ meet the 
opposite sides in A”, B”’, C". If P be the point of intersection 
of B'O' and BC”, Q be the point of intersection of C’A’, OA", 
and # be the point of intersection of A’B’, A”B”’; shew that 
AP, BQ, CR will meet in some point Z. Shew also that, if 
0, O' be any two points on a fixed conic through A, B, C, the 
point 7 will be fixed. 


13, Find the focus and the directrix of the parabola 
Mra [HB + x/vy = 0. 
14. Find the focus and the directrix of the parabola 
we? + vy? + we? =0. 
15, Shew that the locus of the points of contact of 


tangents, drawn parallel to a fixed line, to the conics in- 
scribed in a given quadrilateral, is a cubic; and notice any 
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remarkable points, connected with the quadrilateral, through 


~ which the cubic passes. 


16. An ellipse is inscribed within a triangle and has its 
centre at the centre of the circumscribing circle. Shew that 
its major and minor axes are R+d and R—d.-respectively, R 
being the radius of the circumscribing circle and d the distance 
between the centre and the orthocentre. 


17. Prove that a conic circumscribing a triangle ABC 
will be an ellipse if the centre lie within the triangle DHF or 
within the angles vertically opposite to the angles of the 
triangle DEF, where D, E, F are the middle points of the 
sides of the triangle ABC. 


18. Shew that the locus of the foci of parabolas to which 
the triangle of reference is self-polar is the nine-point circle. 


19. Shew that the locus of the foci of all conics touching 
the four lines /a + mB + ny=0 is the cubic 


ae x £3 fi ne Pe sb 
la+mB+ny la—mB-—ny =la+mB—ny* —la—mB+ny — 
where P?=/?+m?+n?—2mncos A —2nl cos B — 2hn cos C, 


and P.?, P,?, P? have similar values. 
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20. If a conic be inscribed in a given triangle, and its 
major axis pass through the fixed point (f, g, h), the locus of 
its focus is the cubic - 

Sa (B°— 7’) + 9B CP — a) + hy (a8 — B*) = 0. 

21. If the centre of a conic inscribed in a triangle move 
along a fixed straight line, the foci will lie on a cubic circum- 
scribing the triangle. 

22. The locus of the centres of the rectangular hyperbolas 
with respect to which the triangle of reference is self-conjugate 
is the circumscribing circle. 

23. The locus of the centres of all rectangular hyperbolas 
inscribed in the triangle of reference is the self-conjugate 
circle. 

24. Shew that the nine-point circle of a triangle touches 
the inscribed circle and each of the escribed circles. 
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25. The tangents to the nine-point circle at the points 
where it touches the inscribed and escribed circles form a 
quadrilateral, each diagonal of which passes through an angular 
point of the triangle, and the lines joining corresponding 
angular points of the original triangle and of the triangle 
formed by the diagonals are all parallel to the radical axis 
of the nine-point circle and the circumscribing circle. 


26. The polars of the points A, 5, C with respect to a 
conic are B’C’, C'’A’, A’ B’ respectively ; shew that 4A’, BB’, CC’ 
meet in a point. 


27. If an equilateral hyperbola pass through the middle 
points of the sides of a triangle ABU and cuts the sides BC, 
C'A, AB again in a, B, y respectively, then Aa, BB, Cy meet 
in a point on the circumscribed circle of the triangle ABC. 


28. Shew that the locus of the intersection of the polars 
of all points in a given straight line with respect to two given 
conics is a conic circumscribing their common self-conjugate 
triangle. 


29. Two conics have double contact; shew that the locus 
of the poles with respect to one conic of the tangents to the 
other is a conic which has double contact with both at their 
common points. 


30. Two triangles are inscribed in a conic ; shew that their 
six sides touch another conic. 


31. Two triangles are self-polar with respect to a conic; 
shew that their six angular points are on a second conic, and 
that their six sides touch a third conic. 


32. If one triangle can be described self-polar to a given 
conic and with its angular points on another given conic, an 
infinite number of triangles can be so described. 


35, A system of similar conics have a common self-conju- 
gate triangle; shew that their centres are on a curve of the 4th 
degree which passes through the circular points at infinity and 
of which the angular points of the triangle are double points, 


34, If A, B, C, A’, BY, C’ be six points such that AA’, BB’, 


CC’ meet in a point, then will the six straight lines AB’, AC’, 
BC'", BA’, CA’ and CB’ touch a conic. 
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35. A conic is inscribed in a triangle and is such that 
- the normals at the points of contact meet in.a point ; prove 
that the -point of concurrence describes a cubic curve whose 
asymptotes are perpendicular to the sides of the triangle. 


36. If p,, po, Ps, ps be the lengths of the perpendiculars 
drawn from the vertices A, B, C, D ‘of & quadrilateral cireum- 
scribed about a conic on any other tangent to the conic, shew 
that the ratio of p,p; to p.p, will be constant. 


37. The polars with respect to any conic of the angular 
points A, B, C of a triangle meet the opposite sides in 4’, Be 
Or; shew that the circles on AA’, BB’, CC’ as diameters have 
a common radical axis. 


38. A parabola touches one side of a triangle in its 
middle point, and the other two sides produced; prove that 
the perpendiculars drawn from the angular points of the 
triangle upon any tangent to the parabola are in harmonical 
progression. 


39. Shew that the tangential equation of the circum- 
seribing circle is a,/p+6,/q+e,/r=0. Hence shew that 
the tangential equation of the nine-point circle is 


as(qtr)+b Mir+p) +e /(p+q=0. 
40. The locus of the centre of a conic inscribed in a given 


triangle, and having ue sum of the a aah of its axts constant, 
is a circle. wore centre i Me 


41. The director circles of all conics inscribed in the same 
triangle are cut orthogonally by the circle to which the triangle 
of reference is self-polar. 


42. The circles described on the diagonals of a complete 
quadrilateral are cut orthogonally by the circle round the 
triangle formed by the diagonals. 


43. If three conics circumscribe the same quadrilateral, 
shew:that a common tangent to any two is cut harmonically 
by the third. 

44, Tf three conics are inscribed in the same quadrilateral 


the tangents to two of them at a common point and the tan- 
gents to the third from that point form a harmonic pencil. 
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45. The locus of a point from which the tangents drawn 
to two equal circles form a harmonic pencil is a conic, which is 
an ellipse if the circles cut at an angle less than a right angle, 
and two parallel straight lines if they cut at right angles. 


46, The angular points of a triangle are on the sides of a 
given triangle, and two of its sides pass through fixed points ; 
shew that the third side will envelope a conic. 


47. Ifa conic touches three fixed straight lines and passes 
through a given point P, the locus of the pole of a fixed straight 
line i8 a conic which touches three fixed straight lines for all 
positions of P. 


48. Two points O, O' are taken within a triangle ABC, 
and lines drawn through the angular points and O, O’ deter- 
mine on the sides the point-pairs XY, X'; Y, Y¥’; Z% Z’ 
respectively. Corresponding sides of the triangles XYZ, 
X'Y'Z' meet in P, Q, R. Prove that the six points X, Y, Z 
X’, Y’, Z lie on a conic of which PQA is a self-polar 


triangle. 
49, If the conic whose equation is 
Ua? + vy? + we? + Qu’yz + Qv'za + 2w'xy =0 


cuts the sides of the triangle ABC in three pairs of points 
which are joined to the opposite angular points, the six lines 
touch the conic 


Uwra? + Very? + Wee? — 20 vw yz—2V'wu za — 2W' wv vy =0. 


50. From the angular points of the fundamental triangle 
pairs of tangents are drawn to (wowu'v'w' Y xyz)? =0, and each 
pair determine with the opposite sides a pair of points. Find 
the equation to the conic on which these six points lie, and 
shew that the conic 


Va(vw' — uw) + Jy (wu — ov) + Jz (ue — ww) =0 


and the above two conics have a common inscribed quadri- 
lateral. 


CHAPTER XIV. 
RECIPROCAL POLARS. PROJECTIONS. 


305. IF we have any figure consisting of any number 
of points and straight lines in a plane, and we take the 
polars of those points and the poles of the lines, with 
respect to a fixed conic C, we obtain another figure which 
is called the polar reciprocal of the former with respect 
to the auxiliary conic C. 

When a point in one figure and a line in the reciprocal 
figure are pole and polar with respect to the auxiliary 
conic CO, we shall say that they correspond to one another. 

If in one figure we have a curve S the lines which 
correspond to the different points of S will all touch some 
curve S’. Let the lines corresponding to the two points 
P,Q of S meet in 7’; then 7 is the pole of the line PQ 
with respect to C, that is, the line PQ corresponds to the 
point 7. Now, if the point Q move up to and ultimately 
coincide with JP, the two corresponding tangents to S’ will 
also ultimately coincide with one another, and their point 
of intersection 7’ will ultimately be on the curve S’ and 
will coincide with the point of contact of the line which 
corresponds to the point P. So that a tangent to the 
curve S corresponds to a point on the curve S’, just as a 
tangent to S’ corresponds to a point on S. Hence we sce 
that S is generated from 8S’ exactly as S’ is from S, and 
we shall arrive at the same curve S’ either as the envelope 
of the polars of the different points on S or as the locus 
of the poles of the different tangents to 8. 
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306. If any line Z cut the curve S in any number of 
points P, Q, R ... we shall have tangents to S’ corresponding 
to the points P,Q, R ..., and these tangents will all pass 
through a point, viz. through the pole of Z with respect to 
the auxiliary conic. Hence as many tangents to S’ can be 
drawn through a point as there are points on S lying ona 
straight line. That is to say the class [Art. 238] of S’ is 
equal to the degree of S. Reciprocally the degree of S’ 
is equal to the class of S. 

In particular, if S is a conic it is of the second degree, 
and of the second class. Hence the reciprocal curve is of 
the second class, and of the second degree, and is therefore 
also a conic. 


307. To find the polar reciprocal of one conic with 
respect to another. 


Let the conics referred to their common self-polar 
triangle be 
S, = ue + 0,8? + wy = 0, 
and Sy = Ue? + 1,8? + Wry? = 0. 


. The polar of any point (a’, 6’, y’) on S, with respect to 
fas 


UGA + U,8'B + Woy'y = 0. 
The envelope of which with the condition 
Ua? + y, B? + wy” =0 
is us|, + Bv2/v, + Pws/w, = 0. 
The reciprocal of S, with respect to the conic 
Lo? + Mp?-+ Ny2=0 
is o2L2 [uy + 62M], + y2N2/w, =0. 
This is the conic Sy if 
DL? Jujuy = M2/vv9= N2/wyrvo. 


Thus the conics S; and Sg are the reciprocals of one another with 
respect to any one of the conics 


a2 NV Uytla + B? r/vywe 7? Vwyue= 0. 
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__ 308. The method of Reciprocal Polars enables us to 

obtain from any given theorem concerning the positions of 

points ‘and lines, another theorem in which straight lines 
take the place of points and points of straight lines. 


The simplest cases of correspondence are the following: 


Points in one figure reciprocate into straight lines in the reciprocal 
figure, 

The line joining two points reciprocates into the point of intersection 
of the corresponding lines. 

The tangent to any curve reciprocates into a point on the corre- 
‘sponding curye in the reciprocal figure. 

The point of contact of a tangent reciprocates into the tangent at the 
corresponding point. 

If two curves touch, that is have two coincident points common, the 
reciprocal curves will have two coincident tangents common, and will 
therefore also touch. 

The chord joining two points on a curve reciprocates into the point 
of intersection of the corresponding tangents to the reciprocal curve. 

The line joining the points of contact of two tangents reciprocates into 
the point of intersection of the tangents at the corresponding points. 

Since the pole of any line through the centre of the auxiliary conic is 
at infinity, we see that the points at infinity on the reciprocal curve 
correspond to the tangents to the original curve from the centre of the 
auxiliary conic. Hence the reciprocal of a conic is an hyperbola, parabola, | 
or ellipse, according as the tangents to it from the centre of the auxiliary 
conic are real, coincident, or imaginary; that is according as the centre 
of the auxiliary conic is outside, upon, or within the curve. 


The following are examples cf reciprocal theorems: 


if the angular points of two If the sides of two triangles 
triangles are on a conic, their six touch a conic, their six angular 
sides will touch another conic, points are on another conic. 

The three intersections of oppo- The three lines joining opposite 
site sides of a hexagon inscribedin angular points of a hexagon de- 
a conic lic on a straight line. scribed about a conic meet in a 

(Pascal’s Theorem.) point. (Brianchon’s Theorem.) 

If the three sides of a triangle If the three angular points of a 


touch a conic, and two ofits angu- _ triangle lie on a conic, and two of 
lar points lie on a second conic, the _its sides touch a second conic, the 
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locus of the third angular point is 
a conic. 

If the sides of a triangle touch 
a conic, the three lines joining an 
angular point to the point of con- 
tact of the opposite side meet in a 
point. 

The polars of a given point with 
respect toasystem of conics through 
four given points all pass through a 
fixed point. 

The locus of the pole of a given 
line with respect to a system of 
conics through four fixed points is a 
conic. 


309. 


RESPECT TO A CIRCLE 


envelope of the third side is a 
conic. 

If the angular points of a tri- 
angle lie on a conic, the three points 
of intersection of a side and the 
tangent at the opposite angular 
point lie on a line. 

The poles of a given straight 
line with respect to a system of 
conics touching four given straight 
lines all lie on a fixed straight line. 

The envelope of the polar of a 
given point with respect to a system 
of conics touching four fixed lines 
is a conic. 


We now proceed to consider the results which 


can be obtained by reciprocating with respect to a circle. 

We know that the line joining the centre of a circle to 
any point P is perpendicular to the polar of P with respect 
to the circle. Hence, if P, Q be any two points, the angle 
between the polars of these points with respect to a circle 
is equal to the angle that PQ subtends at the centre of 
the circle. Reciprocally the angle between any two 
straight lines is equal to the angle which the line joining 
their poles with respect to a circle subtends at the centre 
of the circle. 

We know also that the distances, from the centre of 
a circle, of any point and of its polar with respect to that 
circle, are inversely proportional to one another. 


310. If we reciprocate with respect to a circle it is 
clear that a change in the radius of the auxiliary circle 
will make no change in the shape of the reciprocal curve, 
but only in its size. Hence, as we are generally not 
concerned with the absolute magnitudes of the lines in 
the reciprocal figure, we only require to know the centre 
of the auxiliary circle. We may therefore speak of re- 
ciprocating with respect to a point O, instead of with 
respect to a circle having O for centre. 
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311. If any conic be reciprocated with respect to a 
. point O, the points on the reciprocal curve which corre- 
spond to the tangents through 0 to the original curve 
must be at an infinite distance. Thus the directions of 
the lines to the points at infinity on the reciprocal curve 
are perpendicular to the tangents from O to the original 
curve; and hence the angle between the asymptotes of the 
reciprocal curve 1s supplementary to the angle between the 
tangents from O to the original curve. 

In particular, if the tangents from O to the original 
eurve be at right angles, the reciprocal conic will be a 
rectangular hyperbola. 

Again the aves of the reciprocal conic bisect the angles 
between its asymptotes. The axes are therefore parallel 
to the bisectors of the angles between the tangents from 
O to the original conic. 

Corresponding to the points at infinity on the original 
conic we have the tangents to the reciprocal conic which 
pass through the origin. Hence the tangents from the 
origin to the reciprocal conic are perpendicular to the 
directions of the lines to the points at infinity on the 
original conic, so that the angle between the asymptotes of 
the original conic 1s supplementary to the angle between 
the tangents from the origin to the reciprocal conic. 

In particular, if a rectangular hyperbola be recipro- 
cated with respect to any point O, the tangents from O to 
the reciprocal conic will be at right angles to one another ; 
in other words O is a point on the director-circle of the 
reciprocal conic. 


312. The reciprocal of the origin is the line at infinity, 
and therefore the reciprocal of the polar of the origin is 
the pole of the line at infinity. That is to say, the polar 
of the origin reciprocates into the centre of the reciprocal 
_ conic. 

The following are important examples of reciprocation : 


I. All conics which circumscribe a triangle and pass 
through its orthocentre are rectangular hyperbolas. 


400 | RECIPROCATION WITH RESPECT TO A CIRCLE 


Reciprocating with respect to the orthocentre O we 
shall obtain another triangle whose orthocentre is O. 


The rectangular hyperbolas will become parabolas, 
since they all pass through 0; and, since the points at 
infinity on any one of the conics are in perpendicular 
directions, the tangents from O to any one of the para- 
bolas will be at right angles, so that the point O is on the 
directrix of each parabola. 


Thus-the reciprocal theorem is: 


The directrices of all parabolas which towch the three 
sides of a triangle pass through the orthocentre of the 
triangle. 


IIl.. If two of the conics which pass through four given 
points are rectangular hyperbolus, they will all be rect- 
angular hyperbolas. 


If this be reciprocated with respect to any point O we 
obtain the following: 


If the director-circles of two of the conics which touch 
four given straight lines pass through a point O, the director- 
circles of all the conics will pass through O. 


That is, the director-circles of all conics which touch 
four given straight lines have a common radical axis, 


318. To find the polar reciprocal of one circle with 
respect to another. 
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Let C be the centre and a be the radius of the circle 

~ to be reciprocated, O the centre and & the radius of the 
auxiliary circle, and let ¢ be the distance between the 
centres of the two circles. 


_ Let PWV be any tangent to the circle C, and let P’ be 
its pole with respect to the auxiliary circk. Let OP’ 
meet the tangent in the point NV, and draw CM perpen- 
dicular to ON. 


Then OF SUN = kh: 


+ Gp = ON = OM + MN = cos COM +a. 
Hence the equation of the locus of P’ is 
La 
= =l+ “ cos 6, 


‘This is the equation of a conic having O for focus, 


2 


P : 
for semi-latus rectum, and < for eccentricity. The 


directrix of the conic is the line whose equation is 


ke ke 


—=ccos@, or #=—. 
r c 


Hence the directrix of the reciprocal curve is the polar 
of the centre of the original circle. 

It is clear from the value found above for the eccen- 
tricity, that the reciprocal curve is an ellipse if the point 
O be within the circle C,an hyperbola if O be outside that 

_ circle, and a parabola if O be upon the circumference of 
the circle. 


Ex. 1. Tangents to a conic subtend equal angles at a focus. 
Reciprocate with respect to the focus:—then corresponding to the 
' two tangents to the conic, there are two points on a circle; the point of 
intersection of the tangents to the conic corresponds to the line joining 
the two points on the circle; and the points of contact of the tangents 
to the conic correspond to the tangents at the points on the circle, Also 
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the angle subtended at the focus of the conic by any two points is equal 
to the angle between the lines corresponding to those two points. Hence 
the reciprocal theorem is: 

The line joining two points on a circle makes equal angles with the 
tangents at those points. 


Ex. 2. The envelope of a chord of a conic which subtends a right 
angle at a fixed point O is a conic having O for a focus, and the polar of O, 
with respect to the original conic, for the corresponding directrix. 

Reciprocate with respect to O, and the proposition becomes : 


The locus of the point of intersection of tangents to a conie which 
are at right angles to one another is a concentric circle. 


Ex. 3. If two conics have a common focus, two of their common chords 
will pass through the intersection of their directrices. 

Reciprocate with respect to the common focus, and the proposition 
becomes : 

Two of the points of intersection of the common tangents to two 
circles are on the line joining the centres of the circles. 

Ex. 4. The orthocentre of a triangle circumscribing a parabola is on 
the directrix. 


Reciprocating with respect to the orthocentre we obtain: 


A conic circumscribing a triangle and passing through the orthocentre 
is a rectangular hyperbola. 

Many of the examples on Chapter VIII. are easily proved by recipro- 
cation: for example, the reciprocal of 23 with respect to the common 
focus is: 

Circles are described with equal radii, and with their centres on a ~ 
second circle ; prove that they all touch two fixed circles, whose radii are 
the sum and difference respectively of the radii of the moving circle and 
of the second circle, and which are concentric with the second circle. 


314. If we have a system of circles with the same 
radical axis we can reciprocate them into a system of 
confocal conics. 


If we reciprocate with respect to any point O we 
obtain a system of conics haying O for one focus, and 
[Art. 312] the centre of any conic is the reciprocal of the 
polar of O with respect to the corresponding circle. Now 
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__ either of the two ‘limiting points’ of the system is such 
_ that its polar with respect to any circle of the system is 
a fixed straight line, namely a line through the other 
limiting point parallel to the radical axis. If therefore the 
system of circles be reciprocated with respect to a limiting 
point the reciprocals will have the same centre; and if 
they have a common centre and one common focus they 
will be confocal. Since the radical axis is parallel to and 
midway between a limiting point and its polar, the re- 
ciprocal of the radical axis (with respect to the limiting 
point) is on the line through the focus and centre of the 
reciprocal conics, and is twice as far from the focus as the 
centre; so that when we reciprocate a system of coaxial 
circles with respect to a limiting point, the radical axis 
reciprocates into the other focus of the system of confocal 
conics. 

The following theorems are reciprocal : 

The tangents at a common The points of contact of a com- 
point of two confocal conics are at mon tangent to two circles subtend 
right angles. a right angle at one of the limit- 
ing points. 

The envelope of the line joining 
two points, each of which is on one 
of two circles, and which subtend 
a right angle at a limiting point, 
is a conic one of whose foci is at 
the limiting point. 

If any straight line cut two 
circles in the points P, P’ and 

_Q, Q’; the angles subtended at a 


The locus of the point of inter- 
section of two lines, each of which 
touches one of two confocal conics, 
and which are at right angles to 
one another, is a circle. 


If from any point two pairs of 
tangents P, P’ and Q, Q’ be drawn 
to two confocal conics; the angle 


between P and Q is equal to that 
between P’ and Q’, 

If from any point four tangents 
P, P’ and Q, Q’ are drawn to two 
confocal conics,-and the point of 
contact of P is joined to the points 
_ of contact of Q, Q’; then these lines 
make equal angles with the tan- 
gent P. [Art, 230.] 


limiting point by PQ and P’(’ are 
equal. 

If any line cuts two circles in P, 
P’ and Q, Q’ respectively ; and the 
tangent at P cuts the tangents at 
Q, Q’in q, 7; then Pq, Pq’ subtend 
equal (or supplementary) angles at 
a limiting point. 
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CoNICAL PROJECTION. 


315. If any point P be joined to a fixed point V, and 
VP be cut by any fixed plane in P’, the point P’ is called 
the projection of P on that plane. The point V is called 
the vertex or the centre of projection, and the cutting plane 
is called the plane of projection. 


316. The projection of any straight line is a straight 
line. 


For the straight lines joining V to all the points of 
any straight line are in a plane, and this is cut by the 
plane of projection in a straight line. 


317. <Any plane curve is projected into a curve of the 
same degree. 

For, if any straight line meet the original curve in 
any number of points A, B, C, D..., the projection of the 
line will meet the projection of the curve where VA, VB, 
VC, VD... meet the plane of projection. There will 
therefore be the same number of points on a straight 
line in the one curve as in the other. This proves the 
proposition. 

‘In particular, the projection of a conic ts a conic, 

This proposition includes the geometrical theorem that 

every plane section of a right circular cone is a conic. 


318. A tangent to a curve projects into a tangent to 
the projected curve. 

For, if a straight line meet a curve in two points A, B, 
the projection of that line will meet the projected curve 
in two points a, b where VA, VB meet the plane of pro- 
jection. Now if A and B coincide, so also will a and b, 

319. The relation of pole and polar with respect io a 
conic are unaltered by projection. 

This follows from the two preceding Articles. 

_ Itis also clear that two conjugate points, or two con- 
jugate lines, with respect to a conic, project into conjugate 
points, or lines, with respect to the projected conic. 


on! 
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320. Draw through the vertex a plane parallel to the 


- plane of projection, and let it cut the original plane in the 


line KL’, Then, since the plane VX'L’ and the plane of 
projection are parallel, their line of intersection, which is 
the projection of K’L’, is at an infinite distance. 


Hence to project any particular straight line K’L’ to 
an infinite distance, take any point V for vertex and 
a plane parallel to the plane VK’’L’ for the plane of pro- _ 
jection. 


Straight lines which meet in any point on the line 
K’L’ will be projected into parallel straight lines, for their 
point of intersection will be projected to infinity. 


321. A system of parallel lines on the original plane 
will be projected into lines which meet in a point. 


For, let VP be the line through the vertex parallel 
to the system, P being on the plane of projection; then, 
since VP is in the plane through V and any one of- the 
parallel lines, the projection of every one of the parallel 
lines will pass through P. 


For different systems of parallel lines the point P will 
change; but, since VP is always parallel to the original 
plane, the point P is always on the line of intersection of 
the plane of projection and a plane through the vertex 
parallel to the original plane. 


Hence any system of parallel lines on the original 
plane is projected into a system of lines passing through 
a point, and all such points, for different systems of 
parallel lines, are on a straight line. 


322. Let KL be the line of intersection of the original 
plane and the plane of projection. Draw through the 
vertex a plane parallel to the plane of projection, and let 
it cut the original plane in the line K’L’, Let the two 
straight lines AOA’, BOB’ meet the lines KL, K’L’ in 
the points A, B and A’, B’ respectively; and let VO meet 
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the plane of projection in 0’, Then AO’ and BO’ are the 
projections of AOA’ and BOB’. 


Since the planes V.A’B’, AO’B are parallel, and parallel 
planes are cut by the same plane in parallel lines, the lines 
VA’, VB’ are parallel respectively to AO’, BO’. The angle 
A'VB’ is therefore equal to the angle AO’B, that is, A’VB’ 
is equal to the angle into which AOB is projected. 


Similarly, if the straight lines CD, HD, meet K’L’ in 
0’, D’ respectively, the angle C’VD’ will be equal to the 
angle into which CDE is projected. 


__ From the above we obtain the fundamental proposition 
in the theory of projections, viz. 


Any straight line can be projected to infinity, and at the 
same time any two angles into given angles. 


For, let the straight lines bounding the two angles meet 
the line which is to be projected to infinity in the points 
A’, B’ and C’, D’; draw any plane through A’B’O’D’, and in 
that plane draw segments of circles through A’, B’ and C’, 
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D’ respectively containing angles equal to the two given 
angles. Either of the points of intersection of these 
segments of circles may be taken for the centre of pro- 
jection, and the plane of projection must be taken parallel 
to the plane we have drawn through A’B’C’D”’. 


If the segments do not meet, the centre of projection is 
imaginary. 


Ex.1. To shew that any quadrilateral can be projected into a square. 

Let ABCD be the quadrilateral; and let P, Q [see figure to Art. 57] 
be the points of intersection of a pair of opposite sides, and let the diago- 
nals BD, AC meet the line PQ in the points S, R. Then, if we project 
PQ to infinity and at the same time the angles PDQ and ROS into right 
angles, the projection must be a square. For, since PQ is projected to 
infinity, the pairs of opposite sides of the projection will be parallel, that 
is to say, the projection is a parallelogram ; also one of the angles of the 
parallelogram is a right angle, and the angle between the diagonals is 
a right angle; hence the projection is a square. 


Ex. 2. To shew that the triangle formed by the diagonals of a quadri- 
lateral is self-polar with respect to any conic which touches the sides of 
the quadrilateral. 

Project the quadrilateral into a square; then the circle circumscribing 
the square is the director-circle of the conic, therefore the intersection of 
the diagonals of the square is the centre of the conic. 

Now the polar of the centre is the line at infinity; hence the polar of 
the point of intersection of two of the diagonals is the third diagonal. 


Ex. 3. If a conic be inscribed in a quadrilateral ihe line joining two 
of the points of contact will_pass through one of the angular points of the 
triangle formed by the diagonals of the quadrilateral. 

Ex. 4. If ABC be a triangle circumscribing a parabola, and the 
parallelograms ABA'C, BCB’A, and CAC’B be completed; then the chords 
of contact will pass respectively through A’, B’, C’. 

This is a particular case of Ex. 3, one side of the quadrilateral being 
the line at infinity. , 

Ex. 5. If the three lines joining the angular points of two triangles 
meet in a point, the three points of intersection of corresponding sides will 
lie on a straight line. 
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Project two of the points of intersection of corresponding sides to 
infinity, then two pairs of corresponding sides will be parallel, and it is 
easy to shew that the third pair will also be parallel. 


323. Any conic can be projected into a circle having 
the projection of any given point for centre. 


Let O be the point whose projection is to be the 
centre of the projected curve. 

Let P be any point on the polar of O, and let OQ be 
the polar of P; then OP and OQ are conjugate lines. 

Take OP’, OQ’ another pair of conjugate lines. 

Then project the polar of O to infinity, and the angles 
POQ, P’OQ into right angles. We shall then have a 
conic whose centre is the projection of O, and since two _ 
pairs of conjugate diameters are at right angles, the conic 
is a circle. 


324, A system of conics inscribed in a quadrilateral 
can be projected into confocal conics. 


Let two of the sides of the quadrilateral intersect 
in the point A, and the other two in the point B. Draw 
any conic through the points A, B, and project this conic 
into a circle, the line AB being projected to infinity; then 
A, B are projected into the circular points at infinity, and 
since the tangents from the circular points at infinity to 


all the conics of the system are the same, the conics must 
be confocal. 
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+ Ex. 1. Conics through four given points can be projected into coaxial 
~ circles. 
For, project the line joining two of the points to infinity, and one of 
the conics into a circle; then all the conics will be projected into circles, 
for they all go through the circular points at infinity. 


Ex. 2. Conics which have double contact with one another can be 
projected into concentric circles. 


Kx. 3. The three points of intersection of opposite sides of a hexagon 
inscribed in a conic lie on a straight line. [Pascal’s Theorem.] 

Project the conic into a circle, and the line joining the points of inter- ' 
section of two pairs of opposite sides to infinity; then we have to prove 
that if two pairs of opposite sides of a hexagon inscribed in a circle are 
parallel, the third pair are also parallel. 


Ex. 4. Shew that all conics through four fixed points can be pro- 
jected into rectangular hyperbolas. 

There are three pairs of lines through the four points, and if two of 
the angles between these pairs of lines be projected into right angles, all 
the conics will be projected into rectangular hyperbolas. [Art. 187, Ex. 1.] 


Hx. 5. <Any three chords of a conic can be projected into equal chords 

-_ of acirele. 
Let AA’, BB’, CC’ be the chords; let AB’, A’B meet in K, and AC’, 
A’CGinL. Project the conic into a circle, KL being projected to infinity. 


_ Ex. 6, If two triangles are self-polar with respect to a conic, their siz 
angular points are on a conic, and their six sides touch a conic. 

Let the triangles be ABC, A’B’C’. Project BC to infinity, and the 
conic into a circle; then 4 is projected into the centre of the circle, and 
AB, AC are at right angles, since ABC is self-polar; also, since A’B’C’ is 
self-polar with respect to the circle, 4 is the orthocentre of the triangle 
APB’ OC". 

eg Now a rectangular hyperbola through A’, B’, C’ will pass through 4A, 
and a rectangular hyperbola through B will go through C. Hence, since 
a rectangular hyperbola can be drawn through any four points, the six 
points A, B, C, A’, B’, C’ are on a conic. 

Also a parabola can be drawn to touch the four straight lines B’C’, 

_C'A’, A'B', AB. And A is on the directrix of the parabola [Art. 105 (3)]; 
therefore AC is a tangent. Hence a conic touches the six sides of the 
two triangles. 
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Ex. 7. If one quadrilateral can be inscribed in one conic and circum- 
scribed about another, an infinite number of quadrilaterals can be so 
described. 

Let P, Q, R, S be four points on a conic S;, and let PQ, QR, RS, SP 
touch a conic S2. 

Let PQ, RS meet in A; PS, QR in B; and PR, QS in C. 

Project the conic S; into a circle whose centre is the projection of the 
point C; then AB is projected to infinity and the conics S$, and S2 have 
become concentric. And, since PQRS is projected into a parallelogram 
in a circle, this parallelogram must be a rectangle. 

But the cirele through the angular points of a rectangle whose sides 
touch a conic, is the director-cirele of the conic. 

Thus, if a quadrilateral is inscribed in a conic S, and circumscribed 
about a conic Sz, So and S; can be projected into a conic and its director- 
circle. 

Since an infinite number of quadrilaterals can be inscribed in the 
director-circle of a conic whose sides touch the conic, the theorem follows. 


325. Properties of a figure which are true for any 
projection of that figure are called projective properties. 
In general such properties do not involve magnitudes. 
There are however some projective properties in which 
the magnitudes of lines and angles are involved: the 
most important of these is the following : 

The cross ratios of pencils and ranges are unaltered 
by projection. 

Let A, B, C, D be four points in a straight line, and 
A’, B’, O’, D’ be their projections. Then, if V be the 
centre of projection, VAA’, VBB’, VCC’, VDD’ are straight 
lines; and we have [Art. 55] 

{ABCD} = V {ABCD} = {A’B’C'D". 

If we have any pencil of four straight lines meeting in 
O, arid these be cut by any transversal in A, B, 0, D; then 

O {ABCD} = {ABCD} = V {ABCD} = {A'B'O’D' 

= O'{A’B'C'D. 

From the above together with Article 61 it follows that 
of any number of points be in involution, their projections 
will be in involution. 
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Ex. 1. Any chord of a conic through a given point O is divided 
x harmonically by the curve and the polar of O. 

Project the polar of O to infinity, then O is the centre of the projec- 
tion, the chord therefore is bisected in O, and {POQ a } is harmonic when 
PO=0Q. 

Ex. 2. Conics through four fixed points are cut by any straight line 
in pairs of points in involution. [Desargue’s Theorem. ] 

Project two of the points into the circular points at infinity, then the 
conics are projected into coaxial circles, and the proposition is obvious. 


326. The cross ratio of the pencil formed by four 
intersecting straight lines is equal to that of the range 
formed by their poles with respect to any conic. 


Since the cross ratios of pencils and ranges are 
unaltered by projection, we may project the conic into a 
circle. Now in a circle any straight line is perpendicular | 
to the line joining the centre of the circle to its pole with 
respect to the circle. Hence the cross ratio of the pencil 
formed by four intersecting straight lines is equal to that 
of the pencil subtended at the centre of the circle by their 
poles, and therefore equal to the cross ratio of the range 
formed by their poles. 


327. The cross ratio of the pencil formed by joining 
any point on a conic to four fixed points is constant, and 
is equal to that of the range in which the tangents at those 
points are cut by any tangent. 

Since the cross ratios of pencils and ranges are un- 
altered by projection, we need only prove the proposition 
for a cirele. 

Let A, B, C, D be four fixed points on a circle; let P 
be any other point on the circle, and let the tangent at P 
meet the tangents at A, B, C, Din the points A’, B’, C’, D’. 

Then, if O be the centre of the circle, 0.A’ is perpen- 
dicular to PA, OB’ to PB, OC’ to PC, and OD’ to PD. 


Hence 


(A’B’C'D'} = 0 [A’B'O'D} = P {ABCD}. 
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But the angles APB, BPC, CPD are constant, since 
A, B, C, D are fixed points. ; 
Therefore {A’B’C’D’} = P {ABCD} = const. 


- ‘ ‘ , 


D 


If Q be any point which is not on the circle, Q {ABCD} 
cannot be equal to P {ABCD}; this is seen at once if we 
take P such that APQ is a straight line, and consider the 
ranges made on BC' by the two pencils. Hence we have 
the following converse proposition. 


If a point P move so that the cross ratio of the pencil 
Sormed by joining tt to four fixed points A, B, C, D ws con- 
stant, P will describe a conic passing through A, B, C, D. 

Ex. 1. The four extremities of two conjugate chords of a conic subtend 
a harmonic pencil at any point on the curve. 

Let the chords be AC, BD; let E be the pole of BD, and let F be the 
point of intersection of AC, BD. The four points subtend, at all points © 
on the curve, pencils of equal cross ratio. Take a point indefinitely near 
to D; then the pencil is D{ABCE}. But the range A, B, C, E is 
harmonic, which proves the proposition. : 

Ex. 2. If two triangles circumscribe a conic, their sia angular points 
are on another conic. 

Let ABC, A’B’C’ be the two triangles. Let B’C’ cut AB, AC in E’, D’, 
and let BC cut A’B’, A’C’ in E, D. Then the ranges made on the four 
tangents AB, AC, A’B’, A’C’ by the two tangents BC, B’C’ are equal. 

Hence {BCED} ={E'D’B’C’}; 

. A’ {BCED\=A{E'D'B'C', 
or A’{BCB'C'}=A{BCB'C'}, 
which proves the proposition, 
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The proposition may also be proved by projecting B, C into the 
a circular points at infinity; the conic is thus projected into a parabola, of 
which A is the focus; and it is known that the circle circumscribing 
A’B’C’ will pass through A. 


328. Derr. Ranges and pencils are said to be homo- 
graphic when every four constituents of the one, and the 
corresponding four constituents of the other, have equal 
cross ratios. 

Another definition of homographic ranges or pencils is 
the following :—two ranges or pencils are said to be homo- 
graphic which are so connected that to each point or line 
of the one system corresponds one, and only one, point of 
the other. . 

To shew that this definition of homographic ranges is 
equivalent to the former, let the distances, measured from 
fixed points, of any two corresponding points of the two 
systems be w, y; then we must have an equation of the 
form 

ek das b 
cy +d 

The proposition follows from the fact that the cross 
ratio of every four points of the one system, namely 


(#1, — 42) (a3 — 44) 
(a — 4) (@3 — &2)’ 
ay, +b 


is not altered if we substitute eed for #,, and similar 
1 


expressions for 2, 2, and a. 


Ex. 1. The points of intersection of corresponding lines of two hono- 
graphic pencils describe a conic. 

Let P, Q, R, S be four of the points of intersection, and O, O’ the 
vertices of the pencils. 

Then O{PQRS}=0'{PQRS}; therefore [Art. 327] O, 0’, P, Q, R, S 
are on a conic. But five points are sufficient to determine a conic; hence 
the conic through O, O’ and any three of the intersections will pass through 
every other intersection. 
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Ex. 2. The lines joining corresponding points of two homographic 
ranges envelope @ conic. 

Let a, b, c, d be any four of the points of one system, and a’, b’, c’, d’ 
be the corresponding points of the other system. Then aa’, bb’, cc’, dd’ 
are cut by the fixed lines in ranges of equal cross ratio. Hence a conic 
will touch the fixed lines, and also aa’, bb’, cc’,dd’. But five tangents are 
sufficient to determine a conic; hence the conic which touches the fixed 
lines, and three of the lines joining corresponding points of the ranges, 
will touch all the others. 


Ex. 3. Two angles PAQ, PBQ of constant magnitude move about 
fixed points A, B, and the point P describes a straight line; shew that Q 
describes a conic through A, B. [Newton.] 

Corresponding to one position of AQ, there is one, and only one, 
position of BQ. Hence, from Ex. 1, the locus of Q is a conic. 

Ex. 4. The three sides of a triangle pass through fixed points, and the 
extremities of tts base lie on two fixed straight lines ; shew that its vertex 
describes a conic. [Maclaurin.] 

Let A, B, C be the three fixed points, and let Oa, Oa’ be the two fixed 
straight lines. Suppose triangles drawn as in the figure. 


19) ab cod 


Then the ranges {abed...} and {a’b’c’d’...} are homographic. There- 
fore the pencils B{abed...} and C{a’b’e'd’...} are homographie. 


Ex. 5. If all the sides oj a polygon pass through fixed points, and all 
the angular points but one move on fixed straight lines; the remaining 
angular point will describe a conic. 
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Ex. 6. A, A’ are fixed points on a conic, and from A and A’ pairs of 

m tangents are drawn to any confocal conic, which meet the original conic in 

C, D and C’, D’; shew that the locus of the point of intersection of CD 
and C'D’ is a conic. 

The tangents from A to a confocal are equally inclined to the tangent 
at A [Art. 230, Cor. 3], therefore the chord CD cuts the tangent at A in 
some fixed point O [Art. 196, Ex. 2]. So also C’D’ passes through a 
fixed point O’. Now if we draw any line OCD through O, one confocal, 
and only one, will touch the lines AC, AD; and the tangents from 4’ to 
this confocal will determine C’ and D’, so that corresponding to any 
position of OCD there is one, and only one, position of O’C'D’. The 
locus of the intersection is therefore a conic from Ex, 1. 


Ex. 7. If AOA’, BOB’, COC’, DOD’... be chords of a conic, and P any 
point on the curve, then will the pencils P{ABCD.,..} and P{A’B’C'D’...} 
be homographic. 

Project the conic into a circle having O for centre. 


Ex. 8. If there are two systems of points on a conic which subtend 
homographic pencils at any point on the curve, the lines joining corre- 
sponding points of the two systems will envelope a conic having double 
contact with the original conic. 

Let A, B, C, D... and A’, B’, C’, D’... be the two systems of points, 
Project 4A’, BB’, CC’ into equal chords of a circle [Art. 324, Ex. 5]; let 
P, P’ be any pair of corresponding points, and O any point on the circle; 
then we have O{ABCP!=O{4dA'B’C’P’\. Hence PP’ is equal to AA’, and 
therefore the envelope of PP” is a concentric circle. 


Ex, 9. Jf a polygon be inscribed in a conic, and all its sides but one 
pass through fixed points, the envelope of that point will be a conic. 
This follows from Ex. 7 and Ex. 8, 


329. Any two lines at right angles to one another, and 
the lines through their intersection and the circular points at 
infinity, form a harmonic pencil. 

Let the two lines at right angles to one another be 
ay = 0, then the lines to the circular points at infinity will 
be given by #+7?=0. By Art. 57 these two pairs of 
lines are harmonically conjugate. 

We may also shew that two lines which are inclined at 
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any constant angle, and the lines to the circular points at 
infinity, form a pencil of constant cross ratio. 


Ex. The locus of the point of intersection of two tan- 
gents to a conic which divide a given line AB harmoneally 
is a conic through A, B, and the envelope of the chord of 
contact is a conic which touches the tangents to the original 
conic from A, B. 


Project A, B into the circular points at infinity and 
the proposition becomes: the locus of the point of inter- 
section of two tangents to a conic which are at right angles 
to one another is a circle; and the envelope of the chord of 
contact is a confocal conic. 


330. The following are additional examples of the 
methods of reciprocation and projection. 


Ex. 1. If the sides of a triangle touch a conic, and if two of the angular 
points move on fixed confocal conics, the third angular point will describe a 
confocal conic. ; 

Let ABC, A’B’C’ be two indefinitely near positions of the triangle, 
and let 4A’, BB’, CC’ produced form the triangle PQR. The six points 
A, B, C, A’, B’, C’ are on a conic [Art. 327, Ex. 2], and this conic will 
ultimately touch the sides of PQR in the points 4, B,C. Hence PA, QB, 
RC will meet in a point [Art, 186, Ex. 1]; and it is easily seen that the 
pencils 4{QCPB}, B{RAQC}, C{PBRA} are harmonic. Now, if 4 move 
on a conic confocal to that which AB, AC touch, the tangent at A, that 
is the line QR, will make equal angles with AB, AC. MHence, since 
A{QCPB} is harmonic, PA is perpendicular to QR. Similarly, if B 
move on a confocal, QB is perpendicular to RP. Hence RC must be 
perpendicular to PQ, and therefore CA, CB make equal angles with PQ; 
whence it follows that C moves on a confocal conic. 

[The proposition can easily be extended. For, let ABCD be a quadri- 
lateral circumscribing a conic, and let 4, B, C move on confocals. Let 
DA, CB meet in E,and AB, DCinF. Then, by considering the triangles 
ABE, BCF, we see that H and F move on confocals. Hence, by con- 
sidering the triangle CED, we see that D will move on a confocal. ] 


If we reciprocate with respect to a focus we obtain the following 
theorem : 


If the angular points of a triangle are on a circle of a coaxial system, 
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_ and two of the sides touch circles of the system, the third side will touch 
another circle of the system. [Poncelet’s theorem.] 


Ex. 2. The six lines joining the angular points of a triangle to the 
points where the opposite sides are cut by a conic, will touch another 
conic. 

The reciprocal theorem is: é 

The six points of intersection of the sides of a triangle with the tangents 
to a conic drawn from the opposite angular points, will lie on another 
conic. 

Project two of the points into the circular points at infinity, then the 
opposite angular point of the triangle will be projected into a focus; and 
we haye the obvious theorem : 


Two lines through a focus of a conic are cut by pairs of tangents 
parallel to them in four points on a circle. 


Ex. 3. The following theorems are deducible from one another: 


(i) Two lines at right angles to one another are tangents one to each 
of two confocal conics ; shew that the locus of their intersection is a circle, 
and that the envelope of the line joining their points of contact is another 
confocal. 

(ii) Two points, one on each of two coaxial circles, subtend a right 
angle at a limiting point; shew that the envelope of the line joining them 
is a@ conic with one focus at the limiting point, and that the locus of the in- 
tersection of the tangents at the points is a coaxial circle. 

(iii) Two lines, which are tangents one to each of two conics, cut a 
diagonal of their circumscribing quadrilateral harmonically; shew that 
the locus of the intersection of the lines is a conic through the extremities 
: of that diagonal, and that the envelope of the line joining the points of 
contact is a conic inscribed in the same quadrilateral. 

(iv) AOB, COD are common chords of two conics, and P, Q are points, 
one on each conic, such that O{APBQ} is harmonic; shew that the envelope 
of the line PQ is a conic touching AB, CD, and that the tangents at P, Q 
meet on a conic through A, B, C, D. 


(v) If two points be taken, one on each of two circles, equidistant from 
their radical axis, the envelope of the line joining thm is a parabola which 
touches the radical axis, and the locus of the intersection of the tangents at 
the points is a circle through their common points. 
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EXAMPLES ON CHAPTER XIY. 


1. Shew that an hyperbola is its own reciprocal with 
respect to the conjugate hyperbola. 


2. Shew that a system of conics through four fixed points 
can be reciprocated into concentric conics. 


3. Shew that four conics can be described having a common 
focus and passing through three given points, and that the 
latus rectum of one of these is equal to the sum of the latera 
recta of the other three. Shew also that their directrices meet 
two and two on the sides, of the triangle. 


4, If each of two’conics be reciprocated with respect to 
the other ; shew that the two conics and the two reciprocals 
have a common self-conjugate triangle. 


5. ‘Two conics Z, and Z, are reciprocals with respect to a 
conic U. If M, be the reciprocal of L, with respect to Z,, and 
M, besthe reciprocal of Z, with respect to Z,; shew that 1, 
and JM, are reciprocals with respect to U. 


6. If two pairs of conjugate rays of a pencil in involution 
be at right angles, every pair will be at right angles. 


7. If two pairs of points in an involution have the same 
point of bisection, every pair will have the same point of bisec- 
tion. Where is the centre of the involution ? 


8. The pairs of tangents from any point to a system of 
conics which touch four fixed straight lines form a pencil in 
involution. Hence shew that the director-circles of the system | 
have a common radical axis. 


9. Two circles and their centres of similitude subtend a 
pencil in involution at any point. 


10. J£ two finite lines be divided into the same number of 


parts, the lines joining corresponding points will envelope a 
parabola. 


ll. if P, P’ be corresponding points of two homographic 
ranges on the lines OA, OA’, and the parallelogram POP’Q be 
completed ; shew that the locus of Q is a conic. 
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12. Three conics have two points common ; shew that the 
three lines joining their other intersections two and two meet 
in a point, and that any line through that point is cut by the 
conics in six points in involution. 


13. Shew that, if the three points of intersection of corre- 
sponding sides of two triangles lie on a straight line, the two 
triangles can both be projected into equilateral triangles. 


14, Shew that any three angles may be projected into 
‘right angles. 


15. A, B, C are three fixed points on a conic; find 
geometrically a point on the curve at which AB, BC subtend . 
equal angles. ; 


16. Through a fixed point O any line is drawn cutting 
the sides of a given triangle in A’, B’, C’ respectively, and P is 
the point on the line such that {A’B’C’P} is harmonic; shew 
that the locus of P is a conic. 


17. When four conics pass through four given points, the 
pencil, formed by the polars of any point with respect to them, 
is of constant cross ratio. 


18. If two angles, each of constant magnitude, turn about 
their vertices, in such a manner that the point of intersection 
of two of their sides is on a conic through the vertices, the 
other two sides will intersect on a second conic through their 
vertices. 

19. If all the angular points of a polygon move on fixed 


_ straight lines, and all the sides but one turn about fixed points, 
the free side of the polygon will envelope a conic. 


20. If a polygon be circumscribed to a conic, and all its 
angular points but one lie on fixed straight lines, the locus of 
that angular point will be a conic. 


27—2 


CHAPTER XV. 
INVARIANTS. 


331. IF the equations of two conics are 
S= aa? +by?+ct+ 2fy + 29x + 2hay =0, 
and «= S’ =a’a? + Dy? +c + 2f'y 4+ 29’ + 2h’xy =0, 
the equation of any conic through their points of intersec- 
tion is given by 
RS + SOS, on ek Bn ee eae (1). 
The condition that (i) should represent a pair of 
straight lines is 
kata’, kh+l’, kg+q’ |=0. 
kh+h’, kb+v', kf+f’ 
kg+g', kf+f'’, ke+e¢ 


We have therefore a cubic equation in k, which is 
written 


AR + 0k? + Oh + A’ =... eee eee (ii), 
where A, A’ are the discriminants of S, S’ respectively, and 
0 =WA+UB+ 00 +2f' F + 29'G + WH, 

and GW =aA’+bB + cC’ + 2fF" + 2gG’ + 2hH’. 
If kj, ko, kz are the three roots of the equation (ii), then k,S + S’=0, &c. 
are the equations of the pairs of straight lines through the points of 


intersection of S and S’; and, if we eliminate & between (i) and (ii) the 
resulting equation, namely 


AS’3 — @SS’2 + 6/828’ — A’S3=0, 


is the equation of the three pairs of straight lines through the intersec- 
tions of S and 8’, 
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332. Now if the axes of co-ordinates be changed in any 
manner—including, for example, a change from Cartesian 
to Trilinear co-ordinates—and the equations of the two 
conics S =0 and S’=0 become > =0 and S'=0 respectively, 
the equation /S+S’=0 will become k= +’/=0; and if 
k be such that kS+S’=0 represents a pair of straight 
lines, so also will k> + 5/ =0. 


Hence the values of & for which kS + S’=0 represents 
straight lines, that is the roots of (ii) Art. 331, must be 
independent of any particular axes of co-ordinates. There- 
fore the ratios of the four quantities A, 6, 0’, A’ to one 
- another must be independent of the axes of co-ordinates. 


For this reason the quantities A, 0, 6’, A’ are called 
Invariants. 


If the transformation from one system of co-ordinates 
to another is actually made by the substitution in S and 
S’ of the values of the old co-ordinates in terms of the 
new, the ratios of any two of the quantities will as we 
have seen be unaltered; but if all that is known is that 
S=0 and S’=0 referred to one system of co-ordinates 
become >=0 and }’=0 when referred to some other 
system, there is no security that one or other but not both 
of the new equations has not been multiplied or divided 
by some constant. It is therefore possible that the new 
equations of the conics as found by actual transformation, 
or when both are multiplied or divided by the same 
constant, should be }=0 and m=’=0 respectively, and 
the discriminant of kX +m>/=0 is 


eA + k?mé + km?’ + mA’ = 0. 


Thus it will be seen that although the ratios A: 0: @: A’ 
may not in all cases be constant, any relation between 
these quantities which 1s homogeneous both when A, 6, 6, 
A’ are all of the same dimensions and also when they are 
of dimensions 0, 1, 2, 3 in order, will hold good however 
the equations of the conics may be changed, — 


422 INVARIANTS 


333. The invariants found in the following cases will 
be useful for reference. 


I. When S Sua? +vp?+wy?=0, 
S’=u'e? +08? +w'y*=0. 

The discriminant of kS+S’ is 

(ku+u’)(kv+v’) (kw+w’). 

. A=uvw, O=Zewu', O=Zuv'w’, A’=wu'v'w’, 

Il, When S Sua?+vP?+wy?=0, 

8’ = 21By + 2mya+ 2108 =0. 
The discriminant is 

ku, "™, ™ 


Ao Petes ke 
A ib eka 
And A=uvw, 6=0, #=— Zu, A’=2lmn. 


III. “When 
S=ua?+vp?+wy?=0, 
S’ =)2a2 + 126? + v?y? — QuvBy — Wvdya— 2paB=0. 


The discriminant is 


ku+r®2, —-d\w, —-wmr |. 
—uw, kuty?, —py 
—v\, —pyv, kw+y? 
And A=uww, 0=)27w+p2wu+v2uv, 


0’=0,° A’= — 4)2u2y2, 


IV. When S=)*a?+ 262+ 272 — QuyBy —2vrya—2dywaB=0, 
S’=21By + 2mya+ 2naB=0. 


The discriminant is 


ke, —k\wt+n, -—kyX+m 
—k\pw+n, ky?» — kyu +l 
-ky\+m, —kw +l, ky? 
And A= —42py2p2, 0=4duy (INt+-mu+ny), - 


6’= —(A+mu+ny)2, A’=2lnn. 
Thus 62=4A0’. 
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2 
V. When sao+¥ T=0; 
. a 


7 
S’ = (v-a)?+(y—B)?—p2=0. 
The discriminant is 


k 
0 ’ pth =8 


= ewes iby —k+a2+ B2— p? | 
ty sea 


a2?’ a*b? 


(a? + B2— p?—a2—b2), 


, a Be ire ge! : 
Oat 1-B (at RE): A’= — p*, 
VI. When S=(a—-a)?+(y—)?—-p?=0, 
S's (x—p)?+(y-g)?-7?=0. 
The discriminant is 
k+1 , 0 , -ka-p 


O , j&&ktl , =kB-g 
—ka—p, —kB—q, (a+ 6?—p?)+p?+9?-1? 
And A=-p%, A’=—-7?, 


@=(a—p)?+ (8-4) 22-7, 
6 = (a—p)?+ (8—g)?— p2— 21%. 
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334. From II and III of the preceding Article we see 


that 6=0 when a triangle inscribed in S’ is self-polar for 
S, and also when a triangle about S is self-polar for S’, 
and we know that if in either case there is one such 
triangle there are an infinite number. [Art. 300, Ex.] 


Conversely: If 0 =0, then triangles can be inscribed in 


S’ which are self-polar for S, and triangles can be described 
about S which are self-polar for S’. 


For let the polar with respect to S of any point A on S’ cut S’ again 


in B, C. 


Then, referred to the triangle ABC, we have 
S=ua? + vp? + wy? + 2u’By=0, 


and S’=21By + 2mya + 2naB=0. 
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The discriminant of kS +’ is 
ku, 5 m 
nN, kv , kw +l 
m, ku’ +l, kw 
Hence, if 9=0, we have luw’=0. 7 
Now when uw=0 the conic S is two straight lines through 4, and 
when /=0, 9’ reduces to the straight line BC and another line through 
A the pole of BC with respect to S. Rejecting these cases when one of 
the conics is a pair of straight lines, we have u’=0 and therefore ABC 
is self-polar for S. 


Again let A be the pole with respect to S’ of any tangent BC to S, 
and let AB, AC be the tangents from A to S. Then referred to the 
triangle ABC we have 


S=l2q2 + m282 + n24? — 2mnBy — 2nlya — 2lmaB=0, 


and S’=ua? +vB2+ wy? + 2u’By=0. 
The discriminant is 
kl? +, —klm , —knl 
—klm, km@?+v , —kmn+uw’' 
—knl, —kmn+w, kn? +w 


Hence, if 6=0, we have 4u’l?mn=0. 

Now when 7 or m or n is zero, S represents a pair of coincident 
straight lines; and rejecting these line conics, we have u’=0 and there- 
fore ABC is self-polar for S’. 


Hence when 0=0 an infinite number of triangles can 
be inscribed in S’ which are self-polar for S, and also an 
infinite number of triangles can be circumscribed to S which 
are self-polar for 8’. 


335. From IV of Article 333, we have seen that, if 
a triangle in S’ circumscribes S, then 6? —4A6’ =0, 


To prove the converse: Let any tangent to S cut S’ in B, C and let 
the other tangents from B, C meet in A, 
Then referred to the triangle ABC we have 


S= la? + m2e? + n2y2 — 2mnBy — 2nlya — 2lmaB=0, 
S’ Sua? + Qu’ By + 2v'ya + 2w’aB=0. 
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Then the discriminant of kS+ 8’ is 
k2+uo , —klm+w'’, —knl+v’ 


—kln+w', km?) —kmn+u’ 
—knl+v’, -—kmn+w, kn? 
And A= —42m?n?, 


6=4Imnn (lw + mv’ +20’), 
. 6 = — (lw’ + mv’ + nw’)? + 2nnu’u. 
Hence, if 62—4A6’=0, we have Imnuw’=0. 
Thus w=0 and therefore the triangle ABC is in S and it is also 
circumscribed to S’. 
[If w’=0, S represents two straight lines one of which touches S’. Also, 
if Z or m or n is zero, S represents a pair of coincident straight lines. ] 


336. It follows from the two preceding Articles that, 
if 0=0 and 6 =0, then an infinite number of triangles can 
be inscribed in either S or S’ and circumscribed about the 
other; also that an infinite number of triangles can be in- 
scribed or circumscribed to either which are self-polar for 
the other. 

Ex.1. Jf a circle is drawn through the focus of a parabola an infinite 
number of triangles can be inscribed in the circle whose sides touch the 
parabola. 

In the discriminant of k (y? — 4ax) + a? + y?+ 2ga + 2fy — a? —2ga, 
we have A= -~—4a?, @=-—4a(a-g), and 6’=—-(a-g)?. 

Hence 62— 4A6’=0. 

Ex. 2. If the centre of a circle is on the directrix of a parabola an 
infinite number of triangles can be drawn about the parabola which are 
self-polar for the circle; also an infinite number of triangles can be 
inscribed in the circle which are self-polar for the parabola. 

Let S=(a+a)?+(y+B)—-7?=0, 

S'’=y?—4ax=0. 
Then the discriminant of kS +S’ is 
eg 0, = kha’ = 2aen| 5 
OW} oma, kp 
ka—2a, kB, k(a?-1?) 
in which 6’=0. 

It should be noticed that the two tangents to the parabola from the 
centre of the circle and the line at infinity form one triangle about the 
parabola which is self-polar for the circle. 
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Ex. 3. The three conics 
S,;=y?-4arz=0, Sg=a?-4by=0, S;=2ry+4ab=0 
are so related that an infinite number of triangles can be inscribed in any 
one of the conics and circumscribed about either of the others, and an 
infinite number of triangles can be drawn in or about any one of the conics 
which are self-polar for either of the others. . 
The discriminant of kS,+ So is 
ak? + b?. 
The discriminant of kS,+ S3 is 
ak +b. 
And the discriminant of kS2+S3 is 
bk +a, 
And in all three cases 6=0 and 6’=0. 


Ex. 4. The circumcircle of a triangle self-polar for a conic cuts the 
director-circle of the conic orthogonally. 

L : x2 y? 

et the conic be S=a +e -—1=0, 

and the circle han a)?+ (y — 8)?—7?=0., 

Then, in the discriminant of kS+S’, 6 must be zero, for a triangle 
in S’ is self-polar for S. 

But [V, Art. 333] 

=—5 (a? + pt 1?— a? b2). 

Hence a2 + B2=72+ a? + 02, 
and .. S’ cuts 22+ y2=a?+ b? orthogonally. 

Now @=0 is also the condition that a triangle about S should be self- 
polar for S’, We have therefore the following theorem: 


If a conic is inscribed in a triangle the polar circle of the triangle 
cuts orthogonally the director-circle of the conic. 


Ex. 5. Triangles can be inscribed in the conic S= re (2 1 whose 
an? 
sides touch S’= fe -1= oy Ca Fain =0. 


The discriminant of kS+ 9’ is 


(tan) (jt + 5m) @+1)= 0. 


betel. 1 az 32 
Hence A=—apR? O=—5 (1455+ 5a) 


al a2 2 1 
ao = 
0 ~~ q!2h!2 (14 aan, _ 2 A= Tape 
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Hence the condition @’2— 4A’@=0 is satisfied if 


2 Breve 12 p/2 2 72 
+545) fe ee (14545 )=6, 
a a- 


b2 azb2 p2 
4 f at pit a’2p!2 a2 2 
Pts if Sieg t= ape 2 qa 2 pa 
Pack ape Gs -f 
Le. if ea 10; [See Art. 205.] 


337. The locus of the orthocentre of a triangle inscribed 
in a conic S and circumscribed to a conic S’ ds a conic. 


Let S= a’? + 2h'ay + b'y? + 29a 4+ 2f’y+c¢ =0, 
PME be yf 


Let (a, 8) be the orthocentre of a triangle in S and 
about S’. Then since the orthocentre is the centre of the 
polar circle of a triangle, the triangle in S and about S’ 
will for some value of p be self-polar for the circle 

C= (#—ay+(y—BY—p’. 
Hence 0’=0 in the discriminant of kS+C, 


and 6=0 in the discriminant of kS’+ C. 
Now the discriminant of kS + C is 
ka’ +1, kh’, ko’—« : 


ky kb +1) bf~B 
kg’—a, kf’—B, ke’ ++ 6?—p’ 
and @'=a’a?+ 2h’aB + b'B?+ 2q’a+27'B +0 —(a' +0’) p?=0. 
Also the discriminant of kS’+C is 
k 


pth 0 > —a ? 
k 

0) > pth —B 

—a , —£ ; —k+e+8?—p? 


and G=—2 (a + B*—pt—at—B) = 0. 
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Hence (a, 8) is on the conic 
S=(a +0 )(#+y-a@-—6’). 
338. To find the condition that two conics should touch 
one another. 

The equations of the conics may be taken to be 

S, = a,22 + Qhey + by’? + 2hy =0, 

S_= 0,27 + Qhoavy + boy? + 2fry = 0. 
The discriminant of kS,+ S, will be found to be 


(ea, ashy A fay sack <omemeecae ee (i). 
Hence A=a,f?, 0=f,(2a,f, +a.f,), 
Y =f, (2as fyai fe) rh ag fs 
Now 07 —9AA’ = 2f, fr (Qo fi — a fry’, 


e — 3A0’ a ie (a f2— Ae fi)’, 
and 0? — 3A’0 = f(a, fo — O2fi) 


Hence the condition required is 
(00' — 9AA’) = 4(6 — 346’)(0? — 8A’6)...... (ii). 


If the conics have contact of the second order 
Ji/a, =fr/a2, and therefore 


@=3A0, 62=3A'6. 


The relation (ii) may also be found from the fact that two of the 
three pairs of straight lines through the intersections of the conics 
coincide when the conics touch, and therefore two of the roots of the 
cubic 

Als + 6k? + 6’ + A’=0 
are equal. 


Hence we have to eliminate k between the above equation and 
3AK2 + 20k + 6’ =0, 
Multiply the first equation by 3 and the second by k and subtract; then 
0k? + 26'k + 3A’=0. 
k2 “ k 2 1 
60d’ — 202 96’—9AA'” 66’A — 262’ 
and .. (00 — 9AA’)2=4 (62 — 36"A) (6 —30A’), 


Hence 
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Now the radii of curvature of the two conics are 


pi=—fi/a, and p,=—fz/a. 
And the roots of the discriminant are 
—folfi, —fo[fi and —a,/a. 
Hence the ratio of the repeated root to the other is 
Ay fo/ As fy = Po|Pr- 
Thus the ratio of the curvatures of S, and 8S, at their 


point of contact is equal to the ratio of the repeated root to 
the other root of the discriminant of kS, +8). 


339. To find the condition that a quadrilateral may 
be inscribed in one conie and circumscribed about another. 


Let the four sides referred to the diagonal triangle be 
lat+mB+ny=0 oratytz=0. 
Then S, = ua*+vy?+ wz? =0 will touch the four lines if 


Four of the points of intersection of the lines are 
(1, 0, 1) (1, 0, —1) 1, 1, 0) (1, —1, 0). 
The general equation of the conic through these four 
points is 
S,=-—a@+y7+ 24+ 2lyz=0. 
The discriminant of kS, + 8S, is 
ku—1, Ob 8% 0 
Oe Sd 17 od l 
0 Ly kw+1 
Hence A=ww, 0=—vw+wu+ uv =-— 2vw, from (i), 
O=u—v—w—-Pu, A'=P-1. 
Hence @& =—wA’ +<— = 2AA’/0 + @/44 ; 
7, 8A2A’+ & — 4A08 = 0, 


and this is of proper dimensions. 
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It should be noticed that one of the roots of the dis- 
criminant is. equal to the sum of the other two, for one 


root is = and the others are given by 


vwk? +(v+w)k+1—P=0 and a —, 


Ex. 1. Find the condition that quadrilaterals may be inscribed in 
one given circle and circumscribed to another. 


Let the circles be 
S=a?+y?—-a?, 


S’=(x—-d)?+y?-62=0. 
Then in the discriminant of kS +S’ it will be found that 
A=a2, 6=2a?+b?-—d?, 6’=a?+2b2-d?, and A’=b2. 
Hence, if the condition 4A66’ — 8A2A’ — 63=0 is satisfied, we have 
4a? (2a? + b2 — d2) (a2+ 2b2 — d2) — 8atb? — (22+ b? — d2)3=0. 
Hence d8 — d4 (3b2 + 2a?) + 3d2b4 — bt (b2 — 2a?) =0, 
ie. (d2 — b?) { (d2 — b?)?2 — 2a? (d2 + b2)} =0. 
If d?—b2=0, the centre of S is on S’. 
And, if d?—6?+-0, the relation may be written in the form 
a a? 
O+ae* baz 
[As in Smith and Bryant’s Euclid, p. 404.] 


i 


340, Find the condition that a triangle may be inscribed. 
im one conic S, so that each of its sides may touch one of — 
three other conics, the four conics all having four common 
points of intersection. 


Let S,= 218 + 2mya+ 2ZnaB = 0, 
and S,= 0? + 6? +o—2(1 +21) By—2 (1+ rym) ya 
—2(1+A;n) aB =0. 
Then the conics 
LS, + S=0, mS, + Se= 0. and r,S oe ee 


touch a, 8, y respectively, and they all go through the 
intersections of S, and S,. 
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Now for &S, +S, the discriminant is 


1 » kn—1—-2,n, km—1—2gm |. 
kn—1—Agn , 1 , &l—-1—-A,l 
km—-1—)d.m, kl—1—Ar\l, 1 

. And it will be found that 
A =2lmn, 


—0=(l+m+n)y?+ 2lmndr,, 
Y=2(1+m+n)(2+ Al) + WmnTrzrz, 
— A’=(2A,1 4 2P + QhinnryrzoAs. 
Hence 64+ AS~,=—(l+m+ny, 
& — AdroAs = 2 (1+ m+ n)(TAyl + 2), 
A’ + AdArz ees (2A “F 2). 

Hence 4(6 + A>A,) (A’ + Ar,A.A,) = (0’ — AZA-Az)?, 
which is the condition required *, . 

Now suppose that the conic S,= 0 is known and also 
the values of A, and i,; then the above relation gives a 


quadratic equation to find ; (which reduces to a simple 
equation if A;=A,). We have therefore the following: 


THEOREM. If a triangle is inscribed in a given conic 
S, and two of tts sides touch the conics S, and S, respectively, 
the conics S,, Sz, S; all having four common points of inter- 
section; then the third side will touch one of two other fixed 
conics through the same four points. 


It will be seen that the envelope of the third side 
consists of two conics; for if the chord AB of 8, is drawn 
to touch S, there are two tangents from B to the conic 
S;,and the two possible positions of CA touch different 
conics of the system. If, however, the triangle ABC takes 
up different possible positions in order without any abrupt 
changes, the third side always touches a fixed conic. 


* Salmon’s Conics, p. 331. 
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The above theorem can be extended to the case of 
polygons of any number of sides. For consider a quadri- 
lateral ABCD such that the points A, B, C, D are on the 
conic §,, and so that AB touches S,, BC touches S; and 
CD touches S,—the conics S,, S,, S;, S, all belonging to 
a system of conics having four common points of inter- 
section. 

Then, since AB and BC touch conics of the system, 
the line AC will by the theorem also touch a conic of the 
system. We now have AO and CD touching conics of 
the system and therefore also DA touches a conic of the 
system. Similarly for polygons of any number of sides. 

The conics can all be projected into coaxial circles and 
we get Poncelet’s Theorem. [See Arts. 301, 330, and 
Smith and Bryant’s Huclid, p. 400.] 

As a particular case we have the following: 

If a polygon is inscribed in one conic S,, and all its 
sides but one touch a second conic S,, then the remaining 
side will touch a third conie S; which passes through the 
points of intersection of S, and S,, and if in one of tts 
positions the remaining side touches S, it will touch S, in 
all positions. 

This is the Porism of the inscribed and circumscribed 
polygons, namely that the problem of inscribing a polygon 
in one conic whose sides shall touch another is in general 
impossible, but if there is one such polygon there will be 
an infinite number, 


EXAMPLES ON CHAPTER XV. 


1, An infinite number of triangles can be inscribed in 
the circle x*+y?=(a+6)? and circumscribed to the ellipse 
e/a? +y?/b?-1=0. 

2, An infinite number of triangles can be inscribed in 
a/a? + 9°/6°-1=0 and circumscribed to a? + y? = a7b?/(a + 6). 


_ 3. The locus of the centre of a circle of given radius r 
inscribed in a triangle self-polar for y?—4aa=0 is the parabola 
a? — 4an—r?=0. 
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4, An infinite number of triangles can be inscribed in 
a + y= I and circumscribed about a°/a’ + ¥?/b% = 1/(a?—8*)?. 

5. An infinite number of triangles can be circumscribed 
to y°—4ax=0 and inscribed in y?—ax+2dxy+p=0 for all 
values of X and p. 


6. If the common chord of two equal circles is equal to 
either radius, an infinite number of triangles can be inscribed 
in one circle whose sides touch the other, and an infinite 
number of triangles can be inscribed or circumscribed to 
either which are self-polar for the other. 


7. Shew that an infinite number of triangles can be in- 
seribed in y?—4ax whose sides touch 2 + y?— 6ax + 5a7=0. 


8. The condition that the tangents to S=0 at two of its 

points of intersection with S’=0 may meet on 5S” is 
& = 4A (67 — 244’). 

9. Prove that the locus of the centres of equilateral 

triangles self-polar for «*/a?+y?/b?=1 is 
x? (a? — 36°) + ¥? (6° — 3a’) = (a? — 67)”, 

10. <A conic can be drawn having contact of the third 

order with each of the conies S=0, S’=0 if AG? = A’6@’. 


11. I£ two sides of a triangle touch a conic S’ and the 
angular points are on S, then the envelope of the third side is 
the conic 4AA’S’ + (6? — 440) S=0. 

12. Prove that an infinite number of triangles can be in- 
scribed in x + y? = (a+ 6)? whose sides touch «?/a’+4’/b?—1=0, 
and that the orthocentres of all such triangles are on the 
circle a + y? = (a—b). 

13. If the orthocentre of a triangle inscribed in a parabola 
is on the directrix, the polar circle of the triangle will pass 
through the focus. 


14. A triangle is inscribed in a fixed circle and circum- 
scribed to a fixed conic, prove that the nine-point circle of the 
triangle touches two fixed circles. 


Baie 3 28 
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15. Triangles can be inscribed in S’ whose sides touch S, 
prove that the locus of the point of intersection of the lines 
joining the vertices of the triangle to the points of contact of 
the opposite sides is the conic 


3AS’ — 26S =0. 


16. Prove, if triangles can be inscribed in S which are 
self-polar for S’, the triangles formed by the tangents to 5 at 
the angular points are inscribed in the conic 


AS’ — 6S =0. 


17. A is a common point of two conics S, S’ and AB, 
AC chords of S, S’ which touch S’, S respectively. Prove 
(1) that if the tangent at B to S also touches S’, triangles can 
be inscribed in S which are circumscribed to S’, and (2) that, 
if BC touch S, triangles can be inscribed in S which are self- 
polar for S’, and (3) that, if BC touches both S and S’, then 
will the reciprocal of S with respect to S’ be the same conic 
as the reciprocal of S’ with respect to S. 


18. The locus of the centroids of equilateral triangles 
described about the conic 2*/a? + y?/b? -1=0 is 
9 (a? +¥?)P?—2 (5a? + 36°) a? — 2 (3a? + 5b?) y? + (a? — 67)? = 0. 


19. If P is the polar reciprocal of the conic S for the 
conic S’, and P’ that of S’ for S, prove that triangles can be 
inscribed in P which are self-polar for P’ if 

# — 3A (60 —- AA’) =0, , 
where 4°A + 4°06 + k60’+ A’ =0 is the discriminant of 4S +S’=0. 


20. Shew that the anharmonic ratios determined at any 
point of a conic S=0 by the points of intersection of S=0 
and S’=0 are the ratios of the differences of the roots of the 
discriminant of 4S +S’ =0, 


21, Shew that, if two conics are connected by the relation 
06’ = AQ’, 
then if two of their points of intersection be joined to either 


of the two others, the two chords and the two tangents at 
that point form a harmonic pencil. 
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22. The necessary condition that a conic § should be in- 
scribed in a triangle formed by two tangents to S’ and their 
chord of contact is 

= 4A (06 —2AA’). 

23. Two conics S, S’ intersect in A. The tangent to S’ 
at A meets S in C, and the tangent to S at A meets S’ in B, 
BC meets the conics again in B’, C’. If B’, C’ be harmonic 
conjugates with regard to B and C, prove that 

06’ + AA’=0. 

24. The envelope of lines which cut the conics S=0, 
S"=0 harmonically is the conic $’=0, and the polar reciprocal 
of S=0 with respect to S”=0 is kS+S’=0, where & equals 
4(0?—4A’0)/Ad’. 

25. If three sides of a quadrilateral touch S and the 
angular points are on S’, the envelope of the remaining side is 


(6 —4A0)? S+ 8A (6° —4A06' + 8420’) S’=0. 


26. If the four points of contact with S=0 of the eom- 
mon tangents to S=0 and S’=0 be joined to any point of S, 
and the lines so found determine a harmonic pencil, shew that 


26° — 960'A’ + 2TAA”? = 0. 
27. Shew that the condition that a hexagon may be 


inscribed in S’=0 with each consecutive pair of corners 
conjugate with regard to S=0 is 


@= 4A (06 —2A0’). 


Hence shew that a hexagon can be inscribed in the director- 
circle of a conic so that each consecutive pair of corners is 
conjugate with regard to the conic. 
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MisceLtaneous Examptes IIT. 


1. The radical axis of a fixed circle and a variable circle 
of constant radius whose centre is on a fixed straight line 
envelopes a parabola. 


2. The radical axis of the fixed circle whose equation is 
x+y’ + 2xy cos w + 2ga+ 2fy+c=0 


and of any circle which touches 2 = 0 and y=0 touches one or 
other of the parabolas 


(ary) + 2gu+ 2fy+c=0. 


3. If a triangle PQZ is inscribed in a parabola and two 
of the sides are parallel to given straight lines, the locus of 
the centroid of the triangle PQA is a parabola. 


4. There are four chords of the conic 
2aax* + 2by?— 4 (a + b) cw — (a +b)? =0 


which subtend a right angle at (0, 0) and also touch the circle 
a+ y?—2ca=0; and these four lines form a square. 


5. If the normals at P, Q, & on a parabola meet in the 
point L, the line joining LZ to the orthocentre of the triangle 
formed by the tangents at P,Q, 2 is parallel to the axis of the 
parabola. 


6. If the normals at three points P, Q, R on a parabola 
are concurrent, the middle points of the sides of the triangle 
formed by the tangents at P, Q, R are on a fixed parabola. 


7. The locus of the foot of the perpendicular from any 
point on the director-circle of a conic, on the polar of the 
point with respect to the conic, is a confocal conic. 
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“8. The tangents drawn to the circle a? + ?—a?=0 from 
the vertices of a self-polar triangle are ¢,, t, t. Prove 
(1) that 4,72.7¢,?+40?A?=0, (2) that 4,242 + 4242+ 4282 =4A2 
where A is the area of the triangle. 

9. PQR is a triangle self-polar for y?—4av=0, and the 
diameters through P, Q, 2 meet the opposite sides in p, q, 1 
respectively. Prove that 

24°+a.pP.qQ-rh= 0. 

10. If (a, ¥:), (®, Ys), (3, Ys) be the angular points of a 

triangle self-polar for a*/a*+7?/b?—1=0, then 


2 2 2 2 2 2 
4ar/arb? + (% + -1) (Ss - o ) (3 + )=0. 
11. If a, B, y be the distances of a point O from three 


non-collinear points A, B, C; the length of the tangent O7’ 
from O to the circle ABC is given by 


16074 eal raspy 0. 
we, Oe 
B ce, 0, @ 
aaa’ be das. 1) 
12. If the normals at the points P, Q, & on y*— 4ax=0 


meet in the point (a, 8), the circumcircle of the triangle 
formed by the tangents at P, Y, & is given by 


e+y’—(3a—a)x+ By + 2a°-aa=0, 
and the diameter of the circle is equal to the distance of the 
focus from the point of concurrence of the normals. 


13. If a triangle is self-polar for a parabola its circum- 
centre is on the directrix. 

14. If the normals at P, Q, & on a parabola are con- 
current, the nine-point circle of the triangle formed by the 
tangents at P, Y, & will pass through the vertex of the 
parabola. 


15. The tangents at P, Y, R on a parabola form a 
triangle P’Q’R’, and G, G’ are the centroids of the triangles 
PQR, P'Q'R'. Prove that, if the locus of G is a straight 
line, the locus of G’ is a parabola; and that if the locus of 
G' is a straight line the locus of @ is.a parabola, 
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16. From Z£, the centre of curvature at any point P of an 
ellipse, two other normals LQ, HR, are drawn. Prove that 
the locus of the point of intersection of @# and the normal at 
P is an ellipse. 


17. If the centre of an ellipse is the orthocentre of an 
inscribed triangle, the normals at the vertices of the triangles 
are concurrent. 


18. Find the equations of the conics 427 + y? + 6a—4y=0, 
and. 4day +3y?—8x+6y+1=0, referred to their common self- 
polar triangle. 


19. Prove that the equations 
e=al+2bit+e, y=a'+2bt+e, 


where ¢ is a variable, give a parabola as locus, and that the 
’ equation of the directrix is 


axc+a'y=ac—b?+a'e —b”. 
20. If£aconic touches two given straight lines and passes 


through two given points, the tangents at the given points 
intersect on one or other of two fixed straight lines. 


21. If C=0 is the locus of the centres of conics through 
four given points, then the polars of any point on C for all 
the conics of the system are parallel lines, 


22. Prove that the reciprocals, with respect to a point, of 
all conics which go through the point and have the same circle 
of curvature there, are equal parabolas. 


23. If the centroid of a triangle inscribed in y?—4ax=0 
is at the fixed point (f, g) the sides will touch the parabola 


(y + 3g) = 16ax—24af + 1897. 


24, A triangle inscribed in 2+ %?—a?=0 has its ortho- 
centre at the point (d, 0). Prove that its sides touch a conic 
whose foci are the circumcentre and the orthocentre and of 
which the nine-point circle (which is the same for all possible 
triangles) is the auxiliary circle. 


25. If a triangle is inscribed in a circle and circumscribed 
to a parabola, the locus of its centroid is a straight line per- 
pendicular to the axis of the parabola, 
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26. The sum of the squares of the semi-diameters of an 
ellipse which are parallel to the sides of an inscribed triangle 
and the square of the tangent to the circumcircle of the 
triangle from the centre of the ellipse are equal to the sum of 
the squares of the semi-axes. 


27. If two conics S, S’ intersect in four points which are 
at the extremities of conjugate diameters of S, the four 
common tangents will touch S’ at extremities of conjugate 
diameters. 


28. If two of the vertices of a triangle are on an ellipse 
and the three sides are parallel to given straight lines, the 
third vertex describes a conic. 


29. From any point P on the line /x+my+1=0 tangents 
PQ, PR are drawn to the rectangular hyperbola 2ay—¢?=0, 
and the circle PQ# cuts the hyperbola again in the points 
Q’, &’. Prove that Q’R’ touches the parabola 


(P+ m?) (a? + y”) = (la + my + 1). 
30. If 7P, TQ are tangents to the ellipse 
x*/a? + y?/b?>—1=0 
and the orthocentre of the triangle 7PQ is on the ellipse, 
then will Z be on the conic 
ax? + By? = (a? + 67)’, 
31. The equation of the parabola which touches the four 
lines ga + by—1=0, wa+b'y—1=0is 
(a*b”? — ab?) y? = 4aal (a — a) {xe (a°b!* — a*b*) + Ba’ — ba}, 
32. The locus of a point whose co-ordinates are given by 
=a +bt+q, y=? + bt+e,, 
where ¢ is a variable parameter, is a parabola whose latus 


rectum is 
(a,b, br ap,)°/ (a+ Gy")? 


33. A triangle is inscribed in o8 = 7 and two of its sides 
touch a? + 6?=ky’*, prove that the third side touches 


(ha —B) (kB a) = 7. 


440 MISCELLANEOUS EXAMPLES III 


34. 0,, O., O3 are three fixed points on a straight line 
and P is any point on a given conic. PO, cuts the conic 
again in Q, QO, cuts the conic in & and RO, cuts the conic in 
S. Prove that PS passes through a fixed point on the line 
0,0,0;. 


35. The locus of the centres of the rectangular hyper- 
bolas whose axes are parallel to the axes of a°/a? + y*/b°>-1=0, 
and which have contact of the second order with the ellipse, 
is given by the equation 


(ata?) + (b?y2)8 = (a? + B°)8. 


36. The locus of the centres of the rectangular hyperbolas 
whose axes are parallel to the axes of co-ordinates, and which 
have contact of the second order with the parabola y?— 4ax2=0, 
is given by the equation 


Way? = 4 (x + 2a)? 
37. IfP, P’; Q, Q’; &, RB’ and S, S’ be four given pairs 


of conjugate points with respect to a conic, the locus of the 
centre of the conic is a conic, 


38. If L, L’; M, M’; N, N’ and P, P’ be four pairs of 
given conjugate lines with respect to a conic, the locus of the 
centre of the conic is a straight line. 


39. The normal at a point P on an ellipse cuts the axes 
in the points G, g, and O is the middle point of Gg. Prove 
that the normals at three other points Q, 2, S will meet in O, 
and that Q, #, S are the angular points of a triangle of 
maximum area inscribed in the ellipse. 


40. The envelope of the asymptotes of a conic which has 
double contact with two given circles, the chords of contact 
being parallel, is a parabola. 


41, A conic S circumscribes a triangle ABC, the tangents 
at the angular points meeting the opposite sides on the 
straight line DEF, The lines joining any point in DEF to 
A, B, C meet the conic again in A’, B’, CO’. Prove that the 
sides of the triangle A’B’C’ touch a fixed conic inscribed in 
ABC and having double contact with 5S, 
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42, If (a, y’), (2, y”), (@”, y'”) are vertices of a triangle 
self-polar for the conic S = aa* + 2hay + by? + 2gu+ 2fy+c=0, 
prove that the area of the triangle is 


$ Ss’ se S"” (abe + 2fgh— af? ~bg?— oh2yy3, 


43. The angular points of a triangle circumscribing the 
conic S=ax* + 2hay + by? + 2ga + 2fy+c=0 are (a, Y;)5 (X25 Yo); 
(%3, Ys). Prove that the area of the triangle is 


[-S) ‘ 2 * 


| ae 


44. ABCDEF is a hexagon inscribed in a conic S and 
circumscribed to S’. The lines AO, BO, &c. through any 
point O cut S again in the points A’, B’, C’, &c. Prove that 
a conic can be inscribed in the hexagon A’B’C'D'E' F’. 


45. A conic is inscribed in a triangle and is such that the 
normals at the points of contact meet in a point. Prove that 
its centre lies on a cubic curve which passes through A, B, C, 
the centroid G, the orthocentre O, the points (+1, +1, +1), 
the point (a, b, c) and the middle points of AO, BO, CO. 


46. A conic passes through the points A, B, C and the 
normals at A, B, (' are concurrent, prove that unless the conic 
is a pair of parallel straight lines, the centre is on a cubic 
curve which passes through A, B, C and also through the 
centroid of ABC and the centres of the circles which touch 
the sides of ABC. 


47. Find the equation of the locus of the centre of a 
circle cutting three given circles at equal angles, and shew 
that the locus is a straight line passing through the radical 
centre of the three circles. 


48. If the normals at the points Q, &, S on an ellipse 
meet at a point O on the normal at a fixed point P, the loci of 
the centroid, the circumcentre and the orthocentre of the 
triangle, for different positions of the point O, are straight 
lines, 
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49, Ifachord PQ of the ellipse x*/a? + y?/6? — 1 = 0 touches 
the confocal ellipse 2°/(a? +d) + 77/(b?+ A)—1=0, the tangent 
at P meets the normal at @ on the ellipse 

xe? /a? fa?b? ES Xr (a? = b?)\? + 7/6? {a 2 a XY (6?—a’)\? 
= 1/{a?b? + d (a? + 07)? 

50. The normals at the four points A, B, C, D on an 
ellipse meet in a point P, and A’, B’, C’, D’ are the centres 
of the circles BCD, CDA, DAB, ABC respectively. Prove 
that the lines through 4’, B’, C’, D’ parallel respectively to 
the normals at A, B, C, D will meet in a point on the 
diameter through P. 


51. If (a, y,) is the middle point of the chord PQ of the 
rectangular. hyperbola wy—a*=0, the chord PQ and the 
tangents at P and Q touch the parabola 


Ja] + y/o = 2. 

52. IEf the points (x, 4), (®2, Yo), (a3, Ys) are the vertices 
of a triangle ABC self-polar for x?/a? + 7/6? —1=0, the points 
A, B, C are on the rectangular hyperbola 

W WqX_/a7% + ¥, Yoys/b°y — 1 =0, 
and the sides BC, CA, AB touch the parabola 


1 -—— 1 ;—— 
a N 09%, 0s +h Nyy YoYs —-1=0. 


53. If the triangle ABC is self-polar for an ellipse, the 
middle points of the intercepts made by the axes of the ellipse 
on the lines BC, CA, AB are collinear, and the circles on 
these intercepts are coaxial. 


54. Through the points of intersection of any three conics 
taken in pairs three rectangular hyperbolas can be drawn, and 
these three hyperbolas have four points in common. 


55. If P, P’ and Q, Q’ are the foci of any two conics 
inscribed in a triangle ABC, then PQ, PQ’, P’Q, P’Q' touch 
another conic inscribed in ABC. 


56. <A straight line cuts two given conics S, S’ in the 
points P, @ and P’, Y respectively. Prove that the tangents 
at P, @ meet those at P’, Q’ on a conic which passes through 
the points of intersection of S and S$’, 
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57. A conic passes through three given points A, B, 0 and 
one of its asymptotes is in a fixed direction; prove that the other 
asymptote touches a fixed parabola which touches the sides of 
the triangle ABC and has its axis in the given direction. 
Prove also that the locus of the centre of the conic is a 
parabola. 


58. The triangle formed by the poles of the three lines 
joining two of the middle points of a given triangle with 
respect to any conic inscribed in the triangle is of constant 
area. 


59. The area of the triangle formed by the normals at 
a, B, y on the ellipse 27/a?+¥?/b?—1=0 is 


(a ae b*)? 1 fe 1 f 2 9 
a tan § (8-7) tam } (y—a) tan J (af) {Ssin (B+ 7)" 


60. If the normals at the points Q, A, S on 
x/a? + y?/b?-1=0 


meet on the ellipse at the point (2, y), the equation of the 
circle QRS will be 


2 2 
a+ — 2a —E ya —P=0. 


61. If the normals at a, 8, y, 8 on J/r=1+ecos@ are 
concurrent, then 
tan $a tan $8 tan dy tan 46+ G =) = 0, 
62. A conic described through three given points cuts a 


given conic in the points P, Q, &, S, so that PQ passes 
through a given point. Prove that AS envelopes a conic. 


63. Two fixed points. P, Q are taken on a given conic and 
R is any point on a fixed straight line. The lines PR, QR 
cut the conic again in P’, Y’. Prove that P’Q’ envelopes a 
conic. 

64. Tangents are drawn from a given point P to any one 
of a given system of confocal conics. Prove that the circle 
drawn through P and the two points of contact passes through 
a fixed point. 
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65. If the tangents 7P, 7Q are drawn from any point 
to an ellipse, the chord PQ and the normals at P and Q touch 
a parabola which touches the axes of the ellipse. 


66. If Y is the foot of the perpendicular from the centre on 
the tangent at P on a given ellipse, and a parabola be drawn 
with focus at Y touching the axes of the ellipse; then if any 
circle be drawn through P and Y, cutting the ellipse in Q, , S, 
the sides of the triangle QS will touch the parabola, and the 
normals at Q, R, S will intersect on the normal at the other 
extremity of the diameter through P. 


67. If A, B, C, D are four points on a circle whose centre 
is O, the locus of the centres of conics through A, B, C, D is 
also the locus of the feet of the normals from O to the same 
system of conics. 


68. 0O,, O., O; are the centres of the three escribed circles 
of the triangle ABC, and D, HE, F aze the middle points of 
the corresponding sides. Prove that O,D, O,#, O,/ meet in 
a point P. Also, if the lines joining A, B, C to the points of 
contact of the opposite sides meet in the point Q; then will 
PQ pass through the centroid of the triangle. 


69. The locus of the foci of conics which touch 


le + my + nz=0 


1s (y +2), x, x, a |=0 
4 . (2 3 xy y’, b? 
| z, e (x +y ies Ce | 
ie m, n*, 0 | 


70. Any two diameters of an ellipse at right angles to 
each other meet the tangent at a fixed point P.in Q and R. 
Prove that the other two tangents through Q and & intersect 
on a fixed straight line which is parallel to the common chord 
of the ellipse and its circle of curvature at P. 


71. If A, B, C, D are four cyclic points, the axes of the 
two parabolas through A, B, C, D intersect at right angles on 
the nine-point circle of PQR, where P is the intersection of 
AB and CD, Q of AC and BD, and R of AD and BC. 
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72. If the points (7, +9, +h) are yee the centroid of 
the points is on the nine-point circle. {me Aheck 


73. On the three perpendiculars AD, BE, CF of a triangle 
are taken the three points P, Q, R such that 
AP: ADB: BE = CR: CF=X+ 1, 


and from P, Q, & perpendiculars are drawn on the non- 
corresponding sides. Prove that the six feet of these perpen- 
diculars are on a circle. Prove also (1) that the envelope of 
the circles, for different values of A, is a conic having double 
contact with the circumcircle, and (2) that the locus of the 
centres of the circles is a straight line 


74. The radius of curvature of fla. JmB + ,/ny=0 at 
the point where it touches a=0 is 


16lmn F°A 
(cm + bn)* * 


75. If two confocal ellipses are such that triangles can 
be inscribed in one whose sides touch the other, the perimeter 
of the triangle is constant. 


76. The inscribed and nine-point circles of a triangle 
touch one another at the centre of the rectangular hyperbola 
which circumscribes the triangle and passes through the 
in-centre. 


77. The vertices of any triangle circumscribed to 
’+y—a=0, 
and hose orthocentre is at the point (d, 0), lie on the conic 
x? (a? —d?) + 2a? du + a*y? = 4a4—a?d?. 

78. Triangles are inscribed in 2°/a?+¥?/b°—-1=0 with 
their centroids at the point G. 3) prove that their sides 
touch the conic 

BP ee det 3 re awh yk 

(ate) (ate 7 aac ®) 
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79. A triangle circumscribes 2*/a? + y?/—1=0 and its 
centroid is the point (4h, 4%). Prove that its angular points 
are on the conic 


oe BN DE RARS A phe 
a a) Eg: “) r: (“ "\ wey 
a b ab 
80. A triangle is inscribed in a parabola and circum- 
scribed about a conic; shew that the locus of its centroid is 


in general a parabola, but that it is a straight line when the 
given conic is a parabola. 


81. The asymptotes of conics which pass through four 
given points such that the line joining two of the points is 
parallel to the line joining the other two, envelope a parabola. 


82. The axes of conics which pass through four given 
points such that the line joining two of the points is parallel 
to the line joining the other two, envelope a parabola. 


83. If the sides of a quadrilateral touch a circle, the axes 
of conics inscribed in the quadrilateral envelope a parabola. 


84. If the triangle A’B’C’ is inscribed in the conic 
*/a'* + 4?/b?—1=0, and the sides B’C’, C’A’, A’B’ touch 
a*/a? + y?/6? — 1 = 0 in the points A, BC; then will AA’, BB’, 
CC’ meet in a point on the conic 

a? (b+ 0’)? a?/a? + b? (a+ a’)? y?/b — (ab! — ab)? =0 
85. The triangle A’B’C’ is inscribed in the conic 
a*/a’ + y?/b? —-1 =0, 
and the sides B’C’, C’A’, A’B’ touch a°/a? + ?/b?— 1 =0 in the 
points A, B, C respectively. 
Prove the following theorems : 
(1) The normals at A, B, C meet in a point on the 
conic 
alg? 4. by? = (a? = By, 
(2) The normals at A’, B’, C’ meet in a point on the 
conic 
ao? /a? a b'4y?/6? = (a? pe ised 
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(3) The orthocentre of A’B’C’ is on the conic 
aa? +. b?y? = (aa’ — bb’). 


(4) The circumcentre of the triangle A’B’C’ is on the 
conic 
4a%x? (a —a')? + 46°y? (6 — 6’)? = (a? — 6”). 


86. An infinite number of quadrilaterals can be inscribed 
in S, and circumscribed to S,. Prove that an infinite number 
of triangles can be inscribed in S, and circumscribed to S,, 
where /S; is the polar reciprocal of S, with respect to 5). 


87. If three conics pass through a point, the envelope of 
a line which cuts them in three pairs of points in involution 
is a conic. 


88. Three conics S,, S,, S,; have a common point 0. 
The remaining intersections of S, and S; are A, B, C3; of 
S, and S, are P, Q, R; and of S, and S, are 7, M, N. Then 
the nine sides of the triangles ABC, PQA, [MN all touch the 
same conic, 


89. Prove that if the conics S=0, S’=0 have a pair of 
common chords a=0, 8 =0 such that S—S’ = af, the equation 
ka? — 2k (S + S") + B?=0 represents a conic having double con- 
tact with each of the conics S, S’. 


A conic has finite double contact with each of the conics 
(P+ y—e(e+c)=0, a + y?—e? (a+)? =0. 


Write down its general equation and prove that the chords of 
contact are perpendicular chords through the origin; also 
that, if e~? + e’-*=1, all such conics are rectangular hyperbolas, 


90. The conics S,=7°—4ax=0, S,=a°—4by=0 and 
S; = xy +2ab=0 are so related that an infinite number of 
triangles can be inscribed in one conic, circumscribed to a 
second conic and self-polar for the third. Also any tangent 
to one of the conics is cut harmonically by the other two, and 
the tangents drawn from any point on one conic to the other 
two form a harmonic pencil. 
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91. The conics 
S,=0?-21By=0, S,=f’—2mya=0, ¥, =f —2naB=0, 
with the relation mn +1=0, are such that an infinite number 
of triangles can be ieeeied in one conic, circumscribed to 
another faa self-polar for the third conic in any order. Also 
any tangent to one of the conics is cut harmonically by the 


other two, and the tangents drawn from any point on one 
conic to the other two en a harmonic pencil. 


92. Find the equation of a circle touching the tangents 
to a?/a®+ y?/b? — 1 = 0 at the extremities of the chord 


lxe+my—1=0, 


and prove that, if one of the chords of intersection of the circle 
and the conic which passes through the point of intersection 
of the chords of contact is parallel to the line 


xcosat+ysina=0, 
the intersection of the tangents is on the conic 
x*/a® cos? a — 77/6? sin? a = (a? —b*)/(a? cos’ a + 6? sin* a), 
which is a hyperbola confocal with the given ellipse. 


93. Shew that the equation of the parabola of closest 
contact at any point (%, y) on S=(a,b,¢, f,g, dda, y, 1P = 
is given by etther 


AS+C72=0 or |w, y, L |?—2AT=0. 


Xo» Yoo 1 
GE 66 


94.. Ifa conic inscribed in a triangle passes through the 
centre of the circumcircle, the director-circle of she conic will 
touch the cireumcircle of the triangle. 


95. Prove that, if the director-circle of a conic inscribed 
in a triangle touch ine circumcircle of the triangle it will also 
touch the ‘hine-point circle. 


96. There are four pairs of confocal conics, one of each 
pair being inscribed in a given triangle and the other circum- 
seribed about it, : 
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97. AP, BQ, CR are the tangents to a given circle § from 
three given points A, B,C. Prove that, (1) if one of the three 
rectangles BC. AP, CA.BQ, AB.CR is greater than the sum 
of the other the circle ABC will cut the circle S, (2) if one of 
the rectangles is equal to the sum of the other two the circles 
will touch, and (3) if each of the rectangles is less than the 
sum of the other two the two circles have no points in 
common, 


98. Three sides of a quadrilateral inscribed in 
S = aa? + 6B? + cy? =0 
touch S’ = ua? + vB? + wy? =0, 
prove that the fourth side touches 
w[ (S42 +2) 45-4 ee ome Os 


99. Prove that the locus of the point, tangents from 
which to the conics S=0, S’=0 form a pencil having a 
constant cross-ratio i, is 

2 
4AA'SS’ — (3) F?=0, 
A+1 

100. The equation of a given conic is o8=~y*. Prove that 
the general equation of any conic through the points y=0, 
a=0 and y=0, 8=0, and which touches the given conic at a 
point P and whose radius of curvature at P is k times that of 
the given conic at P, is 


l(a —y*) a5 (k- 1) Y (a = Qy +B) = 0, 
Prove also that the locus of the intersection of the other 


common tangents is 
- (k= +) 
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Other Works on Co-ordinate 
Geometry 


Elements of Analytical Geometry. By Prof. G. A. Grssoy, 
M.A., LL.D., and P. Pryxerron, M.A., D.Sc. 8s. 6d.: or in 3 
parts, 3s. 6d. each. 


An Elementary Treatiseon Graphs, By Prof. G. A. Grsson, 
M.A., LL.D. 4s. 6d. 


_An Elementary Treatise on Curve Tracing. By P. Frost, 
M.A. Revised by R. J. T. Bett, M.A., D.Sc. 12s. 6d. net. 


A Treatise on Geometrical Conics. By A. Cocxsort, M.A., 
and Rev. F. B. Watters, M.A. 6s. Key, by O. Emtaaz, B.A. 
6s. 6d. 


Analytic Geometry, By Prof. C. E. Lovz, Ph.D. 10s. 


Plane and Solid Analytic Geometry. By Prof. W. F. 
Oscoop, Ph.D., and Prof. W. C. GrausteIn, Ph.D. 12s. 6d. net. 


Analytic Geometry, By Prof. A. M. Harprne and G, W. 
Motus. 12s, net. 


The Elements of Co-ordinate Geometry, ByS. L. Lonny, 
M.A. Part I. Cartesian Co-ordinates. 7s. The Straight Line 
and Circle (Chapters I.-[X. of Part I). 4s. Part II. Trilinear 
Co-ordinates. 6s. Complete, 12s. Key to Part I., 10s, Key 
to Part II., 7s. 6d. 


Intermediate Mathematics (Analysis). By T. 8. UsHzr- 
woop, B.Sc., and C. J. A. TrmmsBLe, M.A, 7s, 6d. 


Loypon: MACMILLAN AND CO., Lrp, 


ai 8 | 


Works on Algebra 
A New Algebra for Schools. By S. Barnarp, M.A., and 
J. M. Cutty, B.A., B.Sc. With or without Answers. Vol. L., 
Parts I., Il. and IIL., 4s. 6d. Key, 7s. 6d. Vol. IL., Parts IV., 


V. and VI., 5s. Key, 10s. Part I., 2s. 6d. Parts Il. and Iil., 
2s. 6d. Parts L.-IV., 5s. Part IV., 2s. Parts V. and VL., 4s. 


Higher Algebra. By H. S. Hatt, M.A., and 8. R. Knicut, 
' B.A. 8s. 6d. Key, 12s. 6d. 


A Brief Course in College Algebra. By Prof. W. B. Forp. 
10s. 6d. 


Introduction to Higher Algebra, By Prof. M. Bécusr, 
with the co-operation of E. P. R. Duvau. 12s. 6d. 


Higher Mathematics for Students of Engineering and 
_ Science, By F. G. W. Brown, M.Sc., F.C.P. 108, ~ 


‘ Works on the Calculus 


Calculus Made Easy. By Prof. Smyvanus P. Tuompson. 3s. 


An Introduction to the Calculus, By Prof. G. A. Gipson, 
M.A., LL.D. 4s. 6d. ; 


' An Elementary. Treatise on the Calculus, By Prof. G. A. 
Gisson, M.A., LL.D. 8s. 6d. .% 


Calculus for Beginners. _ By H. SYDNEY J onrs, M.A. 4s. 6d. 


Differential Calculus for Beginners. By J. Epwarps, M.A. 
5s. 


Integral Calculus for Beginners, By J. EpwArps, M.A. 5s. 


‘Loypon: MACMILLAN AND CO., Lrp. 
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